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PEEFACE. 

This  Treatise  is  intended  to  be  a  continuation  of 
Mr.  Hamblin  Smith's  Algebra  (Part  I.). 

I  have  prefixed  to  it  an  Appendix  to  Part  I.,  contain- 
ing several  propositions  and  proofs,  which  properly  belong 
to  the  portion  of  Algebra  treated  of  in  that  Part,  but 
were  thought  too  difficult  for  .the  student  when  first 
beginning  the  subject. 

My  thanks  are  due  to  several  friends  who  have  aided 
me  with  their  suggestions ;  but  I  am  especially  indebted 
to  Mr.  J.  H.  Davis  of  Painswick  Grammar  School,  and  to 
Mr.  G.  E.  Jellicoe  of  London.  The  former  corrected  the 
proof-sheets  and  worked  through  most  of  the  examples, 
except  in  the  portion  relating  to  Probabilities,  which  the 
latter  kindly  undertook. 

I  wish  also  to  acknowledge  the  help  I  have  obtained  in 
Probabilities  from  Mr.  Venn's  "Logic  of  Chance,"  as  I 
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have  attempted  to  make  the  view  taken  in  that  work  the 
basis  of  my  own  explanation. 

I  cannot  but  fear  that  in  a  volume  containing  so  many 
indices  and  suffixes  several  errors  still  remain  undetected. 
I  shall  very  thankfully  receive  any  corrections,  or  sug- 
gestions for  the  improvement  of  the  book,  which  may  be 

sent  to  me. 

E.  J.  GROSS. 

GONVILLE  AND  CaIUS  CoLLEGB, 

October,  187-i. 
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1.  The  following  is  an  extension  of  the  method  of  [Art.  215], 
to  simultaneous  equations  involving  three  unknowns. 

To  solve  the  equations, 

(hx-\rb^y  +  ciz=cl^         .         .  .     (i), 

ao^x  +  b.y-]-c.,z  =  d.         .  .         .     (2), 

asX+bsy-JrCiZ=ds         .  .         .     (3). 

If  we  multiply  equation  (i)  by  boCz  —  b^c^,  (2)  by  biC-^  —  b^c^, 

(3)  ^y  ^i'"2  —  b^c-i  and  add,  we  obtain  the  equation, 

x{a-^{b„Sz  —  bzCi)-^aJbiCi  —  by,c^)-{-a.i{biCi  —  b„Ci)] 
=  di{b^Cs—b^c„^)-\-d2{b3Ci  —  bj,Ci)+di{biCz—biCi)    .    (4). 
Thus  X  is  determined,  and  in  a  similar  manner  by  multiplying 
the  equations  (i),  (2),  (3),  by  appropriate  multipliers,  we  might 
obtain  equations  for  separately  determining  y  and  z. 

2.  This  is  called  the  Method  of  Cross  Multiplication. 

It  will  be  observed  that  to  form  any  particular  multiplier,  such 
as  that  for  equation  (2)  in  finding  x,  we  start  with  b^  the  co- 
efficient of  the  succeeding  unknown  in  the  succeeding  equation, 
and  multiply  it  by  Cj  the  co-efficient  of  the  remaining  unknown  in 
the  remaining  equation,  and  from  this  subtract  the  product  biC^. 
In  this  observation  we  consider  (i)  as  the  equation  succeeding 
to  (3). 

3.  The  expression  for  y  obtained  as  above  has  the  denominator 

=  Ji(c„rt3  — C3«2)  +  ^2(c3ai— Cia3)4-63(cia,  — c^ai), 
which  the  student  will  readily  see  is  the  same  as  the  denominator 
in  the  expression  for  x  obtained  from  (4). 

A 
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4.  To  eliminate  a;,  _?/,  z  from  the  equations, 

aia7+%+Ci2— 0       .         .  .         (i), 

a^x-\-l^y-^c„z  =  ^       .          .  .         (2), 

«3a^-h%+C32=0       .         .  .         (3). 

Multiply  (i),  (2),  (3),  respectively  by  b^c^  —  b^c^,  etc.,  as  in 

Art.  1,  and  we  obtain 

x{a^{h.c^  —  biC;)-\-a.{bzCi  —  b^c;)-{-a^{h,c.  —  b„c;)}=0, 

or          ai(6aC3— 63C.j)+etc.,  =0. 

Note. — Any  equation  of  the  first  degree  is  said  to  be  linear. 

EXAMPLES.— I. 

Solve  the  equations 

I.  a"x-\-ay-\-z=-a\  2.   3.r+2j/  +  45  =  19, 

¥x+by+z=-b\  2x+5^+3r=21, 

c-x-\-cy-\-z=  —  c^.  Zx~  y-{-   z=   4. 

3.  3x-4?/+   bz=   9,  4.  x—y+z  =  Q, 

7j;  +  2^-102=18,  (^b^c)x-\c+a)y+[a-\-h]z=0. 

bx—Qy  —  lbz=   6.  hcx  —  cay-{-abz=l. 

5.     a7+2?/+3z=   14,  6.  52+c?/=a, 

2x—(iy-\-4z=      8,  ■    ca;+az=i, 

3x+4j/— 32=— 4.  ay-\-bx=c. 

a       6       c 

s..+„.+,.=(yi-yf)(y;;!-y^)(y|_yi). 

X  +  ?/ 4-2  =  0. 
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5.  We  now  return  to  the  principle  mentioned  in  [Art.  333]. 
But  before  we  proceed  to  the  proof  of  it,  it  will  be  useful  to  give 
a  few  explanations  of  the  words  and  notation  employed. 

» 

6.  Any  expression  containing,  or  involving^  a  particular 
symbol,  as  oj,  is  called  a  function  of  that  symbol  [Art.  331],  and 
is  often  denoted  by  writing  the  symbol  within  brackets  and 
some  letter  before  the  first  bracket,  thus  F {x)^  /(*)>  4'{^) 
denote  different  functions  of  x. 

7.  F{x),  F{a)  denote  the  same  functions  of  x  and  of  a;  for 
example,  if  F{x)=x'-\-2x  —x-^  +6«^  +7, 

then  F{a)  =  a--\-2a  —a-^  +6^3  +7, 
and   i^(2)  =  2"  +  2.2-2-i  +  6.2§  +  7. 

8.  If  we  divide  any  positive  integral  function  of  x  [Art.  331], 
such  as  3x*  +  5a;'^  — 2a;+l,  by  a  simple  expression,  such  as  cc— 2, 
it  will  be  found  that  at  each  step  the  remainder  is  a  positive 
integral  function  of  x,  but  the  highest  power  of  x  in  it  is  lower 
by  one  than  that  in  the  preceding  remainder,  until  at  last 
we  obtain  a  remainder  not  involving  x  at  all.  This,  unless 
anything  is  expressly  said  to  the  contrary,  is  called  tlie  re- 
mainder when  the  given  function  is  divided  by  the  simple 
expression. 

The  following  Proposition  shows  that  we  can  obtain  this 
remainder  at  once,  by  writing  2  for  x  in  the  dividend,  or  in 
other  words,  that  the  remainder  is  the  same  function  of  2  that 
the  dividend  is  of  x. 

9.  Prop.  If  f^(x)  he  any  positive  integral  function  of  x  and 
^(x)  he  divided  hy  x — a,  then  the  remainder  luill  he  <^(a),  i.e. 
it  loill  he  the  same  function  of  a,  as  the  dividend  is  of  x. 

Suppose  the  division  performed,  and  that  Q  is  the  quotient, 
and  B  the  remainder ; 

.-.  cf>{x)  =  {x-a)Q+R  .         .         (I). 
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Now  since  ^[x)  is  a  positive  interjral  function  of  x,  R  cannot 
contain  x,  and  therefore  will  remain  unchanged  whatever  value 
we  give  to  x;  put  then  x=a  and  we  obtain  from  (i) 

4,[a)  =  R.  Q.E.D. 

CoR.  I.  If  a  be  a  root  of  the  corresponding  [Art.  332]  equa- 
tion <^(a;)  =  0,  or  in  other  words,  if  (^(a)  =  0,  then  E  =  0,  and  the 
expression  ^(x)  is  divisible  by  x — a. 

Cor.  2.  Conversely^  if  the  expression  (f){x)  be  divisible  by  x—a, 
we  have  i?=0,  i.e.  <^(«)  =  0j  and  .".  a  is  a  root  of  the  corre- 
sponding equation  </)(x)  =  0. 

From  Cor.  i  we  can  often  see  whether  a  given  expression  is 
divisible  by  x—a  ;  for  if  it  be,  it  must  vanish  when  in  it  we  put 
x=a.    [Art.  338,  Ex.  (2.)]. 

10.  Ex.  To  show  that  xi/z  is  a  factor  of  the  expression 
(^—x+y-\-z)(x-tj-{-z)(x  +  T/—z)+x{x—y-{-z){x+y—z) 

+V{'^+y  —  ~){  —  x+y+z)  +  z{  —  x-jri/-\-z){x—y+z). 
In  it  put  07=0,  it  becomes 

{^+^){-i/+^){y-^)-^y{i/-=)iy+:^)+^{i/+^)(-i/+=) 

=  (y+~)(y--){-^+-+.y--}=0;  .-.  a^  is  a  factor. 
By  symmetry,  y  and  z  are  also  factors ;    .•.  xyz  is  a  factor. 

11.  Ohs.  From  this  example  we  can  show  that  the  given 
expression  =4a;?/3. 

For  by  the  example  xyz  is  a  factor  of  it ;  .•.  we  can  put 
{~x+y+z){x— y  +  z){xi-y—z)  +  x(x— t/  +  z)(x  + 1/— z)  + etc.  =  Nxyz; 
and  if  we  were  to  multiply  out  che  factors  on  the  left-hand  side, 
all  the  terms  containing  a;',  x-y,  etc.  must  cancel  out,  and  leave 
only  the  terms  containing  xyz  as  a  factor ;  and  the  numerical 
co-eflBcients  of  these  terms,  with  their  proper  signs,  must  make 
up  Ny  i.e.  A^  is  a  number,  and  does  not  involve  x,  y,  or  z,  and 
.•.  remains  unaltered,  whatever  value  we  give  to  x,  y,  and  z. 
Put  then  x=2,  y=l,  s=l; 

•  ••  —x-\-y-\-z  =  0,  x—y  +  :=^'2,  x-{-y—z=2; 
.-.  2.2.2=A^.2.1.1 ;  .-.  A^=4. 
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EXAMPLES.— II. 

1 .  Write  down  the  remainder  after  the  division  of  \x^  —  Ox-  —  7 
by  a;  — 3. 

2.  Is  2x*  —  5.x-  +  7a'+l  divisible  by  x — 1  ? 

3.  Is  3x''^  — 7a;^  +  2x-— 40  divisible  by  a;  — 2? 

4.  Prove  that 

(a  +  S  +  c)(5c+c«  +  a5)  — (i4-c)(c  +  «)(«  +  ^)  =  «3c. 

5.  Prove    that    {p  —  c){x  —  h)(x—c)-\-{c  —  d){x  —  c){x  — a) 
■i-{a  —  i){x—a){x—b)  =  —  {b  —  c)(c—a){a  —  b). 

6.  Prove    that    BC  (B  -  C)  +  CA  (C  -  A)  +  AB  {A  -  B) 
=  -(^B-C)  (C-A)  (A-B). 

7.  If  s  =  a  +  5  +  c,  prove  that  s(s— 25)  (s- 2c) +  s(s  — 2c) (s  — 2a) 
^-s(s-2o)  (s-26)-(s-2a)  {s-2b)  {s-2c)  =  Sabc. 

8.  Prove    that    (a  +  b  +  c)*— {b  +  cy-{c  +  ay  —  {n  +  b)' 
^a''+b^-{-c^=l2abc{a-\-b+c). 

9.  Prove  that 

{b-\-c)s{s—a)-\-a{s—b)(s—c)  —  2bcs 
=  {c  +  a)s(s  —  b)-{-b{s—c){s  —  a)  —  2cas 
=  {a+b}s(s—c)  +c{s  —  a){s-b)  —  2abs. 

10.  If  2s  =  a  +  ^  +  c,  prove  that 

a{s—b){s—c)  +  b{s—c){s—a)  +  c(s—a){s  —  b) 
=  a{s-aY  +  b{s-by  +  c(s-cy 
=  abc—2(s  —  a){s  —  b){s  —  c). 

11.  Prove  that 

(^lj^c  —  a-xY{b  —  c){a-x)-^(c+a-b  —  xy{c—o){b-x) 
+  {a+b—c  —  xy{a~b){c  —  x) 
=  lQ{b  —  c){c-a){a—b){x—a){x  —  b)(x—c). 

12.  Show  that  x*-}-?/+:*  —  2x'f-  —  2fz"'  —  2z-x-   is  divisible 
by  the  four  expressions  xzizy^z. 
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12.  Let  Fix)  denote  a  positive  integral  function  of  x^  of  tte 

nth  degree,  say  jp„x'^+^„_ia;"~^+  .  .  .  .  piX+po- 

Let  «!,  «2  •   •  •  •  «7i  t^e  n  different  values  of  x,  which  make 
F{x)  =  ^. 

Then  F{x)  is  divisible  by  a;— cfj ;  denote  the  quotient  by  Qi, 
then  i^(a:)  =  Qi(a;— tti). 

Hence  ()i(x— ai)  =  0,  -when  x=.ai;  but  ao  — Oi  is  not  equal 
to  0,  since  a^  and  a-^  are  different; 

.-.,  [Art.  324],  Qi  must  vanish  when  a;=aj ; 

.-.  Qi  is  divisible  by  x—a^ ;  denote  the  quotient  by  Qa ; 

.-.  F{x)  =  QJ^x—a-^{x—a^. 

Now  ^1  is  a  positive  integral  function  of  a:  of  the  (n— l)th 

degree,  of  which  2)„x"~i  is  the  first  term,  hence  ^2  is  a  similar 

function  of  the  (n— 2)th  degree,  of  which  the  first  term  is  ^,ja;"--. 

Proceeding  thus,  the  co-efl&cient  of  the  first  term  of  each  quotient 

being  p„,  we  at  last  come  to 

F{x)—pn[pc—(^\)[x—ai)  .  .  .  {x—On). 

13.  Ex.  What  are  the  limits  of  the  values  which  x  must  have 
in  order  that  6a;2  4-7x  — 20  may  be  positive  ? 
Solving  60^24- 7a;— 20=0  we  find  x=— |,  or  |; 
.-.,  Art.  12,  6x-  +  7x-20  =  6(x+|)(a;-|). 

(i)  If  a;  is  greater  than  |,  both  the  factors  x+|,  and  x—^ 
are  positive,  and  then  their  product  is  positive, 

(2)  If  a;  is  less  than  —  |,  both  the  factors  are  negative,   and 

their  product  again  is  positive. 

(3)  If  X  is  less  than  f,  and  greater  than  — f,  then  x— |  is 

negative,  and  x+^  is  positive,  and  their  product  is 

negative. 
Hence  x  must  be  greater  than  ^,  or  less  than  —  |,  in  order 
that    6x-  +  7a'— 20    may    be    positive,    or    in    other    words, 
6a;' +  7a;— 20  is  positive  for  all  values  of  x,  except  those  which 
lie  between  the  roots  of  the  corresponding  equation. 
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14.  Ex.  luvestigate  the  limits  of  the  values  that  the  expression 
^2  1^^  I  2  c^Ji  ^3,ve,  consistent  with  x  being  a  real  number. 
Put  ^^  +  f+4 

then  a;^(l-ti)+a;(3-5?i)+4-2i<  =  0; 


_-(3-5iO±n/4(1-m)(2»-4)  +  (3-5; 

_5m— 3zbv^  — 7  +  17t<"— "Cm 

2(1 -«)  ' 

.•.  17^*^  — 6w— 7  must  be  positive. 

Nowif  17w--G«-7  =  0, 

^^^3±v'ri9  +  9^3±8v^ 

17  ~     17      ' 

A  f    lo    17  2     p       -     1-/       3  +  8V2\/'       3-8v/2 
•.,  Art.  12,  17tr  — Dw— /=!/    z<—  "-- 


.     .  N  17      /r         17     r 

.•.,asinArt.  13,  3  +  8  v/2  3-8v'2 

u  must  be  greater  than  —       *",  or  less  than  ■ — ^^  "  ■ 

It  will  be  remarked  here  that  17u-  — 6ii  — 7  is  positive  so  long 
as  u  does  not  lie  between  the  roots  of  the  corresponding  equation. 
This  statement  and  that  at  the  end  of  Art.  13  are  particular  cases 
of  the  proposition  investigated  in  the  following  Article. 

15.  Prop.  To  sliow  that  for  all  real  values  of  x  the  expression 
ax^  +bx+c  has  the  same  sign  as  a,  except  tuhen  the  roots  of  the  corre- 
sponding equation  are  real  and  different^  and  x  lies  between  them. 

For  ax'  -{-  hx-{-c  =  ai  '^"  -\ 1 —  r 

(  a       a  ) 

{     „hx^     h'         c       h'   \  f  /     ,    M=      l'--4.ac\ 

and    .".   has,   or   has   not,   the   same  sign  as  a,   according  as 
I  x-\-^  j  —       ^      IS  positive,  or  negative. 
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Now  \x-\ — I  ,  being  a  square,  is  always  positive,  whatever 
\        2a/ 
real  value  x  may  bave. 

1°.  Let  tbe  roots  of  the  equation  ax"--\-lx-\-c=^  be  impossible, 

,      5-^  — 4ac  .           ,.            /     ,    ^  V     ^'  — 4«c 
then  £2  — 4oc,  and  .-.      .    „     ,  is  negative;  .-.    x  +  — j-y— 

is  positive. 

2°.  Let  the  roots  of  the  equation  be  real  and  equal,  then 
6^-4«c=0;  .-.  fx  +  j^V-^^^^^  becomes  (x  +  ^V,  and  .-. 
is  positive. 

Hence  in  both  these  cases  a  and  ax--\-lx-\-c  have  the  same 
sign. 

3°.  Let  the  roots  of  the  equation  be  real  and  different,  then 

,  T        b-—4:ac   .         ... 

/>-— 4rtc,  and  .-.  — t-^^ — ,  is  positive. 
4a- 

Now  hc+;j- ^^—  IS  positive  as  long  as  1^+2^1    's 

^      ^,       i''  — 4ac 
greater  than  — j— r —  ; 
^  4a'  

h                                                      i_  \f  b' — 4ac 
i.e.,  x-{-^  is  numerically  greater  than  ± ^ ^ 

J  g    x-{-—  does  not  lie  between  0  and         ~        ,  nor  between 

t^¥—A:ac^ 
0  and 2 ' 

&    .  ..    ,    ,  V?/^_4ac      ,       ^Jl-—\ac^ 

i  p    xA does  not  lie  between and -: , 

'.«•>  '*'^2a  2a  2a 

-J+Vi'-4ac         -J-V^^^4ac 
j.e.,  X  does  not  lie  between '- and  ^7 ' 

But  these  last  expressions  are  the  roots  of  the  equation. 
Hence  in  this  case  a  and  ax--\-lx+c  have  the  same  sign. 
except  when  x  lies  between  the  roots  of  the  equation. 
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EXAMPLES.— III. 

1.  What  values  of  x  will  render  3a;"  — 7a7-}-2  positive  ? 

7a;'  +  3a;  +  l 

2.  Find  the  least  positive  value  which  — ^-r^       -,    can  have. 

3.  When    a:    is    real,    find    the    limits    to    the    values    of 

2a;^-3.r  +  l  3x'  +  7x-l 

^_^^— ,and       ^,_^3       . 

a?^  +  10a:+25 

4.  Find  the  greatest  value  which  — tt-? — r^—  can  have. 

*=  x-  +  5a;  +  / 

5.  What  values  of  x  will  make  ^x—1x"-\-\  positive  ? 

6.  What  values  are  possible  for  -^-^— ^ ,  and  ^.-^-^^—--^  . 

rgi  3-^ 3 

7.  Determine  the  limits  between  which  ,.   o  ,  ,-> — ri   lies  for 
11  -n        1  f  2a;-  +  2a7  +  l 

all  possible  values  01  x. 

16.  Ex.  To  find  the  sum  of  the  squares  of  the  first  n  natural 
numbers. 

Let  ^n^  denote  l-+2'+  .  .  .  +«^ 
Now  (n+l)^  =  n^  +  3?i'  +  39i+l, 

n5  =  (,2_l)3  +  3(?i-l)2  +  3(n-l)+l, 
etc.=  etc. 
35  =  23  +  3.2=  +  3.2  +  l, 
23  =  13  +  3.1^  +  3.1  +  1; 
.•.,adding,(n+l)3  =  l  +  3(n^  +  ..  +  2=  +  l=)  +  3(n+..  +  2  +  l)+n 

=  l  +  32n^  +  3^^i!^+;^; 
.,2n==i{(n  +  l)3-(n  +  l)-3'^+l)} 
=^^|2(^+l)=-2-3«} 

=  ^|2,r  +  .| 

_n(n  +  l)(2n+l) 
~  6 
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17.  Ex.  To  find  the  sum  of  the  cubes  of  the  first  n  natm-al 
numbers. 

Let  2«3  =  l5  +  22+  .  .  .  +n3. 

Now  (n  +  l)^=?i^+4n=  +  G«=  +  4n  +  l, 

etc. = etc. 
2^  =  1*+4.1'+6.12+4.14-1; 
.-.,  adding,  (?i  +  l)^=l4-42?i='+n{n  +  l)(2«+l)  +  2«(n+l)  +  «. 
.-.  2?i^=l{(?2  +  l)^-(n  +  l)-n(?i  +  l)(2M  +  l)-2«(n  +  l)} 
=  i(?z+l){(n+lf-l-n(2«  +  l)-2n} 
=  i?z(n+l)(n2  +  3n+3— 2k— 1-2) 


f  «(?i+l)) 


In  the  same  way,  by  expanding  [n-\-Vf  etc.,  and  adding,  we 
might  obtain  an  expression  for  2n^. 

18.  Ex.  These  expressions  can  be  easily  applied  to  obtain  the 
sums  of  n  terms  of  other  series. 

Thus  1.2+2.3  +  3.4  +  .  .  .  +"(«  +  !) 

=  l-  +  l  +  2=  +  2  +  3-  +  3+  ....  +n^+n 
_?;(n  +  l)  (2;?  +  l)     ?;(n  +  l) 
~  6  ^2 

='^^{2.  +  l  +  3} 

n(n+l)(?z  +  2) 
•~  3 

EXAMPLES.— IV. 

Sum  to  n  terms  the  series — 

1.  2.3  +  2.3.4  +  3.4.5  + +?^!^  +  l)(n+2). 

2.  2=+4=  +  6'^  + ^%i\-. 

3-  P  +  3=  +  5^  + +  (2;^-l)^ 

4.  2^+4^  +  6^  + +  (2?^)^ 

5.  1.3+2.4+3.5+ +n(?2+2). 

6.  1.2+2^3  +  3^4 +  „2(n+l). 
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19.  Ex.  Since  recurring  decimals  are  Geometric  Progressions, 
we  can  find  an  expression  for  their  values. 

inus  -  -OJo- — ^^1000^100,000^10,000,000^ 

269    32   (    1    1      ) 

"'^"'"1000+100,000 1  ■^"^loo'^poy^"^®*'''  I 

_   _269^    32     1 


1000*^100,000  1— rw 
_^  269  32  100 
~  +1000 "^100,000"  99 
-94_M4.   32 


=  2- 


=  2- 


1000^99,000 
269x99  +  32 
99,000 
^(100- 
99,00 
26932-269 


_^    269(100-l)+32 
~   +  99,000 


99,000 

20.  Generally,  let  P  and  Q  denote  respectively  the  sequences  of 
digits  in  the  non-recurring,  and  the  recurring,  parts  of  a  decimal. 
Suppose  there  are  p  digits  in  P  and  q^  in  Q. 

Then  the  decimal= j^+jq^,|  l  +  Jo^+Jos-.+etc.  j 

_^    _G  1 

—  10P  +  10^+?" ]_ 

10* 

p 


=T7r„+^ 


'10^^10^  10^-1 

p.io*+Q-^ 

-  10^(1 0«-l)  ' 
Now  10'=100  ...  to  2  cyphers,  and  10^  =  100  ...  to 
p  cyphers,  and  10^-1  =  999  ...  to  ^  nines;  .-.  IOp(IO'-I) 
stands  for  q  nines  followed  byp  cyphers  ;  and  P.10''  +  Q  repre- 
sents the  sequence  of  figures  to  the  end  of  the  first  period. 
Hence  the  rule  given  in  Arithmetic. 
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21.  To  find  the  number  of  combiimtions  of  n  things  tahen  r  at 
a  time. 

Denote  the  n  things  by  the  letters  a,  b,  c,  d,  .  .  .  and  the 
required  number  by  (n)^. 

We  can  form  all  such  combinations  into  n  classes, — (i)  those 
in  which  a  stands  first,  (2)  those  in  which  b  stands  first,  and  so 
on  ;  and  the  sum  of  the  numbers  in  all  these  classes  is  r{n)r. 
For  every  combination  occurs  r  times,  viz.,  once  in  each  class 
in  which  any  one  of  its  component  things  stands  first. 

For  instance,  when  r=4,  the  combination  abed  occurs  in  each 
of  the  first  four  classes. 

Now  every  combination  of  the  first  class  can  be  formed  by 
placing  a  before  one  of  the  combinations  of  the  n  —  1  things 
b,  c,  d  .  .  .,  taken  ? — 1  at  a  time ;  and  every  one  of  these  latter 
combinations  gives  a  different  combination  of  the  first  class. 
Hence  the  number  in  this  class  =(n — l)r-i.  Similarly  we  can 
show  that  (?2  — l)r-i  is  the  number  in  each  of  the  n  classes; 
.•.  the  sum  of  the  numbers  in  all  these  classes  =n(n — l)r-i- 

Hence  r(ri)j.-=n(n  —  V)j.^-^; 

n  —  1 

and  (n-l),_i  =  — --^(n_2)r_„ 

etc.         =         etc., 

1  •  ,  ■        ,  ^       n(n-\)  .  .  .  (n-r+2), 
.-.,  multiplymg,  {n)r= j- (w-r+])i; 

but  (??  — r4-l)j  =  rt  — 7--I-I  ; 
...  (^)^-^^^'-^)  •   •  •   (»-r+2)(n-r+l) 
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22.  To  find  the  number  of  permutations  of  n  things  ialccn  r  at 
a  time. 

Denote  the  n  things  by  the  letters  a,  b,  c,  d,  .  .  .  and  the 
required  number  by  the  symbol  (?«)y. 

We  can  form  these  (n),.  permutations  into  n  classes, — ( i )  those 
in  which  a  stands  first,  (2)  those  in  which  b  stands  first,  and  so 
on ;  and  (n)r  is  the  sum  of  the  numbers  in  all  these  classes. 

Now  every  permutation  of  the  first  class  can  be  formed  by 
placing  a  before  one   of  the   permutations  of  the   n— 1  things 
i,  c,  d,  .  .  .  taken  r— 1  at  a  time  ;  and  every  one  of  these  latter 
permutations  gives   a  different  permutation  of  the  first  class. 
Hence  the  number  in  this  class  =(n  — l),._i.     Similarly  it  can 
be  shown  that  (71  — l),._i  is  the  number  in  each  of  the  n  classes; 
.-.  the  sum  of  the  numbers  in  all  these  classes  =n{n  —  l)r-i- 
Hence  [n)r=n(n  —  T),--i, 
and  (n-l),_i  =  (?2-l)(»-2),_i, 
etc.  =  etc. ; 

(n-r  +  2),  =  (n-r+2)(n-r  +  l)i , 
.-.,  multiplying,  (n>=H(n  — 1)  •  •  •  (n— r+2)(n— r  +  l)i ; 
but  {n—r-\-l)i  =  n  —  r+l; 
/,  (?j)^=n(n— 1)  .  .  .  («  — r4-"i,'i. 


€)n  tlje  jfuntianieutfll  ^pccation^  of  ^lijebua. 

1.  Arithmetical  Algebra  is  the  science  which  treats  of  the 
operations  of  arithmetic  and  their  results,  when  they  are  per- 
formed on,  and  with,  arithmetical  numbers,  these  being  repre- 
sented by  symbols  which  stand,  not  each  for  some  one  number, 
but  for  any  which  will  alloio  of  the  operations  indicated  being 
performed. 

Thus  5  can  only  stand  for  the  number  five,  and  |  for  the 
number  three -fourths,  so  that  5+|  can  only  express  the  sum 
of  five  and  three-fourths ;  but  a  and  b  can  stand  for  any  two 
arithmetical  numbers,  so  that  a-f  6  can  express  the  sum  of  any 
two  such  numbers. 

In  Arithmetical  Algebra  we  have  then  the  consideration  of 
such  general  theorems  as  are  capable  of  proof  in  arithmetic  for 
every  particular  case,  which  can  be  obtained  by  giving  some 
one  value  to  each  of  the  symbols  employed  in  the  corresponding 
general  theorem. 

2.  In  some  expressions  we  must  understand  that  a  certain 
limitation  is  imposed  on  a  symbol,  as  to  the  numbers  for  which 
it  can  stand,  on  account  of  the  proviso  above  mentioned  that 
they  must  be  such  as  to  alloio  of  the  operations  indicated  being 
performed. 

Thus  in  the  expression  a  —  b,  a  may  represent  any  arithmetical 
number  we  please;  but  whatever  that  number  may  be,  b  can 
only  represent  some  number  not  greater  than  a,  for  otherwise  the 
operation  we  are  directed  to  perform, — viz.,  the  subtraction  of 
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b  from  a,  would  be  impossible  in  arithmetic.  Again,  in  x^, 
m  can  only  represent  whole  numbers. 

Again,  a-fj  — c  =  a  — c+5,  is  a  theorem  which  can  be  proved 
for  each  set  of  particular  values  we  can  give  to  a,  b,  c,  provided 
the  value  we  give  to  c  is  not  greater  than  the  one  we  give  to  a. 
Hence  it  is  true  for  all  values  of  a,  b,  c,  except  when  c  is 
greater  than  a. 

Also  £c™-=-x"  =  a;™~"  can  only  be  proved  in  arithmetic  when 
m  and  n  stand  for  luliole  numbers,  and  n  is  less  than  m. 

3.  With  such  limitations  as  the  above,  we  have  the  following 
theorems  (or  laws)  in  Arithmetical  Algebra : — 

I.  The  Commutative  Law. 

(i)  Additions  and  subtractions  may  be  performed  in  any  order. 
Ex.a-[-b-\'C  —  d=a  +  b—d+c  =  a  —  d+b  +  c  =  b-d-{-a+c=etc. 
This  is  generally  considered  self-evident,  since  the  operations  of 
addition  and  subtraction  are  not  confined  to  arithmetic. 

(2)  Multiplications  and  divisions  may  be  performed  in  any  order. 

Ex.    aAbXc=bXay.c  =  aX  cy.b  =  cxaxb.  [Arts.  39,  41.] 

Also  axb-i-c  =  a  -^  cXb=b  ^  cXa  =  Qtc. 

1      ab 

For  aXb^c  =  aXbX  —  =  — } 
c       c 

1       ^       ab 
and  a-^cxb=aX—  Xo  =  —' 

'^  ^  ab 

Similarly  we  can  show  that  6  -=-  c  X  «  =—  ,  and  .-.  the  opera- 
tions indicated  by  a  X  &  -f  c,  etc.,  give  the  same  result. 

II.  The  Distributive  Law. 

(i)  Additions  and  subtractions  of  numbers  may  be  distributed 
over  a  series  of  additions  and  subtractions  of  their  parts. 
Ex.   «+&+(c-|-f7— e)  =  a  +  &+c+f?— e. 

a-\.b-(c-\-d-e)  =  a  +  b-c-d-\-e.    [Art.  18]. 
(2)    Multiplications    (and    divisions)    of    numbers    by    one 
another  may  be  distributed  over  a  series  of  additions  and  sub- 
tractions of  the  products  (and  quotients)  of  their  parts. 
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Ex.    {a  —  h)  {c—d)  =  ac—hc—ad-\-bd. 

(a+Z.)  {c-d)  =  ac-]-bc-ad-bd.     [Art.  48-55.] 
Also      {a-{-b  —  c)~x~a~x-\-b-^x—c-^x. 

'Soviet  q^  =  a^x^q„  =  b~x,q^  =  c^X', 
.-.  a  =  q^x,  b  =  q„x,  c  =  q,x;  [Art.  72.] 

.-.  a+b-c=q,x+q,x-q,x  =  {q,-{-q,-q^)x,  by  Ex.  above  ; 
.-.  {a+b-c)~x  =  qi-].q^  —  q^. 

III.  Laws  of  Exponents. 

(i)  x'"-xx''=x^'+^.  [Art.  269.] 

(2)  a;"* -^x"  =  ;»»'-",  it  m>n 

=  1,         if  m=?i  [Art.  272.] 

-,  II  7n<n. 


x' 


This  can  as  easily  be  proved  as  (i)  is  in  [Art.  269]. 

(3)  {x^)n=x^^  [Art.  269]. 

(4)  {xy)^  =  x^y^  [Art.  288]. 

4.  In  Symbolical  Algebra  we  consider  the  symbols,  both  of 
number*  and  of  operation,  as  capable  of  having  any  meaning 
that  will  permit  of  their  obedience  to  the  fundamental  laws  of 
Arithmetical  Algebra. 

5.  Suppose  then,  first  of  all,  that  a  and  b  represent  numbers, 
but  remove  the  limitation  that  in  the  expression  a  —  b,  b  is  not 
greater  than  a.     Put  a=0,  5=6  and  we  have  0—6. 

This  is  a  result  we  have  never  met  with  before;  we  must 
therefore  invent  a  new  symbol  for  it.  Denote  it  by  —  6.  Generally 
we  define  —6  to  mean  0—5,  and  call  it  a  negative  number  or 
symbol. 


*  By  a  symbol  of  number,  we  mean  such  a  symbol  as  up  to  this 
point  we  bave  used  to  represent  numbers. 

B 
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6.  By  analogy  we  should  denote  0+6  by  +6,  and  call  it  a 
positive  number  or  symbol. 

Now  +i  =  0+5=6+0,  Art.  3,  I.  (i), 
=  6. 
Thus  positive  numbers,   and  arithmetical  numbers,  are   the 
same.     Indeed  this  was  anticipated  in  [Art.  12],  where  it  was 
stated  that  "  when  no  symbol  precedes  a  term  the  symbol  -4-  is 
understood." 

7.  In  the  symbol  —J,  —  is  called  the  sign  of  affection^  and  b 
is  called  the  magnitude  of  the  number.  Thus  —b  and  -\-b  are 
said  to  be  equal  in  magnitude  and  opposite  in  sign,  so  that  to 
every  negative  there  is  a  corresponding  positive  number,  equal  in 
magnitude  and  opposite  in  sign,  and  also  a  corresponding  arith- 
metical number. 

8.  We  must  now  investigate  what  meanings  must  be  attached 
to  the  symbols  of  operation,  when  used  with  negative  numbers. 

Addition  and  Subtraction. 

a  +  (— J)=a+(0— 5),  by  definition, 

=a+0— 6,  Law  I.  (i). 

=a— J. 
a-[-b)=a-{Q-b\ 
=  a-0  +  &, 
=  a+&. 
Hence  to  add,  or  subtract,  a  negative,  is  the  same  as  to  sub- 
tract, or  add,  the  corresponding  positive  number. 

9.  Again,  — 6=ba  =  0  — Jit:  «  =  0  — (&=f:cr)=— (6=pa). 
Hence  to  add,  or  subtract,  a  positive,  to,  or  from,  a  negative 

number  is  to  decrease,  or  increase,  the  magnitude  of  the  negative 
by  that  of  the  positive  number. 

10.  Multiplication  with  negative  numbers  has  been  explained 
in  [Art.  58]. 

Thence  it  follows  that  —a  =  {  —  \)a,  and  (  — a)'"=±a™, 
according  as  m  is  an  even,  or  odd,  integer.     Also  if  a=—b, 
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11.  Division. 

Let  q  denote  the  quotient  — a-i-b  ; 

.:  -a  =  hq  ;  [Def.  Art.  72] 

.'.  a=—hq  Art.  10 

=  b(-q);  [Art.  58] 

.'.  —q  =  a-i-b;  .:  q=—(a^h). 
Hence  to  divide  a  negative  by  a  positive  number  is  the  same 
as  to  divide  the  positive  number  corresponding  to  the  dividend 
by  the  divisor,  and  prefix  the  sign  —  to  the  quotient. 
Again  let  q  denote  a  -r  ( — b) ; 
.-.  a  =  q{-b)=-hq  =  b{-q); 
.".  — 2  =  a-f&;   .'.  q=  —  [a-i-b). 
Hence  to  divide  by  a  negative  number  is  the  same  as  to  divide 
by  the  corresponding  positive  number,  and  prefix  the  sign  —  to 
the  quotient. 

12.  We  give  no  a  priori  definition  of  an  operation  performed 
with,  or  on,  a  negative  symbol,  but  deduce  its  meaning  from  the 
principle  that  the  result  of  such  an  operation  is  to  be  the  same  in 
form  as  if  the  symbols  operated  on  had  represented  arithmetica. 
numbers. 

Thus  we  gave  no  definition  of  the  operation  of  addition  of  a 
negative  number,  but  from  the  principle  that 

a-\-(c  —  b)=:a-{-c — b,  whether  b  is>c  or  not, 
we  found  that  it  must  mean,  such  an  operation  that  its  result 
is  the  same  as  subtracting  the  corresponding  positive  number. 
And  any  meaning  that  may  hereafter  be  assigned  to  a  negative 
number  must  allow  of  this  meaning  being  true ;  accordingly  we 
find  in  [Art.  35]  that  if  we  represent  a  gain  by  200,  the  loss 
equal  in  amount  is  represented  by'  — 200. 

X 

13.  The  fraction  —  has  no  meaning  if  either,  or  both,  of  x 

y  O  )  > 

and  y  are  negative.     We  must,  in  this  case,  extend  the  meaning 
of  the  symbol.     It  has  been  shown  in  [Art.  158]  that,  when  x 

X  X 

and  y  are  positive,  — =x-=ry.     Let  us  then  define  —  to  repre- 
sent the  quotient  x-r  y,  whatever  x  and  y  may  be. 
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Therefore 

—  a  ,  ,       7\   »   ^  ,-,  «  f  where  —  aisnecative 
0  0   [      and  b  is  positive. 
a              /      7  N           /        7  \            a     f  where  a  is  positive  and 

—  0  ^        '  '  0    (  —0  negative. 

'^y=-a^{-h)  =  -{-a^h)  =  -{-{a^'b)]=a-r'b=  |- , 

where  —a  and  —5  are  both  negative. 
From  these  all  the  theorems  relating  to  fractions  with  positive 
terms  can  be  proved  for  those  in  which  either,  or  both,  of  the 
terms  are  negative. 

14.  The  meaning  and  laws  of  combination  of  x"*,  when  the 
limitation  as  to  m'  is  so  far  removed  as  to  allow  of  its  repre- 
senting a  positive,  or  a  negative,  number  have  been  already 
discussed  in  [Chap,  xxiii.] 

15.  Positive  and  negative  numbers  are  classed  together  as 
real  numbers.  That  is  to  say,  any  symbol  composed  of  an  arith- 
metical number,  preceded  by  the  sign  +,  or  by  the  sign  — ,  is 
called  a  real  number. 

16.  Since  (-{-&)  (+&)  =  ?'"%  and  (-&)  (-&)  =  &=; 
therefore  6^  has  two  square  roots, — viz.,  (i)  +&,  or  &,  which  is 
the  one  we  have  been  accustomed  to  in  Arithmetic ;  and  (2)  — &, 
which  is  equal  in  magnitude  to  the  arithmetical  root,  but  opposite 
in  sign. 

17.  Since  the  squares  of  all  real  numbers  are  positive,  a  real 
number  cannot  be  the  square  root  of  a  negative  number. 
Hence  V  — &S  or  (— &-)^,  where  —h-  is  a  negative  number,  is 
something  we  have  not  previously  met  with.  Call  it  an 
imaginary  number;  it  is  such  that  (\/  —  b')"=—h-. 

This  does  not  accurately  define  the  meaning  of  V  —  l'"^,  or  of 
the  operation  (  )-  performed  on  a/  —  ^^-  All  we  say  is  that 
tj  —h'-,  and  the  operation,  must  be  such,  that  the  performance 
of  one  on  the  other  must  give  —  h^  as  the  result. 
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18.  We  can  put  \/  —h"  into  another  form. 

For  4^^=  ^I {-l)h"-  =  ( - ifih'f.  Law  III.  4. 

=  {-lf{±ih)=±h{-lYi.e.±:h^^^. 

19.  Any  expression  involving  the  symbol  V— 1  is  called  an 
impossible,  or  imaginary,  expression ;  and  any  expression  which 
does  not  involve  this  symbol  is  said  to  be  real. 

20.  In  the  symbols  +  h  ^^^l  and  —h  a/^,  5  is  generally  sup- 
posed to  be  real,  and  is  then  called  the  magnitude  of  the 
symbol;  also  -\-h  \r—'l  is  called  a  positive,  whilst  —  &V— 1 
is  called  a  negative,  imaginary  number. 

We   shall   always  understand   &V— 1  to  mean  the  same  as 

21.  Prop.  If  a-fb  V^^  =  0,  and  a  and  b  are  reed,  then  a=0 
and  b  =  0. 

For  by  Law  I.  i,  «+&  \/^-i  =  l  ^JZZi^a\ 
.-.  &V^  +  «  =  0; 
.'.  h  \P^l-\-a  —  a=.—a-j 
.•.  b  V  — 1  =  —  a; 

.^.{b^/~ly         =i-ar; 
.-.  -I'  =a"-;  .-.  a"-  +  P  =  0. 

Now  if  either  of  the  two  positive  numbers,  a-  and  &',  be  of 
appreciable  magnitude,  their  sum  cannot  be  zero.  Hence  each 
is  zero  ; 

.•.a-  =  0,  &=  =  0;         .'.a=0,h  =  0. 
CoR.  If  a,  b,  a, /3  are  real,  and  a+b  V— l  =  a+/5  V— 1  then 
a  =  a,  b  =  /3. 

For  since  a+&  V— l  =  a+/3  V— 1, 
0  =  a-f&V^-(a+i8V^) 
=  a  +  &  V— 1  — «.— /3  V— 1,  Law  II.  I. 

=a— a+S  V— 1— /5  V— 1,  Law    I.  i. 

=  a-a.  +  {b-P)  ^f-V  ■  Law  IL  2. 

.'.  a— a  =  0,  and  l)  —  ft=0,  by  the  Prop., 
or  a=a,  and  &=/?. 
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22.  The  following  are  examples  of  the  ways  in  which  we  can 

comLiue  imaginary  numbers  with   one   another   and   with  real 
numbers. 

By  Art.  13,  , —   =a^  6  V  — l,  =  g  say  ; 

.-.  a  =  qh  V  — 1  ; 
.'.  a  '\/—l  =  qb{  ^—l)'  =  —qh  ; 
.'.{-l)a^r-i  =  qh^  _ 

•••  ^  =  '-—H =  ^  Art.  10,  _-^-  =  _- V^l. 

„.    .,    ,     aV— 1      a 
Similarly  ^-^  =  y- 


Again  (a  V^)^=a--^(  V^)^ =«=■(-!)' J 

and  {a  +  h^-l){c-d^I-l) 

=  ac-\-h /J—l  c—ad^J^-i  —  h  \/—l  d'sj —1,  Law  II.  2. 

=  ac-\-'bc^J—l  —  ad^J'—\-  —  hd^J—l^—\,  „       1.2. 

=  cc+5cV^-«t?v'^-k?(-l),  Def.  Art.  17. 

=  ac+&c  V^  — «<^V— 1  +  H  [Art.  58.] 

23.  Also 


For  let p=^  =  2;  .-.  o  =  g-(c4-(?\/^) ; 

c-\-d\/  —  \  

•.  ma  =  mqic-\-d  '\/ —\) 
=  qm{c-{-d'\/—l); 
ma 
"  ^~vi{c-\-d\/~-^) 
a  a{c—d^—l)  _ac  —  ad\/—l 

S°   cJ^d^J^l^{c  +  d^J-l)  {c-d'^^)~c"--{d^/-iy 

ac—ad\J  —  \ 
~       c--\-d^ 
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.,  a  a         _ac  —  ad\f^-\.ac-\-ad'\l—\ 

ac  •\-ac-\-ad  /^l  —  1  —  ad  ^I — 1 


c-  +  d"- 
lac 


Again 


viim  —  1)  (m  —  1)  I — 

^ Y^^ ^a™-^(&  V^l)3  +  etc. 

—      mim—V)        „,„ 
=  a'"  +  ?«a™-i5  V  — 1—    ^-o— -«™~  &  — 

m(m-l)  (??i-2)  ^_, 


1  t)  o  "-      w    v  — 1  +  etc. 

^<?^>a--6^  +  etc. 


1.2 


m{m  —  l)  (m— 2)  .^ 

+  (?Ha'^-^6 ^ YY^ -a™-'&Hetc.)  V-1. 

Thus  {a-\-h  V— 1)'"  has  been  reduced  to  the  form  ^+5  V— 1, 
wliere  A  and  B  are  real. 


24.   To  put  Va+b  V— 1  'into  the  form  a-\-  fi  \f^l. 
Let  Va+&  V^=  Va^+  V?/  V^  ; 
.-.  a+&  V— l=x— ?/+2  V^^/^l ; 
.-.  a  =  x—y.,  h  =  2  Va??/,         Art.  21.  Cor. ; 
a  ,'v'«'T^ 

,  a   ,    \Ja'^-\-lj^ 

and  ^=— — ± 


.-.  ya+&v-i=[-|±- 

both  the  upper,  or  both  the  lower,  signs  being  talccn. 
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25.  A  system  has  been  devised  by  which  imaginary  expres- 
sions represent  the  positions,  as  well  as  the  lengths  of  lines,  so  as 
still  to  obey  all  the  fundamental  Laws  of  Algebra.  For  explana- 
tion of  this  system  the  reader  is  referred  to  the  works  of  Warren, 
Peacock,  and  De  Morgan. 

EXAMPLES.— I. 

1.  Express   {a+l^f-iy,    and   («— 6V^)=    in   the   form 

2.  Rationalize  the  denominators  in 

1  x—y^f^l     x-\-y  \r—\ 


a 


-&V-1'  x+y^J-V        V-1. 


3-  s-P^^^^  ,-zw=T""m^W^ 

4.  Find  the  value  of  (2+3  V^)"  4-02-3  a/^5>. 

5.  Find  the  values  of  ( 5 )  ,  and    ^ 1 


6.  Find  the  square  root  of  —79  —  8  V^^. 

7.  Express  in  a  form  free   from  imaginaries  the  square  of 

^a-\-l}\/^\-\-'^a—h  V— 1. 
1+  sJZIl     5-  V^ 


8.  Reduce 


1_  V-1'  1+ V-'2 
9.  Prove  that  V3+4V-1+  V3-4  V^=4. 
10.  Reduce  to  a  real  surd  the  expression 

V3  +  2V^+  V3-2V-I. 


II 

^n  tlje  »)pniliol0  oo  anti  o,  auti  tijc  toorti  "Himit;* 

26.  The  symbol  oo  indicates  that  the  symbol  with  which  it  is 
connected  represents  a  magnitude,  or  ratio,  which  is  being  endlessly 
increased;  thus  "  a;  is  oo  "  means  that  the  magnitude,  or  ratio, 
represented  by  x  is  endlessly  increased,  or,  as  it  is  sometimes 
expressed,  is  increased  without  limit. 

Ohs.  1.  Thus  the  learner  will  understand  that  by  saying  that 
aj  is  00  we  do  not  mean  that  x  is  to  have  any  precise  value, 
as  we  do  when  we  say  that  a?  is  2 ;  we  only  mean  that  there  is 
no  end  to  the  increase  of  the  magnitude,  or  ratio,  represented 
by  X. 

Obs.  2.  The  word  "  infinite  "  is  often  used  instead  of  the  words 
"  endlessly  increased,"  and  had  better  be  understood  to  mean 
exactly  the  same  thing.  By  an  infinite  number  we  mean  a 
number  which  is  endlessly  increased. 

Ohs.  3.  The  symbol  =  is  often  placed  before  oo ,  instead  of 
"is,"  or  some  other  similar  verb.  Thus  we  have  "  x=cc  ,'^ 
which  is  read  "  x  is  infinite,"  or  less  correctly  "  x  equals 
infinity."  And  we  often  find,  "when  x  =  (x>  "  used  instead  of 
the  more  correct  phrase,  "  as  x  is  endlessly  increased,"  as  if 
there  were  some  precise  point  at  which  x  ceased  to  be  finite 
and  became  z«finite. 

Ohs.  4.  This  abbreviation  is  likely  to  lead  to  great  confusion, 
unless  its  precise  meaning  is  carefully  remembered. 

Ohs.  5.  Thus  when  a:  =  2  and  y=2,  we  at  once  infer,  as  in  Euc. 

Ax.  I.,  that  a; =^.    Similarly  when  a;  =  oo  and  2i'=oo  ,  the  learner 
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is  apt  to  think  that  x  =  ?/,  forgetting  that  =  before  oo  has  not 
the  same  meaning  as  =  before  2,  or  any  other  symbol  of  finite 
number.  Take  another  instance,  although  as  a:.'  =  GO  ,  4a;=Go 
also,  yet  x  and  4a;  do  not  tend  to  equality,  or  in  other  words, 
X ;  4a;  does  not  tend  to  a  ratio  of  equality,  for  it  always  remains 
the  same  as  1  :  4. 

27.  The  symbol  0  means,  as  stated  at  the  beginning  of  Arith- 
metic, absolute  nonentihj,  or  the  total  absence  of  any  magnitude, 
such  as  in  any  statement  may  be  denoted  by  the  symbols  of 
number. 

The  symbol  0  has  also  another  use.  It  indicates  that  the 
symbol,  with  which  it  is  connected,  represents  a  magnitude,  or 
ratio,  which  is  being  endlessly  decreased  ;  thus  "  x  is  0,"  means 
that  x  represents  a  magnitude,  or  ratio,  which  is  endlessly 
decreased,  or,  as  it  is  sometimes  expressed,  is  decreased  without 
limit. 

Observations  similar  to  1,  2,  3,  4  of  Art.  26  apply  to  0 
when  used  in  this  sense,  only  reading  "  decrease"  for  ''increase," 
"  zero  "  for  "  infinite  "  and  "  infinity,"  "  0  "  for  "  ^  ." 

Ohs.  5.  Further,  when  x—y.=Q,  if  we  know  that  x  and  y 
represent  finite  numbers,  we  can  infer  that  x=y\  but  if  both 
a;  — 0  and  y  =  0,  then  we  cannot  infer  that  x=:y,  for  since  x 
and  y  are  now  endlessly  decreased,  their  diff"erence  is  also, 
whether  they  tend  to  equality  or  not. 

Hence  the  only  general  test  of  a?  being  equal  to  y,  whether 
X  and  y  are  endlessly  decreased,  or  increased,  or  are  finite,  is 

y  X 

28.  We  will  exemplify  our  statements  by  remarks  on  some  of 
the  connexions  between  0  and  go  . 

When  x=0,  —  =  oo  .    This  means  that,  as  x  is  endlessly  de- 
ar 
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a    . 
creased,  the  fraction  —  is  endlessly  increased.     We  also  ex- 

a 
press  this  by  saying  that  —   has  no   limit,   or  is  infinite,  when 


Conversely  when  a:  =  oo  ,  — =0.     This   means  that  as  x  is 
-'  X 

endlessly  increased,  —  is  endlessly  decreased,  in  other  -words, 

that  nsx  increases  without  limit,   —   decreases  without  limit. 

'    X 

29.  Again  if  a<;l,  a^=0  when  x=-co  .  This  means  that  as 
X  is  endlessly  increased,  a^  is  endlessly  decreased,  or  decreases 
without  limit. 

Consider  the  expression  Z/  +  a%  where  a<i\;  when  x=-cc , 
i.e.  is  endlessly  increased,  a^=0,  i.e.  is  endlessly  decreased,  and 
h-\-a^  approaches  endlessly  near  to  h. 

We  sometimes  express  the  same  thing  thus,  if  «<:!,  h-{-a^ 
has  h  for  its  limit,  when  a:  =  oo  ,  by  which  we  mean,  that  as  x 
increases  the  value  of  h-\-a^  approaches  &,  and  by  taking  x 
sufficiently  great,  the  difference  between  it  and  h  can  be  endlessly 
decreased,  or  in  other  words,  can  be  made  infinitely  small. 

In  the  same  way  a%  i.e.  0  +  a^,  is  often  said  to  have  0  for  its 
limit,  when  a;=Go  ,  i.e.  the  difference  between  a^  and  0  can  be 
made  infinitely  small  by  endlessly  increasing  x.  But  if  the  0 
here  spoken  of  have  the  second  meaning,  viz.,  of  endless 
decrease,  a^  has  no  precise  value,  and  cannot  be  spoken  of 
properly  as  a  limit.  If,  on  the  other  hand,  0  is  here  supposed 
to  have  the  meaning  of  nonentity.,  it  is  to  be  observed  that  «% 
when  x  =  oo,  represents  so??iething,  though  endlessly  small,  and 
there  is  therefore,  as  it  were,  a  difference  in  kind  between  it  and 
the  symbol  of  absolute  nonentity. 

It  would  therefore  seem  advisable  to  content  ourselves  with 
the  statement  that  a^=0  when  x  =  cc,  giving  to  these  phrases 
the  meanings  assigned  in  Art.  26,  27. 
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30.  If  in  the  product  a^S,  one  of  the  factors,  as  a,  is  zero, 
whilst  /5  is  zero  or  finite,  then  the  product  vanishes ;  but  if  a  is 
zero  whilst  /5  is  infinite,  it  does  not  necessarily  follow  that  a^  is 
zero. 

For  take  the  following  simple  examples: — Let  a.=v'^  and  put 

(1.)  f]=  —  ^   then   al3=v\    .'.   when  a=0,  i.e.   v=0,   ^=ao 

and  a/3  =  0  ; 
(2.)  (3=  — J    then    aj8=l;    .-.    when  0=0,  i.e.   v=0,    /3=y:i 

and  a/3  =  1 ; 

1  1 

(3.)  P=  —  ,    then    a|S=  — ;  .-.   when   a  =  0,   i.e.   v=0,    /3  =  ao 

and  a^  =  oo  . 

31.  We  will  now  explain  more  fully  the  meaning  of  the  word 
limit  which  we  have  used  above. 

.      2-\-Bx       „  .     ^ 
Consider,  for  example,  the  expression  310^,  call  it  A. 

When  x=l,  A  has  a  precise  value,  namely  1,  and  so  it  has 
for  every  other  finite  value  of  x  except  —  f,  which  we  shall 
speak  of  later.  Next  let  a;  =  0,.if  by  this  we  mean  that  x  repre- 
sents absolute  nonentity,  then  A  has  a  precise  value,  namely 
#;  but  if  by  x  =  0,  we  mean  that  x  is  to  represent  a  continually 
decreasing  magnitude  or  ratio,  then  A  cannot  be  said  to  have 
any  precise  value,  for  x  has  not,  but  the  more  x  is  decreased 
the  more  nearly  does  A  approach  to  f ,  and  by  endlessly  de- 
creasing X  we  can  endlessly  decrease  the  difierence  between  A 
and  '4,  so  that  f  is  the  limit  of  tlie  values  which  A  has,  as  x  is 
endlessly  decreased. 

Again,  when  x=oo,  ^  cannot  be  said  to  have  any  precise 

valuc'-but  A=- K- ;  .".  as  x  is  increased, the  more  nearly  does 

2  +  .^ 


x 
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A  approach  to  f,  and  by  endlessly  increasing  x  we  can  end- 
lessly decrease  the  difference  between  A  and  # ;  hence  %  is  the 
limit  of  the  values  which  A  has,  as  x  is  endlessly  increased. 

When  a;=— f,  A  =  co  ,  i.e.  the  value  of  A  is  endlessly  in- 
creased as  X  approaches  —  f,  and  therefore  A  cannot  be  said  to 
have  then  any  precise  value,  nor  is  there  any  limit  to  the  various 
values  which  A  has  then. 


HI 
£)ix  inequalities* 

32.  In  this  Chapter  we  shall  discuss  a  number  of  propositions, 
which  have  for  their  object  to  prove  that  one  of  two  given  expres- 
sions is  greater,  or  less,  than  another. 

33.  Definition.  An  expression  (a)  is  said  to  be  greater  than 
another  (&),  when  the  difference  a— &  is  positive,  and  less  if 
a— 6  is  negative. 

34.  We  use  the  symbol  :>  for  the  words  "  is  greater  than," 
and  -<  for  "  is  less  than." 

Thus  5>3,  •••  5-3=4-2;  but-5<-3,  •.•_5-(-3)=-2; 
and,   generally,  if   «:>&,   then  a  —  h  being   positive,    h  —  a,  or 
—  a — ( — &),  is  negative,  and  .•.  — a>- — h. 
Again  0>-7,  for  0-(-7)=+7. 

35.  The  statements  a >- 5,  and  a'^b,  are  called  inequalities. 
The  statement  a:>'l»'C  means  that  a:>h,  that  Z/>>,  or  =,  c, 

and  that  therefore  a:>-c. 

The  statement  a^h  is  to  be  read  "  a  is  greater  or  less 
than  &." 

36.  If  a>-&,  and  \i  m  is  positive,  then  ma:>'m'b, 
for  ma— nib,  i.e.,  m(^a—b),  is  positive,  for  both  m  and  a—b  are 
positive;  but  if  m  is  negative,  then  m[a—b)  is  negative,  and 
.*.  ma  -<mb. 

Similarly,  if  a-^czb,  ma^mb,  according  as  m  is  negative  or 
positive. 

Again  a-\-7n^b-\-m  according  as  a^b  whatever  m  may  be, 
positive  or  negative. 

16 


ON  INEQ  UALITIES.  1 7 

37.  If  a  and  &  are  real,  a^  —  1ah-\-'b-  =  {ci  —  })f  ;  but  we  know 
that  the  sc^uare  of  every  real  quantity  is  positive;  .*.  a=  +  Z/"  — 2a& 
is  positive,  hence  a-  +  Z/">-2a&. 

Similarly  if  x  and  y  are  both  positive,  x-^y^^1^fxy,  since 
( /sjx—  ^]y)"  is  positive. 

38.  We  can  apply  these  considerations  to  prove  a  great 
number  of  inequalities. 

Ex.  1.  a- -\-lr -\-c-:>''bc-\- ca-{- db. 

^"  t^Z^l  '  .•.,addi„g,2(<,=+(.'+c=)>2(a6+5c+ca); 

o  '  ^      I  •  •  a--\-b--\-c-::>'Oc^ca-\-ao. 

c--\-a-:>'2ca  ) 

Note. — If  a=b  =  c  this  inequality  becomes  an  equality. 

Similarly  most  inequalities  become  equalities  for  special  values 
of  the  symbols  involved. 

Ex.  2.  The  sum  of  any  positive  number  (a)  and  its  reciprocal 
>2. 

„  ,    1       a-  +  l      2a       . 

For  a-{ — = — — > — >2. 
a  a  a 

Ex.  3.  If  a,  I),  c  are  real  numbers,  not  all  equal,  then 
{h  —  c){c—a)-i-{c—a)(a  —  l>)-^(^a—b)(b—c)  is  negative. 

For  the  expression  =  he  +  ca  -\-  ab  —  (a-  +  ?/-  +  c"),  and  this 
is  negative,  since  by  Ex.  1.  bc-\-ca-{-ab  <a--\-h'- -{-c". 

Ex.  4.  If  X  and  y  are  positive,  x^-\-y^—x*y—xy'^  is  positive. 
For  the  expression  =x{x'^—y*)—'y{x*—y*)  =  {x—y)(x'^—y^) 
=  [x^-{-if){x-\-y){x—yf,  and  this  is  positive,  since  each  of  the 
factors  composing  it  is  positive. 

Ex.  5.  If  a,  b,  c  are  positive,  and  not  all  equal,  prove  that 
a{a—b)(a—c)  +  b(b—c){b—a)  +  c(c—a){c  —  b)  is  positive. 

Let  a,  b,  c  be  in  descending  order  of  magnitude. 

The  expression  =(a  —  b)[a^  —  ac—b--\-bc)-\-c[c—a){c—b) 
■=[a—bY{a-\-b  —  c)-\-c[c  —  a){c—b),  and  this  is  positive  since 
a-|-&:>-c,  and  c—a,  c—b  are  both  negative. 
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39.  The  attention  of  the  student  is  drawn  to  the  following 
statements ;  he  will  immediately  perceive  their  truth. 

(i)  If  a>&  and  ot?,  then  a+o&+f7,  and  aoSdf. 

a      h 

(2)  If  a>&  and  c<;c7,  then  a—c:>-b—d,  and  "T>"^" ' 

(3)  If  a>>&,  a  and  b  being  positive,  when  n  is  a  positiTe 
integer,  then  a^>b'^,  and  a-^<b-'^;  but  when  n  is  fractional, 
the  character  of  the  inequality  will  depend  on  the  signs  we  affix 
to  the  roots. 

Thus  if  a  =  S,b=2, 7i  =  h,  then  ^Z>  ^2,  whilst  -  v'3<  ^/% 
-  V3<-  V2,  and  V^  >  -  V^. 


40.  Ex.  I .  If  a  and  b  are  positive,  and  a>  6,  find  the  limits  to 
the  value  of  x  when  /  „  .    „> — /,—-—„  • 


By  Art.  39  (3)  b?::i>W:;;^ 


a--{-x^      b--\-x'^  ' 


a--\-x"-        '^b'+x'' 

ax  bx 

a--\-x°-     b"'-\-x^  ' 

.'.  ab-x-\-ax^  >  arbx-)rbx^ ; 

.-.  x[a—b)  {x'^  —  ab)  is  positive; 

but  (a—b)  is  positive,   .-.  x{x—  /^/ab)  {x+  's/ab)  is  positive^; 
.-.  if  a;  is  negative  it  must  not  be  numerically  greater  than  Nob, 

and  if  positive  it  must  not  be  less  than   fjab  ;  

.-.  x  must  be  between  0  and  —  Va?^,  or  be  greater  than  /si  ab. 
See  Appendix  to  Part  I.  Art.  13  and  14. 
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Ex.  2.  Show  that  (n  +  l)«-J<{l  ?2}2. 
"We  have  »+l<?-(?i— r+2), 

if  r^  — (rt+2)r+?i+l  is  negative, 
i.e.,  if  {r—n-\-V)(r  —  V)  is  negative, 
I.e.,  if  r  lies  between  1  and  n-\-\. 
Hence,    putting   r   successively   equal    to   2,    3,    .    .    .    n, 
we  see  that 

n+l<2.n, 
n+l<3.{n-l), 
etc.  <  etc., 
n-^\<n.% 
and   there   being    n  —  \    of    these    inequalities,    we    have    by 
multiplying 

(«+l)"-i<{|_7ij-. 

41.  If  :r-- ,  r^j  •  •   •  r-  be  fractions,  which  are  not  all  equal, 

then  \-  -^^1 "  ^. -£-i     lies  between  the  least  and  greatest  of  them. 

Change  the  signs  of  the  numerator  and  denominator  of  any  one 
of  which  the  denominator  is  negative,  so  that  we  may  take  all 
the  denominators  as  positive. 

Let  J-  be  the  least  of  the  fractions,  denote  it  by  A  ; 

61  Z>2  br  bn 

then  since  h-^,  .  .  .  &„  are  all  positive, 

ai>A&i,  a2>Xbi,  .  .  .  a,.=  A5r,   .  •  •  cin> ^bn,  Art.  36; 
.-.  ai  +  aa+   .  .   .   +an>A(5i  +  &2+  •  •  •  +^,),  Art.  39,  i  ; 
_    Qi+a2+    •   •   -  +  (^71      ^     ctr 
&1  +  &2+    .   .    '-hbn  br 

Similarly  it  can  be  shown  that  y  "ri^ — '' rr^  is  less 

^  bi  +  bi^   .   .  .   +bn 

than  the  greatest  of  the  fractions. 

c 
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EXAMPLES.— II. 

Prove  that  the  following  inequalities  are  generally  true,  stating 
the  cases  of  exception,  the  letters  denoting  positive  numbers 
except  when  otherwise  indicated. 

1.  a*Z)=  +  a^&*>2a^&^;   (a  +  &)'>4a&. 

2.  (— a+&+c)'  +  (a— 5+c)2  +  (a+&-c)'>&c+ca+a&. 

3.  a»  +  &«  +  c»>3a&c. 

6  +  c  ,  c-\-a  ,  a-\-h     n 
^      a  0  c 

5.  a;'  +  l>a;-+a:,  if  ^  +  1  be  positive  ;  and  :e^  — l>a;'^  — a;,  if 
x>l. 

6.  a'  +  3a&-^5*  +  3?>a^  according  as  a'^h. 

7.  ac-\-'bd>2  \fabcd,  ah-{-dc>2  ^/abcd,  etc. 

8.  a-cd-\-h"ad+c"ab-\-d-bc> iabcd. 

9.  (ai4-«2  +  a3+  •  .  .  +««)'<«(«i^  +  «2"+  •  •  •  +««'); 
and  ai+a2+«3+«4>4'v'«i«2«3«4- 


10.  Which  is  the  greater  x^'-^y^  or  a;5.2/+a;3/5  ? 

11.  If  a:  is  real,  prove  that  x^—Sx+22  can  never  be  less 
than  6. 

12.  Ifai2  +  «2'  +  «3'+  .  .  .  +an'  =  l  =  ^i'-'  +  ^/+  •  •  •  +^n% 
prove  that  the  expression  ai&i4-ao&2+  .  .  .  +a„&^  cannot  be 
greater  than  unity. 

13.  U  x,y,z,  .  .  .  a,  b,  c,  .  .  .  are  positive  numbers,  prove  that 

(^A.iL^—](—-\ \-—]  cannot  be  less  than  9,  and,  generally, 

\a       b       c  )\x      y       z  j 

that  f— +1^+  ...  to  n  terms  )(--] 1-— +  ...  to  n  terms) 

\a      0  i\x     y      ^  J 

cannot  he  less  than  ?l^ 
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14.  Prove  that,  \ix^y^  z  are  real  numbers, 

x'ix-y)  (x-z)-^tf{y-z)  {y-x)+z\z-x)  [z-y) 
is  necessarily  positive. 

15.  Prove  that  a; -| >lH — ,ifa;>lor<  — ,    n  not  being 

less  than  1,  and  x  being  positive. 

16.  If  2x — 1>10  —  bx,  find  a  limit  to  the  value  of  a; 

17.  If   a,   b,   c  are   any  real    positive  numbers,   prove   that 

— I-^--^ — ■  is  not  greater  than  5 ,  and  not  less  than 

a       b       c  °  abc 

'\/abc 

1 8.  Prove  that  (x^ -{-y^y  >  4:xy{x- —xy -{-?/■). 

19.  Determine  in  what  cases  a; -| — >,  or<,4;    and  find  the 

numbers  between  which  \.  i"-  A-^-r-J  cannot  be. 

8+a; 

20.  If  X  and  n  are  both  positive,  and  n  integral  and  x>'\ 

n+l  n-1 

prove  that  a;"  — l>?i(x  ^  —x  ^  ),  except  when  n  =  l. 

21.  Show  that  3"(«  +  3)">22"-i  |jHh2. 

22.  Prove  that,  generally, 

{ai''  +  a.2"'+  .  .  .  +an-){hi--\-bo"-{-  .   .  .  +?'„')  is  greater  than 

(Gi?;i  +  a2&2+   .  .  .    +a.A)'. 

^,       ^,      1.3.5  .  .  .  (2«-l).   ,       ^,  1 

2  X.  Show  that  — ^-j-^ -^—7^ — '  is  less  than      ,  — —  • 

■^  2.4.6  .  .  .  2n  V2«  +  l 


IV 

42.  A  SERIES  is  a  succession  of  expressions  formed,  eacb,  after 
some  particular  one,  according  to  one  and  the  same  law. 

Thus  a,  ar,  ar"'  .  .  .  is  a  series,  the  law  being,  that  each 
expression  after  the  first  can  be  obtained  by  multiplying  the 
preceding  by  r. 

43.  The  expressions  forming  a  series  may  be  connected  in 
any  way  we  please. 

Thus  «.a?\ar'.ar8  .  .  .,  and  a +  ar  + or' +  a?'^  + etc., 
are  both  series,  the  first  a  series  of  factors,  and  the  second  of 

terms. 

Generally,  however,  unless  the  contrary  is  expressly  stated, 
we  shall  suppose  the  expressions  to  be  connected  by  the  sign  + 
or  — ,  and  each  will  be  called  a  term. 

44.  We  expressed  the  law  of  the  scries  in  Art.  42,  by  stating 
how  each  term  can  be  obtained  when  we  know  the  preceding ; 
but  it  might  also  have  been  given  in  such  a  manner,  that  all  we 
need  specially  to  know,  in  order  to  determine  a  particular  term, 
is  its  place  in  the  series.  The  algebraic  expression  of  such  a 
law  is  called  the  general  term  of  the  series.  Thus,  above,  ar'^'^ 
is  the  expression  for  the  term  which  stands  in  the  ?ith  place,  so 
that  by  giving  n  the  values  2,  5,  10,  for  example,  we  obtain 
from  it  immediately  the  2d,  5th,  and  10th  terms.  Hence  it 
is  called  the  nth,  or  general,  term  of  the  series.  See  [Art.  419, 
430.] 
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45.  Again,  iu  the  series  1  +  2  +  3  +  5+9  +  17  +  ctc.,  the  law 
of  formation  may  be  given  in  two  ways,  by  saying  (i)  that 
each  term,  after  the  second,  can  be  obtained  by  multiplying  the 
preceding  by  2  and  subtracting  1  from  this  product ;  or  (2)  that 
the  general,  or  «th  term,  is  2™-i  — 2'*-^  +  !,  n  being  >1. 

46.  A  series  is  often  stated  by  giving  a  few  of  the  terms  at 
the  beginning,  from  which  a  law  of  formation  can  be  easily 
inferred,  but  if  this  cannot  be  done  we  must  have  the  law 
explicitly  mentioned  also. 

47.  If  a  series  stops  at  some  one  term,  it  is  called  a  finite 
series. 

I  r 
is  a  finite  series  when  m  is  a  positive  integer. 

If  a  series  does  not  stop,  but  is  endlessly  prolonged,  it  is 
called  an  infinite  series. 

Thus  the  above  series  is  infinite  when  m  is  other  than  a  posi- 
tive integer,  and  the  series  in  Art.  43  are  both  infinite. 

48.  We  have  various  ways  of  expressing  series  generally ; 
the  following  are  examples  : — 

2'o  +  "i+"2+   .   •  •  +«n-i  +  »»+t;tc.    .         .         (i), 

/(a)+/(a  +  l)+  .  .  .   +/(a+7i)  +  etc.  .  .         (2), 

ii!i-\-U]X-\-u^jc"  -\-%iQ.  +i<„_ia;'*~i  +  ii„a;"  +  etc.  (3). 

We   sometimes   also   write    them   thus   2o"m„,    ^^f{a^n\ 

So'^M^a;"',  by  which  we  mean  that-  in   the   general  terms,   t<„, 

/(a+?2),  w^sc",  we  are  to  put  n  successively  equal  to  0  and  all 

integers  from  1  onwards,  and   connect  each  term  so  obtained 

with  the  succeeding  one  by  the  sign  +• 

The  series  2<o  — Wi^+etc.+(— l)''-iw„_ia;"-'  +  (  — l)"ii„.'c"+ 
etc.  would  be  denoted  by  2o"'(  — l)"?/„a;". 

The  series  (3)  is  said  to  proceed  according  to  ascending 
powers  of  x. 
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49.  We  often  denote  the  sum  of  the  first  n  terms  of  a  series 
by  (9,1,  so  that  the  sum  of  an  infinite  number  of  terms  starting 
from  the  first  would  be  denoted  by  S ^. 

50.  It  will  be  well  for  the  student  to  practise  himself  in 
determining  a  form  for  the  Tzth,  or  general,  term  from  inspecting 
the  first  few  terms  of  a  series. 

Thus  in  the  series 

7,  IG,  22,  26,  32,  36,  42,  etc., 
after  the   second,  each  term  of   an  odd  rank  is  obtained  by 
adding  6  to  the  term  immediately  preceding,  and  each  term  of 
an  even  rank  by  adding  4  to  the  preceding  term. 

Hence 

i/„^=16  +  6  +  6+etc.tom— 1  terms +  4+4+ etc. to  ??i  — Iterms 
=  16  +  6(m-l)+4(m-l)=6  +  10m  =  6  +  5.2m, 

and 

M.,„^+i  =  16  +  6  +  6+etc.  to  m  terms  +4+4  +  etc.  to  m—\  terms 
=  16+6m+4(m-l)  =  12  +  10m  =  7  +  5(2m+l) ; 
.-.  ^,,^=6i-i(-l)^™+5.2»z, 
and  M,^+,  =  6i— l(-l)=™+^  +  5(2;»  +  l)  ; 
.*.  the  genera],  or  nth,  term  can  be  put  into  the  form 
«n=6|-i(-ir+5n. 
See  -De  3Iorgan's  Algebra,  Chap.  VIII. 


EXAMPLES.— III. 

Write  down  the  general  term  of  each  of  the  following  series. 

2        4        6 
'■  173  +  3:5+5^+  ^*^- 
1   ,  1.3  ,  1.3.5  ,     . 
'■   2 +2^+2-A6+  ^*^- 
1.2  ,  3.2^  ,  5.2«  ,  7.2* 

3-TB+Tr+T5+T6-+^*^- 
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I  a;  a;- 

^'  1X3  "^273:4+3X5"^  ^*''' 

1  1 1 

^-  (a;+l)  (3a;+l)"*"(2a;+l)  (4a;+l)+(3;c+l)  (5a;+r)+^^^- 

6.  1— 2a;— 5a;2  — 8a;^  — llx*—  etc. 

7.  1  +  3+7+15+31+ etc. 

8.  l+4a;+7a;2+10a;^+  etc. 

9.  a-2(a  +  l)a;+3(a+2)x-2-4(a+3)a;3+  etc. 

II  1      ,      1 

'°'  6.16+8.20"^10.24 "'"12.28+  ^^^• 

3      5^7       9   ,11 
^^-    5-¥  +  17-44+125-^*^- 

,3.  l+„+«(^+i)+"i!!±l)fc+i)+eto. 

'5-    31+613+715+ ■="=■ 

1       2      2^     2^ 
16.  l  +  r,+nr+rr+rx+ete. 


51.  Let  Sn  denote  the  sum  of  n  consecutive  terms  of  a  series, 
starting  from  any  one  we  please;  then  if  as  ?2  =  <x)  (Art.  26), 
the  values  of  8^  have  a  limit  (Art.  29,  31),  the  series  is  said 
to  be  convergent ;  and  if  as  w  =  oo  ,  Sn  =  cc  ,  the  series  is  said  to 
be  divergent ;  but  if  Sn  is  equal  sometimes  to  one  number  and 
sometimes  to  another,  the  series  is  said  to  be  periodic. 
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52.  Thus  the  sum  of  the  first  n  terms  of  the  series 
l  +  l  +  5  +  l  +  etc.    is   j^-L-  ,  which  has  2  for  its  limit,  when 

2 

n  is  endlessly  increased,  this  series  is  therefore  convergent. 

Also  the  sum  of  the  first  n  terms  of  the  series 
1  +  2+4+8  +  etc.,  is  2"— 1,  which  is  infinite  (Art.  26,  Ohs.  2), 
when  n  is  endlessly  increased,  and  therefore  this  series  is 
divergent. 

Again  in  the  series  1  —  1  +  1  —  1+  etc.,  the  sum  of  any  even 
number  of  terms  is  0,  whilst  the  sum  of  an  odd  number  is  1, 
hence  this  series  is  periodic. 


53.  When  a  general  symbol  of  number  is  involved  in  the 
terms  of  a  series,  the  numerical  value  of  the  expression  for  the 
sum  of  n  terms  may  have  a  limit,  when  n  is  endlessly  increased, 
for  some  values  of  this  symbol,  but  not  for  others. 

Thus  in  the  series  a +  ar  +  ar*  + etc.   Sn=a^ 

1  —  r 

Hence  if  r  has  a  positive  value  less  than  1,  the  numerical 

values  of  Sn  have   the  value  ^j for  their  limit,   when   n   is 

endlessly  increased ;  but  if  r  is  greater  than  1,  the  numerical 
value  of  Sn  is  infinite  (Art.  26,  Ohs.  2),  when  n  is  endlessly 
increased. 

Rules  for  determining  whether  a  series  is  convergent  or 
divergent  will  be  given  in  Chapter  V. 

54.  In  the  case  of  a  convergent  series  we  denote  the  limit  of 
Sn,  when  ?i  =  oo ,  by  S,  and  we  often  call  it  the  sum  of  the  series 
ad  infinitum,  or  shortly,  the  sum  of  the  series. 

Let  Xn=S—Sn,  then  Xn  is  the  sum  of  the  series,  starting 
from  the  (n  +  l)th  term,  and  is  often  called  the  remainder,  or 
remnant,  of  the  series  after  n  terms. 

Obviously  ^^=0  (Art.  27),  when  n=oo   (Art.  26J. 
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55.  The  student  must  remember  that  the  algebraic /orm  of  S^ 
is  unaltered  when  n  is  infinite.  It  is  only  the  numerical  values 
of  Sr,  which  then  have  a  certain  limit,  if  the  series  is  convergent. 

For  in   algebra  any   one   term   of  an   expression  is  just  as 

important  as  any  other,  whatever  may  be  the  arithmetical  values 

assigned  to  the  symbols  involved. 

1  — r'* 
Thus  in  the  series  of  Art.  53,  Sn  always  has  the  form  a^ — 

whatever  r  and  n  may  be,  it  is  only  its  numerical  values  which 
have  3 for  their  limit,  when  n  =  co  ,  if  r<  1,  or  >  —  1. 

56.  When  a  function  indicates  that  an  operation  has  to  be 
performed  on  an  expression  involved  in  it,  we  frequently  find 
that  if  we  perform  the  operation,  there  results  an  infinite  series. 

The  function  is  called  the  generating  function  of  the  series, 
and  the  series  is  called  the  development^  or  expansion,  of  the 
function. 

Thus  the  function  -.  _     indicates  that  1  is  to  be  divided  by 

\  —  x;  if  we  perform  this  operation  we  obtain  for  quotient  the 
infinite  series,  \-\-x-\-x^-\-  etc. 

57.  If  P  denote  the  generating  function  of  the  series 
Mo +  1^1  +  ^2+  etc.,  we  often  meet  with  the  expression 

P=?fQ-f  Mi-j-Mg-j-  etc.; 
this  means,  not  that  P  represents  algebraically  the  sum  of  the 
series  to  infinity,  but  merely  that  if  we  perform  the  operations 
indicated  by  P,  the  result  will  be  a  series,  such  that,  if  the  opera- 
tion be  carried  on  to  any  one  term'  of  it,  the  result  will  agree 
with  Wo  +  Wi  +  ^f2+  etc.  to  the  same  term. 
Thus  we  often  have 

^__  =  l_l_^+.^"-+ (i), 

and  also    ^ — -=l+x+x'-\-  .  .  .  +a;"-i  +  T^       (2). 
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Here  in  (i)  the  sign  =  may  be  read  "  ts  the  generating 
/miction  of  the  series;"  -whilst  in  (2)  it  has  its  usual  moaning, 
namely,  strict  algebraic  and  arithmetical  equality,  so  that  if 
any  value  be  given  to  x  on  both  sides  of  it,  the  results  are 
numerically  equal. 

58.  Generally,  after  an  operation  indicated  in  P  has  been 
carried  on  as  far  as  some  one  term  of  the  series,  we  find  that 
there  is  a  difference  between  P  and  the  sum  of  the  series  up  to 
the  same  term,  this  difference  is  called  the  "  remainder." 

Thus  P=Wo  +  l<i+W2+    •    .    •     +Wn-i+-Kra- 

Here  R^  stands  for  the  remainder  after  n  terms,  and  is  always 

x"" 
a    function    of   n.      Thus    in    (2)    i?,i=i ,  and   generally 

P=Sn+B^,  or  Rn=P-Sn. 

59.  Ex.  If  we  carry  on  for  n   steps  the  division  indicated 

^y    7     17 — TTJ — 2  »    '^*^  sl^^ll   obtain  a  quotient   of  the    form 

Ca-\-CiX-\-   .  .  .   -\-Cn-iX'^~'^  and  a  remainder  Ax'^-\-Bx'^+'^. 
Hence 
ao  +  a^x  ,         ,  ,  „   ,  ,   Ax''+Bx^+^     .  . 


ho  +  hx+b.x"-       "  '    '     '    •  •  •    '    "-'  '  bo  +  h,x+h„x^ 

And  this  form  holds  good,  however  large  n  may  be. 

We  will  now  show  how  Cq,  Ci,  .  .  .  c^-i  naay  be  calculated. 
Since  the  right-hand  side  of  (i)  represents  the  quotient  when 
a^-{-aiX  is  divided  by  &o  +  ^i^'+?^2^'°;  the  product  of  it  and 
the  divisor  ha  +  hiX-{-h„x-,  by  [Art.  72],  must  be  identical  with 
ao  +  a^x. 

Hence  obtaining  this  product,  and  arranging  it  according  to 
powers  of  x,  we  see  that 

Co&o  +  <Ci&o  +  Co?^i)+    •    •    •    +x'\b,Cr  +  hiCr-i+h.,Cr-o)+    .    .    . 
-{-X%A+h,Cn-^-\-b,Cn-,)  +  X^'+^iB  +  C^_,h,) 

must  be  identical  with  ao-\-aiX  ; 
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.*.  c^h^  —  a^^         .         .         .         (i), 
Ci?'o  +  Co&i  =  «i,  .  .  .  (2), 

etc.       =etc. 

bf,r^  +  h^Cr-i  +  b„Cr-2  =  0,  ■  .  .   (?'  +  l), 

etc.  =0, 

^  +  6iC„_i  +  Z*oC„_,  =  0,         .         .         .  (n+1), 
^+e„_A  =  0,         .  .         .  (^  +  2). 

These  equations  give  us  means  for  obtaining  in  succession  the 
coefl&oients  Cq,  Cj,  .  .  .  c„_i,  and  A  and  B. 

60.  It  may  be  observed  that  the  coeflScient  of  any  one  term, 
such  as  Cy.,  may  be  obtained  from  equation  (r  +  1)  as  soon  as  the 
coefficients  of  the  two  preceding  terms  are  known.  Thus  the 
law  of  the  series  is  known. 

61.  Here  we  have  been  able  to  show  how  to  calculate  the 
successive  terms  of  the  development,  and  also  the  remainder 
after  any  given  number  of  terms. 

In  Algebra,  however,  we  can  often  find  the  generating  function 
of  a  series,  or  the  development  of  a  function,  without  being  able 
to  find  the  remainder ;  but  in  the  Differential  Calculus  we  have 
theorems  which  enable  us  to  expand  such  functions  as  we  are 
generally  concerned  with,  and  to  obtain  as  well  the  form  of  the 
remainder  after  any  number  of  terms. 

62.  If  after  some  finite  number  of  terms  i?„  vanishes,  the 
development  stops  at  that  point,  and  P  has  been  expanded  into 
a  finite  series,  for  the  sum  of  which  it  is  also  the  algebraic 
expression. 

63.  The  student  must  distinguish  between  the  meanings  of 
the  expressions  represented  in  this  Chapter  by  i?„  and  A'„. 

We  have  Sn=-P—Rn'  Hence,  if  the  numerical  values  of  i?„ 
have  a  limit,  say  R,  when  n  is  infinite,  Sn  has  also  a  limit,  viz., 
P—R,  and  the  series  is  convergent,  and  S=P—R. 

If,  moreover,  as  a  particular  case  of  the  above,   when  n  is 
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infinite,  i?„=0  (Art,  27),  then  P  is  the  limit  of  S^-,  or  the 
generating  function  is  the  sum  of  the  series  ad  infinitum^  and 
in  this  case  only  P=S. 

64.  Grenerally  it  is  found  by  means  of  theorems  in  the 
Differential  Calculus,  that  if  the  series  is  convergent,  i?„  =  0 
when  n  is  infinite,  and  in  Algebra  we  always  assume  that 
it  is  so,  and  therefore  also  that  the  generating  function  of  a 
convergent  series  is  its  sum  ad  infinitum. 

Thus  in  Euler's  Proof  of  the  Binomial  Theorem  [Art.  425], 
we  show  that  (1+^)™  is  the  generating  function  of  the  series 

l-\-)nx-\ — 'Y~9 — •^'^'^  ^'-^•j  ^^*^  *^^^  ^'^^  ^^^  values  of  x  and  m 

which  make  the  series  convergent  we  always  assume  that 
(l  +  a?)™  is  the  sum  to  infinity.  This  assumption  is  shown  to  be 
correct  by  one  of  the  theorems  in  the  Differential  Calculus 
above  referred  to. 

65.  Thus  to  sum  up,  the  generating  function  can  never 
express  the  algebraic  form  of  the  sum  to  infinity.  For  how- 
ever many  terms  we  take  into  the  sum,  there  is  always  a 
difference  between  its  form  and  that  of  the  generating  function. 
But  in  most  cases  of  convergent  series  the  value  of  the  expression 
for  this  difference  endlessly  decreases  as  we  increase  the  number 
of  terms  taken  into  the  sum ;  and  therefore  the  numerical  value 
of  the  generating  function  is  the  limit  of  the  sum  to  infinity. 


Coiitecpnce  anti  2Diliera:ence» 

66.  In  Art.  52,  53,  in  order  to  discover  whether  the  scries 
were  divergent  or  convergent,  we  discussed  the  expression  for  the 
sum  of  n  terms. 

There  are,  however,  many  series  for  which  we  are  unable  to 
obtain  the  corresponding  exiDression. 

We  shall,  therefore,  in  this  Chapter  consider  some  other  ways 
of  determining  the  convergence  or  divergence  of  a  given  series. 

67.  First,  it  is  obvious  that  a  series  is  divergent,  if  from  and 
after  some  definite  term  each  is  equal  to,  or  greater  than,  some 
finite  number. 

For  let  Wo+«<i+^'2  +  etc.  denote  the  series,  and  S^  the  sum 
of  the  first  r  terms. 

1°.  Let  i/^  =  ?<,.+!  =  etc.  =  some  finite  number  (B. 

Then  /Sr+m='5'r  +  '"A  ^^^  therefore,  when  ???  =  ao  (Art.  26), 
(S^^^=oo  .     Hence  the  series  is  divergent  (Art.  51), 

2°.  If  from  and  after  the  rth  term  each  is  greater  than 
some  finite  number  /3,  then  each  term  is  greater  than  the 
corresponding  term  of  i°;  hence  Sr+w,  is  greater  than  in  i°,  and 
therefore,  a  fortiori,  the  series  is  divergent. 

CoR.  A  series  is  divergent  if  from  and  after  some  term  (say 
the  rth)  each  is  equal  to,  or  greater  than,  the  preceding. 

For  then  each  term  after  the  rth  is  equal  to,  or  greater  than, 
the  finite  number  t<^,  and  therefore  the  series  is  divergent. 
This  is  sometimes  expressed  by  saying  that  a  series  is  divergent, 
if  from  and  after  some  definite  term  the  ratio  of  each  to  the 
preceding  is  equal  to,  or  greater  tlian,  unity. 
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"We  have  now,  therefore,  only  to  discuss  those  series  in  which, 
from  and  after  some  definite  term  each  is  less  than  the  pre- 
ceding, or,  in  other  words,  the  ratio  of  each  to  the  preceding  is 
less  than  unity. 

68.  The  first  method  we  shall  employ  will  be  best  explained 
by  some  example?  of  it. 

To  show  that  the  series 

H-l  +  4+r^+etc.,  .         .         (i), 

is  convergent. 

o.         111111, 

Smce2<^,  j^<2,,  j^<2;'«tc., 

each  term  of  (i)  after  the  third  is  less  than  the  corresponding 
term  of  the  series, 

l+l+|  +  ^,  +  ^3+etc.; 

.-.   the  sum  of  an  infinite  number  of  its  terms,  beginning  with 
tbe  first,  is 

<l  +  f^i<3; 

.*.  the  given  series  is  convergent  (Art.  51). 

69.  The  following  is  an  important  example  : — 
Ifnhe  a  iwsiiive  numher  the  series 

1,1.1,1,    . 

l+27»+3^+4^+etc. 

is  convergent^  or  divergent,  according  as  n  is,  or  ts  not,  greater 
than  unity. 
I.  Let  TO  >  1. 

2        1 

The  second  and  third  terms  are  together  <^j<-q^^3i  5      ^^^ 

1111  .        .u  4^1 

next  four  terms  ^„ ,  ^,,   ^, ,   ^7,  are  together  <^^<  ^^, 
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8  1 

the  nest  eight  terms  are  together  less  than  ^-^  <  oi^^a  5  ^^^^^  this 

taking  2*  terms  together,  then  2%  and  so  on,  we  see  that  the 
sum  of  the  series  ad  infinitum  is  less  than 

1+2^+2^^,+  etc., 

1  2""*  1 

and  .-.  less  than  j- ,  which  =2«-i  — 1~-'-"^2"-^  — 1 ' 

1— 2^^=T 

.*.  the  series  is  convergent. 

II.  Letn=l. 

The  third  and. fourth  terms  are  together  >  f  which  =|  •,  the 
next  four  terms,  i,  ^,  y>  i->  a^re  together  >  |-  which  =|;  the 
next  eight  are  together  >  ^,  and  so  on. 

Hence  the  sum  of  the  series  ad  infinitum  is  greater  than 
1  +  1+1+  etc.,  and  therefore  goes  on  endlessly  increasing,  the 
series  therefore  is  divergent. 

III.  Let  n  <  1. 

Each  term  after  the  first  is  greater  than  the  corresponding 
term  of  the  series  considered  in  II.,  and  therefore,  a  fortiori^  the 
series  is  divergent. 

70.  Upon  the  method  of  proof  pursued  in  the  preceding 
articles  we  will  make  a  few  remarks. 

In  Article  68  we  have  compared  each  term  of  the  series 

1  +  ^  +  4+ etc. 

with  the  corresponding  term  of  the  geometric  series 

1  +  ^+ J+  etc., 

and  have  shown  that  each  term  after  the  second  is  less  than  the 
corresponding  term  of  the  Gr.P.,  which  we  know  to  be  con- 
vergent. Hence  we  conclude  that  the  given  series  is  con- 
vergent. 
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In  Article  69,  I.,  we  have  cut  up  the  given  series  into  batches, 
the  first  term  forming  the  first  batch,  the  next  two  terms  forming 
the  second  batch,  the  next  four  the  third,  and  so  on,  thus 
forming  a  new  series  by  taking  each  of  these  batches  as  a  term, 
at  the  same  time  showing  that  each  term  of  this  new  series, 
after  the  first,  is  less  than  the  corresponding  term  of  the  G.P., 

1+2^  +  2^^+  etc., 

which  we  know  to  be  convergent.  Hence  we  conclude  that  the 
given  series  is  convergent. 

Again  in  Art.  69,  II.,  the  new  series  which  we  form  by  taking 
the  terms  of  the  given  series  in  batches,  is  shown  to  be,  term  for 
term  after  the  second,  greater  than  a  series  which  we  know  to 
be  divergent,  and  therefore  the  given  series  is  seen  to  be 
divergent. 

Hence  we  arrive  at  the  following  rule  to  show  that  a  series  is 
convergent  \or  divergent].  Transform  it,  when  necessary,  into 
a  new  series,  convenient  for  comparing  with  a  known  convergent 
\or  divergent]  series  ;  if  after  any  fixed  term  each  term  of  the 
new  series  is  less  [or  greater]  than  the  corresponding  term  of  the 
known  series,  then  the  given  series  is  convergent  \or  divergent]. 


EXAMPLES.— IV. 


1.  Prove  that  the  series     , 1-    ,=i+     ;=+  etc.  is    di- 

Vr2      V2.3      ^^JA 

vergent,  and  that  — -|_ __[-_- -^  etc.  is  divergent. 

Are  the  following  seven  series  convergent  or  divergent  ? 

2.  l+xq:2^+iqi3i+T+4.+etc. 


3.  The  series  whose  wth  term  is  V?2°  +  l  —  n. 
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<.  The  series  wliose  nth  term  is    ^^r^i  • 
'•  1  +  72+73+74+ '"°-  ■ 

«•  72+75+  "'"■  +7sqri+ ''°- 

9.  Show  that  the  series 

^,3,45         . 

is  convergent,  if  m>2,  and  divergent  if  m=,  or  <,  2. 

10.  The  series  Mo+'^i  +  W2+  «itc.  is  convergent,  if  from  and 

2. 
after  some  definite  term  (?;„)»  is   </>',  and  divergent,  if  other- 
wise, h  being  itself  less  than  1. 

11.  The  series  U(,-\-u-^-\-u„_-\-  etc.  is  divergent,  if  the  limit  of 
nUn  is  not  zero  when  n  is  infinite. 

12.  If  ?2%„,  where  k  is  greater  than  1,  is  always  finite 
however  large  n  may  be,  then  the  series,  whose  ?jth  term  is  m„, 
is  convergent. 

13.  If  the  terms  of  the  series  i<o  +  ?<i  +  2<2+  etc.  constantly 
decrease,  then  it,  and  the  series  Wo  +  2?ii  +  4i;3  +  8Mj  +  16wi5  +  etc. 
are  both  convergent,  or  both  divergent. 


71.  The  foregoing  method  is  useful  when  (but  not  unless),  wc 
can  remember  some  series  with  which  we  may  conveniently 
compare  the  given  series. 

The  following  method  will  be  more  immediately  applicable  in 
many  cases. 

D 
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Prop.  The  series  yi^-\-u„_-\-  .  .  .  +Ur+etc.  is  convergent,  if  after 
some  fixed  term  (Uj)  the  ratio  of  each  term  to  the  preceding  is  less 
than  a  number  which  is  itself  less  than  unity. 


Let  X  be  this  number,  Sr-i  the  sum  of  the  first  r— 1  terms. 

Then      Ur+i<XUr,       Ur+n<XUr+i<x'^Ur,       Ur+3<^^r+i<^^r, 

and  so  on ; 

.-.  the  sum  of  the  series  <Sr-i+Ur{l-\-x-\-x'^ -\- .  .  .  ad  inf.) 

<Sr-i-\-Ur  :r-^^  ,  since  x<l  ; 

.-.  the  sum  of  the  series,  when  the  number  of  terms  taken  is 
endlessly     increased,    does     not     exceed    the     finite     number 

Sr- '  +  1 — ^  ,  and  therefore  the  series  is  convergent. 

r    '    >    l—x '  ° 


72.  Ex.  For  what  values  of  x  is  the  series  l  +  lla;+lll^^ 
+llllx^+  etc.  convergent,  and  for  what  values  is  it  divergent  ? 
lO'^-l  „  , 


The  nth.  term  =- 


10"-^ -1 
9       ' 


.n—i. 


(n  — l)th  ,.  = 

10"-1 
,*.  the  ratio  =fQn-i_i^- 

11  9 

Hence,  if  a;=j^,  or >j^,  this  ratio  =,  or  >,  1+-^q„_2qi 

which  is  never  less  than  1 ; 

.'.,  (Art.  67,  Cor.),  the  series  is  divergent. 

If  aj  <  j-r,  the  ratio  is  <1,  when  (10"  — l).r<10'»-^  — 1, 

or  1— a^<10"-i  — 10"a;, 
^^  10"-'(l-10x')>l-a;, 

"  ^^       ^1-lOa;' 
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\  —  x 
Hence    if  m   be   the    characteristic    of   logjo  n^^ir.- ?  when 

n  =  m  +  2the  ratio  is  <  1,  and  since  it  continually  diminishes, 
for  all  higher  values  of  n  it  is  less  than  when  ?i  =  //z+2,  ^.e.,  it 
is  less  than  a  number  which  is  itself  less  than  unity.  Hence 
(Art.  71)  the  series  is  convergent. 

73.  By  Art.  67  all  series  are  divergent  in  which,  from  and 
after  some  definite  term,  the  ratio  of  each  to  the  preceding  is 
equal  to,  or  greater  than,  unity. 

By  Art.  71  all  series  are  convergent  in  which,  from  and  after 
some  definite  term,  the  ratio  of  each  to  the  preceding  is  less  than 
a  number  which  is  itself  less  than  unity. 

These  two  Articles  give  a  complete  test  except  in  the  case  of 
those  series  in  which,  from  and  after  some  definite  term,  the 
ratio  of  each  to  the  preceding,  though  always  less  than  unity, 
tends  to  unity  as  its  limit. 

For  such  series  we  must  adopt  the  method  explained  in 
Art,  69,  70,  or  proceed  as  in  Art.  75. 

74.  If  there  be  two  series 

«o+«i+«24-  etc.    .  (i),         and  ^0  +  ^1  +  ^2+  etc,    .  (2), 
of  which  (i)  is  convergent,  and  (2)  such  that,  from  and  after 
some  term  (say  the  rth),  the  ratio  of  each  term  to  the  preceding 
is  less  than  the  corresponding  ratio  in  (i),  then  (2)  is  convergent. 

For  (2)  =  .„+  ,  , .  +,_  +  ^l  +  ^gi+^I±;^-gl+   etc), 
which   <Z.o+  .  .  .   +&._,  +  Jl  +  "^+'^^'^+etc.V 

which    =&o+    •    •    •     -\-K-l-\ — ^(«r  +  «r+i+«r+»  +  etC.), 

And  this  latter  series  is  convergent,  since  (i)  is^  .•.  (2)  is  also. 
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Cor.  If  (i)  be  divergent,  and  the  ratios  A —  ,  etc.  be  greater 
than  -^^— ^  J  etc.,  then  (2)  is  divergent. 


75.  Prop.  Jjet  Uo+i^ii+i^a  +  stc.  he  a  series  in  wMcJi  the  ratio 
^^  is  less  than  1,  but  tends  to  1  for  its  limit  when  n  increases,  and 

Un  '  "^  ' 


let  ^^^^^  be  jyut    into   the  form  -,         •     Then  if  na  is  never 


-^^— ^  be  put   into   the  form  ^r~r 

finite;  hut,  from  and  after  some  definite  term,  is  greater  than  a 
numher  which  is  greater  than  1,  the  series  is  convergent,  and  if  less 
than  1,  divergent. 

Since  the  limit  of  -^ —  is  1,  that  of  a  is  0. 
Un 

P 

1°.   Suppose  that  from  and  after  the  rth  term  na  is  >  —  , 

and  that  —  >1,  so  thatj»>g. 
Then     {l  +  a.y>(l  +  ^Jy 

if,a+fcll.^+etc.    >^+^l^^^)l+etc., 

q  —  1  p       V  P  — 11 

i.e.,  \i  na-\-na^-^r-a  -\-  etc.     >- — |-— "^-^ f"  etc., 

'  Z  q       q      I      71 


I.e.  if  na—'^>     '^ 


q       2  \    2       n 


+  etc.   —  ?za  -^       a-f  etc. 


P 
Now,  from  and  after  the  rth  term,  na  > —     Also,  since  as 

n  increases  o  decreases,  we  can  give  to  ?i  so  large  a  value  (say  m), 

p  —  11 

that,   for  m   and   all  higher   values   of  n,^-^ h  etc.,   and 

^-^r— a+  etc.  are  so  small  that  this  inequality  holds  good. 
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Hence  from  and  after  the  (7?2+l)th  term 


1 


«»l+l 

Wy 


or  ^!i^  <  -^ 


n" 


but  the  series  1+—+  .  .  +^+etc.  is  convergent  (Art.  69,1.); 

therefore  (Art.  74)  the  given  series  is  convergent. 

2°.  Suppose  that  from  and  after  the  rth  term  ?ia<l,  then 

a  <  —  ,    and    1  +  «  <  1 H » 

n  n 

1  1 

or > 


n 


.      t<w+i  1  +  n  . 

n 

but  the  series  l+J+^+  etc.,  is  divergent  (Art.  69,  II.) ;  there- 
fore (Art.  74,  Cor.)  the  given  series  is  divergent. 

76.  Ex.  Show  that  the  series 


1    1  .  1.3    1  .  1.3.5    1 
i  + 

is  convergent. 


^+2'3+2!4-^  +  2X6-T+"*°- 
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m,      /       -.x  ,  •    1-3.5.  .  (2n-3)(2n-l)       1 

The  (n  +  l)th  term  is  2X6..      2(n-l)r2n"  *  2^^  ' 

1.3.5  .  .  (2n-3)       1 

"  '  "       2.4.6  ..  2(n-l)' 2/1-1' 

.    .    2n  — 1  2n— ]     4n«— 4n  +  l 

.•.  the  ratio  is  — n h — rT= — <   ,  ,  o —  > 

2«      2n4-l        4?i^  +  2« 

and  this  is  less  than  1,  but  tends  constantly  to  1  as  its  limit  when 
n  increases. 

Now  this  ratio  = ,  so  that  a= 


6/1  —  1       '  4rr  — 4n+l' 

6— 


.*.  na  = 


4n'— 4n+l 
6?i^  —  n 


^n-—^n-^\      .      4,1 

4 1 — -, 

n      n 


which  has  |-  for  its  limit  when  n  is  infinite,  and  is  always  >  f, 
and  this  being  >  1  the  series  is  convergent. 


EXAMPLES.— V. 

1.  Prove  that  the  series  a; +"9" +-5-+ etc.  is  divergent,  if  aj=:l, 
or>l,  and  convergent,  if  a;<l. 

2.  Prove  that  the  series  \-\-x-\-—-\-~-\-  etc.  is  convergent. 

I        I 
Determine  whether  the  following  six  series  are  divergent  or 
convergent. 

3.  e-^+e-^'+e-^^'H- etc. 
,      1     ,  1.3  ,     1.3.5 

4. 1+ 2"^+2;4^  +  2:1:6^'+  ^*^- 

<,.  The  series  whose  ?ith  term  is  --— — ,  '  "^      '\ ~'y^  . 

5  («  +  l)(H+2)(«+3) 
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6.  The  series  whose  wth  term  is x". 

7.  l+2''a;+3V+4V+etc. 

8.  \-nx^<\-^\^-<''-})^l:=2^x^^  etc,   :r    being    a 

positive  number. 

9.  Prove  that  the  series 

1-j-r-i-<"^-l)l  I  x{nx-l){nx-2)  1 
^^'^^        [2~^+ [3 ^+  '*^- 

is  convergent,  if  n  is  greater  than  1. 
xo.  Prove  that  the  series 
^  ,  m(m—l)    ^  ,  m(m—l)(m—2)(m  —  S) 

is  convergent,  x  being  greater  than  y. 

77.  We  have  treated  hitherto  only  of  series  with  all  positive 
terms.  If  the  terms  be  all  negative,  the  same  methods  will 
evidently  be  applicable,  as  the  divergence  or  convergence  of  a 
series  depends  only  on  the  magnitude  of  its  sum  when  carried 
on  ad  infinitum. 

If  we  have  a  series  with  alternately  positive  and  negative 
terms,  there  is  one  case  in  which  we  can  shew  that  it  is  con- 
vergent, viz.,  when  each  term  is  less  than  the  preceding. 

Let  the  series  be  Wj — M2+t<3 — 1^4+  etc. 

Then  i<^<M^_i,  and  such  a  number  as  w^-j— «^  is  positive. 

By  writing  the  series  thus 

(ui—U2)-\-(u3  —  Ui)-\-(ui,  —  Ua)+  etc., 
since  each  number  within  brackets  is  positive,  we  see  that  the 
whole  series  is  positive. 

By  writing  it  thus 

Wi  — (mj— M3)  — (^4— Mb)—  etc., 
since  each  number  within  brackets  is  positive,  we  see  that  the 
whole  series  is  less  than  Mj  ;  therefore  the  series  is  convergent. 
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EXAMPLES.— VI. 
Prove  that  the  following  series  are  convergent : — 

7.  Under  what  condition  is  the  series 

^8  'j'S  /v*7 

a;—, — jr-  +:i — 3 — sr  +etc.  convergent? 


EXAMPLES.— VII. 

I.  Find   whether    the   following    series    are   convergent   or 
divergent : — 

r   ^      2     ,      3     ,  _4 

(2.)  2«+i+3m:i+4M^+®^^- 


2.   Under  what  condition  is 
a      .       a^       .       a' 
m 


a  (I  a 

1 r-TT-  -\ r-^  +etc.  convergent  or  divergent? 

-\-p     m-]-2p     m-{-Sp  °  ° 
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3.  Prove  that  l+2~2-j-3-5_|_4-J-|-  etc.  is  divergent. 
4-  Prove   that   1+=|_+_L_ +=i_+ etc., 

are  convergent,  or  divergent,  accoidiug  as  /a  is,  or  is  not,  greater 
than  1. 

5.  If  a  be  a  whole  number,  then  the  two  series 
"i+^^a+^'s+etc,  and  Mi  +  (:n<„  +  a=?ig2  4-a''M„3  4-etc., 

are  both  convergent,  or  both  divergent. 

6.  Prove  that 1 — -^ — ^ — U- ^ — j-  etc.  is  convergent 

l+a;^(l+a;)-^(l+2;)3^  ^ 

when  X  is  positive. 


VI 
Crponential  »»tne^  anti  ILog:aritI)mic  »»£n'e0* 

78.  As  we  shall  use  the  series 

i+'+ii+i+^"=-  •   •   •   <■>• 

we  here  make  a  few  remarks  upon  it. 

1°.  Its  sum,  denoted  by  e  in  [Art.  464],  is  greater  than  2. 
For  the  first  two  terms  amount  to  2  and  all  the  other  terms 
are  positive. 

2°.  Again  e  is  less  than  3.     For  —  <  —  ^       <        etc. ; 
.'.  the  series  is  less  than 

1  +  1+ o"  +  o^  +  i75  +  etc.,  adinjin.,  <1  +  T3l<^- 

Hence  e  lies  between  2  and  3. 

By  taking  the  sum  of  the  first  twelve  terms  of  ( i )  the  student 
will  find  the  value  of  e  (correct  to  7  places  of  decimals)  to  be 
2-7182818.  The  terms  after  the  twelfth  only  affect  the  digits 
after  the  seventh  place. 

3°.  Also  e  is  a  surd  [Art.  289].     For  if  it  is  not,  it  can  be 

represented  by  a  fraction  —  ,  where  m  and  n  are  positive  integers 
[Art.  289]; 


n 


=  2+1+1  +  ...  +^+|^l  +  r^,+ etc. 
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Multiply  both  sides  by  \n\  since  \n  is  exactly  divisible  by 
each  of  the  factorials  |2,  [3,   .  .   .   |  w,  and  since  \n=^n  \n — 1, 

.-.  m|n-l  =  an  integer +-—+  J-  etc. 

1  1 


<; 


(«+l)(n  +  2)(n+3)^(n+l)3' 
etc.  <etc.; 

the  series 

11  11 

+  etc.  < — r^+7 — TTv^'  ®*^*  ^^  infin. 


n-i-l^(n  +  l)(«  +  2)  '         •       «+l      («+l) 

1 
«  +  l         1 

1 L_  ^ 

7i  +  l 

and  therefore  is  a  proper  fraction;  hence  we  have  a  proper 
fraction  =  «ii?i  — 1  — an  integer 

=  an  integer, 
which  is  impossible  ;  .'.  e  is  a  surd. 

79.  Exponential  Theorem.     The  series  for  a,^,  of  ascending 
iwivers  ofx,  is  

l+a^logeai ^^"2 —  H Tg r  etc. 

Whatever  n  may  be  we  have 

Now 

=x+,+  -f.._i)+-(.-i)(._2V,., 

'  2V        71/      |dV        nj\        nj 


46  EXPONENTIAL  SERIES  AND 

Hence  when  n  is  infinite  (Art.  26,  Obs.  2), 

(1    \nx  rf^  ^3 

l+-j    =l+-^+|2  +  j^+  ^*«-' 

and  the7i  also,  by  putting  x=l,  we  see  that 

/        1\n  1        1 

the  limit  of    1-J —     =l4_l-{-__|_,    +etc.  =  e; 
V        ^^  J  ■ 

.-.  from  (i)  e-=l+a;+^+^+  etc. 

\Z      I  o 

And  this  is  true  whatever  form  the  index  of  e  may  have. 
But  logea^=dogea;   /.  a=^=e^i°ge«  [Art.  447]; 

.-.  a='=l+z\og,a+^'  y '"+^|^'+  etc. 

This  result  is  called  the  Exponential  Theorem. 

The  student  will  observe  that  we  have  taken  I IH — 1     ,  the 

generating  function  of  the  series  in  (2),  as  the  sum  of  the  same 
series.  This  we  do  in  accordance  with  the  assumption  mentioned 
in  Art.  64,  since  the  series  is  convergent. 


EXAMPLES.— VIII. 


1.  Prove  that  n=l+logcW+-j=^l  +-^^  +  etc. 

\_£  |_£ 

2.  Express  n+—  in  terms  of  log^w. 

n 

3.  Prove  that  l=i^+^+etc...+^2H^3]^^+  '''■ 

4.  Obtain  a  series  for  e—e~^. 

(P'  —  IY        1        *>*  02n-2 

5.  Prove  tbat  L^  J.  =_+     +  etc.  +-j^+  etc. 
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*6.  Express  the  sum  of  the  series  r-n+n  +etc.  in  terms  of  e. 

Ill 

g_j     -2  +  Q  +  |-g+etc.,  a<?i7?^?i. 

'7.  Show  that =  '= != 1= 

l  +  iTT  +  i— +  etc.,  aa  ^?^ra 
I  o      I  0 

1      2      2^      2* 

^  +  1^  +  |3  +  F  +  I^  +  '''-        . 
8.  Prove  that '-     '-     '- — = =f 

"9.  Investigate  a  series  for  e'^^~'  +  e~'^~'. 

~io.  Sumtheseries- — J '- 1 Letc   to  infinitv 

1.2^1.2.3.4^1.2.3.4.5.6^  mnmty. 

1 
II.  If  a;  be  a  positive  quantity,  prove  that  of  is  less  than  e. 

80.  Peop.  Tlie  senes/or  logc(l4-x),  of  ascending  powers  o/x,  is 

3" 


a:— — +q~+etc., 


X  being  <1. 

By  the  Exponential  Theorem 

a^=l  +  ^;log,a  +  t;^_^l  + -t|^'  +  etc.; 
•••  -r  =  ^'"^^-  +  -\^^  +-||^l  +etc.    I 

„v 1 

Hence  when  1^  =  0  (Art.  27)  the  limit  of -is  loggfl. 

For  the  series  within  the  brackets  is  convergent  (Ex.  V.  2), 
wliatever  finite  value  a  may  have,  and  therefore  the  product  of  it 
and  V  vanishes  with  v  (Art.  30) ; 

.-.  loge(l+a;)  is  the  limit  of  (1+^)"-!  ^^j^^^  ^_q 
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Now,  when  x  is<l,  the  series  for  {\.-\-xf^  obtained  from  the 
Binomial  Theorem,  is  convergent ; 
.-.  then  (Art.  64) 


(1+x) 


(1  +  ^^;+  ^.       'x'-\-^ 1^^ ^a;^+etc    1  —  1 


and  the  limit  of  this,  when  v=0,  is 

x"^        X^      X* 
x"     x^     x^ 


x'   ,  x^     x*  , 


•.  loge(l+a;)=a;-|-+|-— ^  +  etc.,  when  x<l. 


81.  We  proceed  to  deduce  some  formulae  for  obtaining  the 
Napierian  logarithms  of  numbers. 

We  have,  when  x  is  <1,  loge(l+a;)=x— -2  + g-—  etc.  (i); 

.*.,  writing  —x  for  x,  logg(l  —x)=—x—^—^ —  etc. ; 

.'.,  subtracting,  loge2^^=2(  a;+-g-+y+  etc.  I- 

Putting  -i-  for  ^ ,  and  .-.  ^ — pr  for  x,  we  obtain 

n  1—x  zra+1  ' 

w'  1+a;  1 

Again,  put  ^-^^.-^  for  5—^,  and  .-.  ^^^^^-^  for  a.; 

.-.  logem=— loge(m«  — 1),  i.e.  2  loge?^  — log,.(m— 1)  — loge(TO4-l) 
=  2{2^+3-(2;;^)'+5(2^)'+^^^-   }      (3). 
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In  (2)  put  «  =  1  and  we  have,  since  log  1  =  0, 

log,2=2{i+i.i  +  i-i+etc.  [, 

and  by  taking  a  sufficient  number  of  terms  of  this  series,  we 
obtain  logc2  to  any  required  degree  of  accuracy. 
In  (3)  put  OT  =  2  and  we  have 

loge3-21og,2=-2|y+^^+|-^+etc.   |, 

from  which,  since  we  have  obtained  loge2,  we  can  now  obtain 
logeS. 

In  (3)  put  m  =  3  and  we  have 

log,4  =  21og,3-log,2-2|^+^j^3+^j^,+  etc.   |, 

which  gives  us  log(.4,  since  log^S,  loge2  have  been  already  ob- 
tained. 

And  by  putting  w=4,  5,  etc.  successively,  we  obtain  the 
logarithms  of  all  succeeding  numbers. 

82.  Obs.  The  series  in  ( i )  Art.  81  gives  the  logarithm  of  any 
number  without  our  knowing  the  logarithm  of  any  other 
number. 

The  formula  (2)  gives  the  logarithm  of  one  of  the  numbers  of 
the  form  n,  and  ??  +  l,  ».e.,  of  two  consecutive  numbers,  when 
the  logarithm  of  the  other  is  known. 

The  formula  (3)  gives  the  logarithm  of  one  of  the  numbers  of 
the  form  m  — 1,  m,  m-f  1,  ?'.e.,  of  three  consecutive  numbers, 
when  the  logarithms  of  the  other  two  are  known. 

The  reason  why  it  is  preferable  to  use  the  formula  (2)  than  to 
calculate  the  logarithm  of  each  number  separately  from  (i),  is 
that  the  series  in  (2)  is  a  much  more  rapidly  converging  series 
than  that  in  (1),  by  which  we  mean  that  the  terms  decrease 
much  more  rapidly  in  the  one  series  than  in  the  other,  and  there- 
fore, to  approximate  to  the  sum  of  the  series  in  (2),  within  any 
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required  degree  of  accuracy,  we  need  take  fewer  of  its  terms 
than  we  should  of  the  series  in  (i)  to  obtain  the  same  degree 
of  accuracy. 

For  the  same  reason  the  formula  (3)  is  preferable  to  either 
(2)  or  (i). 

83.  In  calculating  logarithms  we  need  use  the  above  formulae 
for  primes  only,  for  the  logarithm  of  any  other  number  can  be 
obtained  from  the  logarithms  of  its  prime  factors.  Thus 
Iogl2=log3+21og2. 

84.  Having  thus  obtained  the  logarithms  of  numbers  in  the 
Napierian  system,  we  can  find  the  logarithms  of  the  same  num- 
bers in  the  common  system,  by  the  method  explained  in  [Art. 
465]. 

EXAMPLES.— IX. 

1 .  Prove  that 

logea  =  a-l-^(a-l)=  +  ^(a-l)=-^(a-l)^  +  etc. 

2.  Prove  that 

a—x  ,  \la—x\  .  \la  —  x\  ,     , 
log,a-loge^=-^  +  2(^^-j  +3(^-j  +ctc. 

i     /y»2  /y*4  /vO  I 

3.  Show  that  log,(l-a:=)=-2|  2"+^+6'+®*^-  |  • 

4.  Prove  that 

5.  Prove  thatlogen  =  n- --^^n^-^-^j  +  g^n^--J-etc 

6.  Investigate  the  formula 

loge(-t'+2)  =  21og,(.r+l)+log,(a:-2)-21og,(x-l) 

+^  I  o^^^lc"^  3'V^^^x-j  +5U^^3^]  +•••/• 
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7.  Prove  that 

1      /I  ,      ,     ON         ,  a;'      2    ,  ,  iK*     a;^      12 


a;^'— 1     1  /a;"— 1\- 
a;"    ~^' 


8.  Prove  that  n{a;— 1  — |(a;— l)=  +  |(.r— 1)'  — etc.} 

1 /a;«— 1\-^  ,  1  [x-^—lV  , 
■2i-^^j  +3-i-^^)  +^*^-' 
and  that  loge(l  +  (l+a;)  +  (l+a;)-}  =  3  logc(l+a;)  — logga? 

\  {i+xY^^i  {i+xf^^  {i+xy^^^^-  j 

9.  Find  a?  from  the  equation  2^^+2^-1  =  10. 

10.  If  a,  /3  be  the  roots  of  the  equation  ax'-\-'bx-\-c=.^,  then 

log,(ax=  +  5a;  +  c)=logeO  +  2  1ogea7--(a  +  /3)-2;^„(a=+^=) 

-3^(a^+/50-etc. 

1 

11.  If  Oo+«i^+«2aj"  +  etc.  be  the  expansion  of  \oge(^-{-xY~', 
show  that  ^n(a„n-i  —  «2n)  =  l. 

1 2 .  Show  that  log  J/ ='^  — -, — f  ;^ — ^  (^?  7 — ^ — — 

b'^     a— 1— i(a— l)2+|(a— 1)3  — etc. 


VII 
3Iitticterminat0  Coefficients* 

85.  Peop.  If  any  positive  integral  function  of  x  of  the  nth 
degree  vanish  for  more  than  n  different  values  of  x,  then  each 
of  the  coefficients  must  vanish. 

Let  the  function  beiV.^;"+i¥ic"-i+  .  . .  +Cx'^-{-Bx-\-A.  De- 
note it  by  f{x)  for  shortness. 

Suppose  f{x)  vanishes  when  a;=«i,  a,,  .   .  .  a^  and  a„+i. 

Then  (App.  Art.  12),/(a;)=iV(a;— ai)(a;— tto)  .  .  .  (a;— a„). 

Now  when  a; =«„+!, /(a;)  =  0  ;  but  none  of  the  expressions 
a„+i  — «!,  a^+x  —  «2j  •  •  •  «n+i  —  <^?i  vanish,  since  a„+i  is  different 
from  each  of  the  symbols  ai,  a„  .  .  .  «„  ; 

.'.  then  N=0; 
but  the  value  of  N  does  not  depend  on  x ; 
.•.  ahvays  N=0. 

Hence  y(x)  reduces  to  il/a:;'*~'+  .  .  .  -{-Cx--{-Bx+A,  which 
therefore  vanishes  when  x=a-^,  .  .  .  a^+i-  Hence  we  can  show 
as  above  that  M  and  each  of  the  other  coefficients  vanish. 

We  add  another  proof  of  this  proposition. 

86.  If  the  expression  A-}-Bx-\-Cx-+Du^=0  for  more  than 
three  values  of  a;,  then  ^  =  0,  5=0,  C=0,  D=0. 

For  let  a,  f3,  y,  8  be  four  values  of  x  such  that 

A+Ba-i-Ca'  +  Da^=0         .  .  (l), 

A+B(3+CI3"'+D/3'=0  .  .  (2), 
A+By  +  Cy'+Df  =  0  .  .  (3), 
A-\-B8+C8'  +  m^  =  0        .  (4). 


INDETERMINATE  COEFFICIENTS.  53 

From  (i)  and  (2)  by  subtraction  we  have 

(a-/3){i?  +  O(a  +  /3)+D(a^  +  a/3  +  /3=)}  =  0. 
Now  since  a — /3  is  not  =0,  a  and  /3  being  dififerent; 

...  5+(7(a+^)+Z>(a^  +  a^+^=)  =  0. 
Similarly         5  +  C(a+y) +D(a=  +  a7 +7-)  =0 
.-.,  subtracting,    (/:j-y){a+X'(a+/3+7)}=0  ; 
but  /5  — 7  is  not  =0  ; 

...  C'+i)(a+/?  +  7)  =  0. 
Similarly  C+D(a+;8+S)  =0  ;        .         ,         (6); 

•  •.,  subtracting,  (7— S)i>=0; 

but  7—8  is  not  =0  ; 

.-.  X>  =  0; 

.-.  from  (6)  (7=0,  and  .-.  from  (5)  J5=0,  and  .-.  from  (i)  ^  =  0. 
In  the  same  way  it  can  be  shown  that,  if  any  positive  integral 
function  of  x  of  the  nth  degree  vanish  for  more  than  n  values 
ofx,  then  each  of  the  coefficients  must  vanish. 

87.  Cor.  1.  If  A+Bx+  .  .  .  +Nx^=A'+B'x+  .  .  .  +Nx'^ 
for  more  than  n  values  ofx,  then  A=A',  B  =  B',  etc.,  N=N'. 

For  since  (^-^')  +  (5-i>")x+  .  .  .  +(iV^-iV>"  =  0,  for 
more  thanw  values  of  ic;  .'.  A—A'  =  0,  etc.,  N—N'=0. 

88.  From  this  Proposition  we  cannot  assume,  if  an  infinite 
series  involving  positive  integral  powers  of  x  vanishes  for  an 
infinite  number  of  values  of  x,  that  therefore  each  of  the  co- 
ef&cients  vanishes.  For  being  an  infinite  series  it  is  not  of  any 
definite  degree. 

To  this  point  we  shall  recur  in  Art.  93. 

89.  Ex.  Given  A+Bx+ Cx^  +  Dx^  +  Ex'  =  1  +  Sx^  -  9x*  for 
all  (or  at  any  rate  for  more  than  four)  values  of  x,  then  A  =  l, 
5=0,  C'^5,  i>=0,^=-'J. 
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90.  The  statement  in  this  corollary  is  called  the  Principle  of 
Indeterminate  Coefficients,  these  two  words  meaning  not  "  coeffi- 
cients which  cannot  be  determined,"  but  "  coefficients  which 
have  to  be  determined." 

By  this  i^rinciple,  if  two  positive  integral  functions  of  x  are 
equal  to  one  another  for  a  number  of  values  greater  than  the 
degrees  of  the  functions,  we  are  allowed  to  equate  the  coefficients 
of  the  like  powers  of  x  on  each  side  of  the  equation. 

91.  Cor.  2.  If  two  positive  integral  functions  of  x  be  equal 
for  a  number  of  values  of  x  greater  than  the  degrees  of  the 
functions,  the  highest  powers  of  x  in  both  functions  must  be  the 
same. 

For  if 
«„a;"+«„_i.r"-^+  .  .  .  +a,x+a,  =  h„+,:>::''+^-\-b„x''-\-  .  .  .  +&„, 
for  a  number  of  values  of  x  greater  than  w+1,  then  bn+i  =  0. 

92.  Ex.  I.  Investigate  the  relation  which  exists  between  m 
and  71  when  mx^—  {2m-  -f  Sn)x-  +  {ni^-\-Qmn)x—  3??i"n  is  a  perfect 
cube. 

When  it  is  a  perfect  cube  it  must  be  of  the  form 
a^x'+Ba-bx^-i-^ah"-x-\-b'l 
.-.,  equating  coefficients,  we  have 

a^=m, (i), 

3a^i=-(2m2  +  3w),   .         .         .         (2}, 
Sab^=m^-\-6mn,  .         .         .         (3")^ 

b^=- — 3??i'w    ....         (4). 
From  tliese  equations  we  now  eliminate  a  and  h. 
By  (i)  and  (4)         a^b^—  —  ?>mhx, 
„    (2)  and  (3)       9a^i^=-(2;n2  +  3n)(m3+6»m); 
.*.  27«i' 71  =  (2??i-  +  3??)(m-  +  6?z) 
=  2m*  -f  1  hnm"  + 1 8»*, 
or  w*— 6??i-n+9?i-  =  0 ; 
.-.  m''  — 3?J  =  0. 
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Ex.  2.  Determine  the  relation  which  exists  between  p  and  q 
when  x^-\-px-\-q  is  divisible  by  a  factor  of  the  form  {x—a)'-. 

Let  x-\-h  be  the  other  factor ; 

.'.  x^-\-px-\-q  =  (x-\-h)(x  —  ay' 

=  a;3+a;-(6-2a)  +  .r(a-  — 2a6)  +  «-'5; 
.*.  6— 2a  =0,  and  .•.  h  —  la; 

a^  —  2ab=p,  and  .'.  —^a-=p; 
a-h:=q,  and  .*,       2a^  =  q; 


EXAMPLES.— X. 

1.  Determine  the  relations  which  exist  amongst  a,  b,  c,  d,  e,p,  q, 
when  ax*^-{-bx^-^cx"-\-dx-\-e  is  divisible  by  the  factor  x--\-px-\-q. 

2.  Investigate  the  condition  for  the  expression 

4x*—4px''-i-4qx"  +  22:){'m-\-l]x+{m-\-l)' 
being  a  perfect  square. 

3.  Investigate  the  condition  for  the  expression 

Ax"-^  2Bxy + Cy" + 2Dx + 2Ey + F 
being  divisible  by  a  factor  of  the  form  ax-{-by-\-c. 

4.  Resolve  2x^  —  21xy — lly" — x-\-S4:y—d  into  its  factors. 

5.  Express  4:(^x^-^x'^-{-x^-{-x-\-l)  as  the  difference  between 
two  squares. 

6.  Investigate  the  relations  between  the  coefficients  that  the 
equation  ax^-\-bx--\-cx-\-d=0  may  be  put  under  one  of  the 
forms — 

(i)  x'  =  {x'-+px+q)', 
(2)   q^  =  {x"-+px+qY. 
Solve  in  this  way  the  equation,  2.c'— a;^  — 2.^+1=: 0. 
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7.  If  tlie  two  expressions  x^-\-px^-\-qx-\-r,  x^-\-p'x^-\-q'x-\-r\ 

.  r — r'     p'r — pr'     q'r—qr' 

nave  the  same  quadratic  lactor,  then  ;= =V  = —' 

^  '  ^ — p        q  —  q  r — r 

V — p'  p — p' 

Show  also  that  the  third  factors  are  x+- — ^'r  and  x-{-- — —,r'; 

r — r  r — r 

Q  —  Q  T  —  T 

and  that  the  quadratic  factor  is  x"-\-- — —,x-\- ,• 

V — V       V — I? 


93.  Prop.  If  the  series  ao  +  ^iS  +  aoX^  +  a3a;'+  etc.  is  con- 
vergent, and  equal  to  zero  for  all  values  of  x  hetioeen  certain 
limits  including  zero,  then  all  the  coefficients  a^,  aj,  etc.  vanish. 

For  all  these  values  of  x  the  series  ai-\-anX-\-a^x'-{-etc.  is 
convergent ;  for  in  it  the  test  ratio  is  the  same  as  in  the  given 
series.  Hence  its  sum  is  equal  to  zero,  or  some  finite  number. 
Denote  it  by  L  ; 

.'.  aQ-\-xL=0. 

Now  L  not   being  infinite,   when   x=0,  xL  =  0  (Art.  30); 

.•.  xL=0  always ; 
.-.  either  x=0,  or,  L=0  [Art.  324],  so  that  we  are  certain  that 
L  vanishes  for  all  the  values  of  x  which  we  are  considering, 
except  when  x=0,  and  it  may  also  vanish  then;  and  since  it 
vanishes  for  all  the  other  values  of  x  which  we  are  considering, 
however  small,  we  infer  that  it  does  vanish  when  x=0. 

Therefore  again  we  have  a  series  ai-\-a„x-\-aiX--\-  etc., 
which  is  convergent,  and  equal  to  zero  for  all  values  of  x  between 
certain  limits  including  zero  ; 

.-.,  in  the  same  way  as  above,  we  can  show  that  aj  =  0 ; 
and  we  can  go  on  to  show  that  each  of  the  other  coefficients,  in 
succession,  vanishes. 

CoR.  If  for  all  values  of  x  between  certain  limits,  including 
zero,  the  expressions  ao-\-aiX+a„x"-\-  etc.,  bo  +  biX-j-biX"-}-  etc. 
are,  one  a  convergent  series,  and  the  other  a  finite  expression 
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or  a  convergent  series,  and  are  also  equal  to  one  another ;  then 
the  coefficients  of  any  the  same  power  of  x  in  both  expressions 
are  equal  to  one  another. 

For  their  difference,  ao  — ^o+C^^i  — ^i)'^+(<^2  — &2)^^  +  etc.,  is 
a  convergent  series  which  vanishes  for  these  values  of  x, 

.'.  «o — bo,  «i — bu  etc.,  all  vanish  ; 

.•.  ao=^o,  «i  =  ?^i)  etc. 

94.  Prop.  A  function  of  any  symbol  x,  loliich  has  only  one 
form,  can  only  be  expanded  into  one  convergent  series  of  ascending 
powers  of  x. 

For  if  possible  let  it  be  expanded  into  two  series,  say 
af,-\-a-^x-\-aiX^-\-  etc.,  and  ho-\-b{x-\-  etc. 

Then  since  both  these  series  are,  by  hypothesis,  convergent,  the 

function,  by  the  assumption  of  Art.  64,  expresses  the  sum  of 

each   to  infinity ;    therefore   the   two   series    are  equal   to   one 

another  for  all  those  values  of  x  for  which  both  are  convergent ; 

.-.  a(,=^bo,  «i  =  &i,  etc.,  i.e.  the  series  are  identical. 

Ohs.  If  a  function  can  assume  more  than  one  form,  then  it  can 
be  expanded  into  one  such  series  corresponding  to  each  form. 

Thus  the  square  root  of  1+iC  has  two  forms,  and  therefore  two 
corresponding  series,  namely 

l-\-^x— qX^ -\- etc.,   and    —l—^x-{--^x-— etc. 

95.  Ex.  I.  To  expand  e^{l—x)  in  a  series  of  ascending 
powers  of  x. 

Put  Aa+A^x+AoX'+etc.  =M +aj+^+  etc.,  ]{l—x). 

x^                /I          1     \ 
=  1— — +etc.  +  i i T"  b"+  etc. 

ffi  •     .      ^         1          1        l-«         1       1 
.•.,  equatme  coemeients, -4„=i , ^=-1 — -  = 1 ?:  > 

'     ^         '^  '  |n     |w— 1       \n  n  \n—2 
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and  ^4o  =  l,  ^1  =  0  ; 
/.  e-(l-a;)=l- 2— 3-4^-5 ,3-etc. 

Ex.  2.  Prove  that  the  coeffioieut  of  a;*"  in  the  expansion  of 
•(l-3a;+2a;2)-i  is  2'-+i-l. 

Put  r^i+2^  =^o+-4i.r+^2CC«+  etc. ; 

.-.  l=^o+(^i-3^o>+(2^o-3^i+^o>'+  etc. ; 
.-.,  equating  coefficients,  we  have  ^„— 3J.„_i-f2^,i_2  =  0. 
Let  ^„_2  =  2'^-i  — 1 

.'.  J„=3(2"-l)-2(2"-i-l) 
=  3.2"— 3  — 2"+'2 
=  2''(3-l)-l  =  2"+i-l. 
Hence  if  ^„-3  and  An-\  have  the  given  form,  A^  has  aLo. 
But  ^o  =  l  =  2''+i-l, 

and4i-3^o  =  0;    .-.  ^i  =  3  =  2i+i-l ; 
.-.  .-lo  and  yli  have  the  given  form;    .-.  -ig,  and  each  of  the 
succeeding  coefficients,  has  also,  i.e.  ^r=2''+i  — 1. 

Ex.  3.  If  a;=«i?/+ «„?/"  + «,?/5+ etc.,  required  an  expression 
for  y  in  terms  of  x. 

Suppose  i/=&ia:+Z)oa;2  +  53a;'  +  etc. 

■••  «i^  =  l, 

a35i'+2a25i&2  +  «i&a  =  0, 
etc.  =0. 

Thus  we  obtain  sufficient  equations  to  determine  the  coeffi- 
cients in  turn. 

This  ^determination  of  y  in  terms  of  x  is  called  reversing  the 
given  series. 
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Ex.  4.  To  prove  that 

n"-n(7i-l)«+'^^-\n-2)"-  etc.  =1^ 

By  the  Exponential  theorem  we  have 

(e^_l)«=(a;+ia;'+etc.)"=x"+  higher  powers  of  x     (i) ; 

but  also  (e^— l)"=e«^— n6('*-i)^+-^Y'^e(i-2)*— etc.     (2). 

Now,  expanding  each  of  the  powers  e"%  gCw-O^;^  etc.  by  the 
exponential  theorem,  and  picking  out  the  term  in  each  expan- 
sion which  contains  x%  we  see  that  the  coefficient  of  a;"  in  (2)  is 

I n- — -. — -^A — \  ,'  ^—, etc.     The  coefficient  of  x^ 

\n  I  ?^  1.2  \n 

in  (i)  is  1.  Hence,  the  series  in  (i)  and  that  obtained  from  (2) 
being  both  convergent,  and  the  expansions  of  the  same  generat- 
ing function  in  ascending  powers  of  x,  we  have,  equating  these 
coefficients  of  x'^, 

n"— n(?i— 1)«+-^-— — ^(n— 2)»»—  etc.  =\n_ 

Obs.  The  coefficient  of  x'^  in  the  series  obtained  from  (2)  is 

rf        in—iy  ,  nin—1)   (n  —  iy       , 

i '^     \ —    -\ — Vo —  '     \ — ^  —  etc.    .         (3); 

but  there  is  no  term  in  (i)  containing  a  power  of  x  lower  than 

a;**,  hence  if  r  <  «,  n'"— w(?2— iy+^^^-^^^^\w— 2)''—  etc.  =0. 

Also  by  taking  r>n,  and  finding  the  coefficient  of  x'^  from  (i), 
and  equating  to  it  the  expression  (3),  we  obtain  another  similar 
theorem  for  each  value  of  r.  ■ 


EXAMPLES.— XI. 

I.  If  An  is  the  coefficient  of  x^  in  the  expansion  of  - — — » 

then  ^^=./ijj_8. 

Write  down  the  first  six  terms  of  the  expansion. 
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2.  If  An  is  the  coefl&cient  of  ^"  in  the  expansion  of 

e^  1 

= ■,  then  An—An-x  =  , — 

\  —  x  \n 

3.  If  w  =  X— — +^ —  etc.,  find  X  in  a  series  of  ascending 

powers  of  y. 

4.  Expand  logc(l +.r)i-^  in  a  series  of  ascending  powers  of  ic, 
when  X  is  less  than  1. 

5.  Show,  by  equating  the  coefficients  of  x"^  in  the  expansions 
of  2  log,(l-a;)  and  log,(l— 2^+a;-),  that 

2n  _  ^^n-.  +  <^)  ^n-._<^-^)^^-^\n-.^  etc.  =  2. 

6.  If  ic— 3?/4?/^  =  0,  find  2/  in  a  series  of  ascending  powers 
of  cc.  •  ■ 

7.  Show  that 

,,n+"-_,i(„_l)n+2+!n^__ii(n-2)''+=-  etc.  \1,         - 


VIII 

Binomial  Cljeorem* 

96.  We  shall,  in  tliis  chapter,  give  some  additional  Theorems, 
and  some  examples  of  various  problems,  connected  with  the 
Binomial  Theorem. 

97.  To  find  the  numerically  greatest  term  in  iJie  expansion  of 
(a+x)"  hi  ascending  powers  of  x. 

The  magnitude  of  any  term  does  not  depend  on  the  signs  of 
a  and  x ;  we  shall  therefore  consider  them  both  as  positive. 
The  (r+1)*'^  term  can  be  obtained  by  multiplying  the  r^^  by 

7?        I   ■     I     mtmrnV*      Of* 

,  the  numerical  value  of  which  we  therefore  shall  call 

r         a' 

the  multiplier /or  the  {r-\-Vf^  term. 

If  for  several  consecutive  terms  the  multiplier  >  1,  each  of 
them  is  greater  than  the  preceding  term,  and  if  then  the 
multiplier  for  some  term  becomes  <1,  the  terms  then  begin  to 
decrease,  so  that  just  before  this  term  we  shall  find  the  greatest 
of  the  terms  considered.     See  [Arts.  410,  411,  421]. 

I.  Let  n  be  positive. 

,     ,       Z'^  +  l      -,\<^      1  (n-\-\\x        ,    .„ 

Let  p  be  such  that 1    -  =1,  or  p—^ — — ^,  and,  n 

\     p  J  ^  Ct^^*C 

p  is  not  integral,  let  q  be  its  integral  part. 

1°.  Suppose  71  is  an  integer.  Then  the  series  terminates  after 
the  (n  +  1)*^  term,  and  r  cannot  be  >n. 

(rz  +  1       \  X 
1 1  —  is  always  positive.     It  also  decreases 

as  r  increases;  .'.  it  >1  when  r<p,  and  <1  when  r>p. 
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Hence,  if  p  is  an  integer,  the  p^"^  and  the  {ip-^-Xf^  terras  are 
equal  to  one  another,  and  each  is  greater  than  any  one  of  the 
other  terms;  and  if  p  is  not  an  integer,  the  (2-4-!)*^  term  is 
the  greatest. 

2°.   Suppose  n  is  a  fraction.     Then  the  series  is  infinite. 

n  -\- 1  —  T 
When  /'>n4-l, is  negative,  and  therefore  the  multi- 


n  + 1 

If  a;>a  when  r>x—^-—  the  multiplier  is  >1  and  the  terms 
'  X — a 

go  on  increasing  continually,  and  therefore  there  is  no  greatest 

term. 

If  a;<a,  or  =a,  when  r>n+l  the  multiplier  <1  and  the 
corresponding  terms  continually  decrease,  therefore  the  greatest 
term  is  amongst  those  for  which  r=  or  <n  +  l. 

Hence,  as  in  1°,  if  p  is  an  integer,  thep^^  and  the  (p  +  1)*^ 
etc. 

II.  Let  n  be  negative.     Then  the  series  is  infinite. 

n  +  1     , 

Put    n=—7n,    so    that    vi    is    positive.       Then 1 

/       ??i— 1\ 
=  — (l-l )•     And  this  being  always  negative,  the  multi- 

plieris^l+'^jf. 

Let  p'  be  such  that  fl+^^^  -  =  1,  or  p^  =  ^'"~-^H  and,  if 

\         P     J  ^  ^~~^ 

p'  when  positive  is  not  integral,  let  2'  be  its  integral  part. 

1°.  Suppose  m>\. 

Then  -"~    is  positive,  and  1+'-^ never  <1,  but  decreases 

as  r  increases. 
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Hence,  \^x>a^  or  =a,  tlie  multiplier  never  <1,  and  the  terms 
go  on  continually  increasing. 

If  a;<a,  the  multiplier  is  >1  when  r</>'  and  <1  when  r>p'. 

Hence,  similarly  to  I.  1°,  if  p'  be  an  integer,  the  p'^"^  and 
the  {p'  +  iy^  etc. 

2°.  Suppose  m<\. 

Then is  negative,  and  1-1 never  >1,  but  increases 

as  r  increases. 

Hence  if  x<a,  or  =a,  the  multiplier  is  never  >1,  and  the 
terms  go  on  continually  decreasing;  .'.  the  first  is  the  greatest 
term. 

Ji  x>a  when  r>p\  the  multiplier  is  >1,  and  the  terms  go 
on  continually  increasing,  and  therefore  there  is  no  greatest 
term. 


EXAMPLES.— XII. 

Determine,  when  possible,  which  is  the  greatest  term  in  the 
expansions  of  the  following  : — 

I.  (l+2:i-)l  2-  (3+a;)i  3.  (l  +  3.r)-'. 

4.  (l-4^)i  5.  (2  +  3a;)-^  6.  (2  +  3.c)-i. 

98.  Products  are  said  to  be  homogeneous  when  the  number 
of  factors  in  each  is  the  same. 

Thus  a^,  a^&,  dbc  are  homogeneous  products  of  iliree  dimen- 
sions. 

99.  Prop.  To  find  Jioiv  many  homogeneous  products  of  r 
dimensions  can  he  formed  out  of  the  n  symhols,  a,  b,  c,  .  .  .  etc. 

\_3Iem.  If  m  be  the  number  of  terms  in  the  sum  A-\-B-\-C-{- 
etc.,  and  if  we  make  A,  B,  etc.,  each  ei^ual  to  1,  then  the  sum 
becomes  equal  to  m.] 
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We  have  ^ =l+a.«+a"a;-  +  a'^^  +  etc. 

i  —  ax 


1 


=  1  +  c^  +  c-^'^ + etc. 


1—  ex 
etc.      =     etc. ; 
.-.,  njultiplying,  we  have 

-J—  .-^T-  .  •  .  =l  +  («+^+c+etc.)a; 
v  —  ax  L  —  bx 

+  (a-+i-+etc.  +  a&+ac+^>c+etc.)^'  +  etc.  (i), 

the  coefficient  of  x""  being  the  sum  of  all  the  homogeneous  pro- 
ducts of  r  dimensions  which  can  be  formed  out  of  the  symbols. 
If  now  we  put  a  =  6  =  c  =  etc.  =  l,  each  of  the  products  will 
become  equal  to  1,  and  therefore  the  coefficient  of  «''  will  be- 
come the  number  required.  But  now  the  left-hand  side  of  (i) 
has  become  (1— a;)-",  in  the  expansion  of  which  the  coefficient 

of  a;'-  is  <"+l)  •  •  •  (^+^-1)^     Therefore  this  is  the  number 

I- 
required. 

100.  If  pr  denote  the  coefficient  of  x''  in  the  expansion  of 
(1-1-x)-",  then 
2i?oP.«-2pii?2n-i+etc.+2(-l)"-'i?„-ii?„+i  +  (-l)"i?n' 

={-irpn. 

We  have 

+Pn-iX''-'  +  ---+PiX+Po, 

(^l-xy-^=p,      -     PrX+...+{-iy'-'pn-i^''-'  +  {-'^yPn^'' 

+  {-l)n+^Pn+^X^+'  +  ...+P2nO0"-''; 

.-.,  multiplying,  we  see  that 

PoPzn-PiP2n-i  +  -'-+{~'i^y'-'Pn+iPn-i  +  {-'i-y'Pn 
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or      2{23oi52n-Pi;'2n-i+  •  •  •  +(  — Ij'^-^i^n+iPn-i} +  (- 1^^/" 

=  coefficient  oix-''^  in  the  expansion  of  (1— x-)-'* 
=  coefficient  of  «"■  in  the  expansion  of  (1— x)^'' 

=(-irp«. 

Ex.  2.  Prove  that  the  sum  of  the  products  of  every  two  con- 
secutive coefficients  of  an  expanded  binomial 
_1.3.5...(2n-l)  jn^ 
~  \n  'n  +  l"^' 

n  being  the  index  and  a  positive  integer. 

Let  (l+a;)'*=ao+aiX+   .   .  .    +«n-i^"~'  +  ««a;''; 

then     fl  +  lY  =  ao+-+   •    •  -    +«„-i  ^+- : 
.-.  aoai  +  aia.,+  .    .    .  -{-an--^an 
=  coefficient  of  x  in  expansion  of  ^  "*"   ^ . 

=  coefficient  of  oj^+i  in  expansion  of  (l+a;)-" 
|27i  12J^       ^ 


^l73.5'...(2ri-l)^„ 


n+1 


EXAMPLES.— XIII. 


I.  If  n  be  a  positive  integer,  prove  that 


19, 


2(  hO^ 
and  if  n  be  an  odd  number,  that 

,  2n(2/z-l)     2?2(2/z-l)(2n-2)(2»-3) 

|2?^ 

-j-   j ^ - _22"-2 

n  — 1     n  +  1 
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2 .  If  n  be  an  even  integer,  show  that 

1  1  1  2«-» 

-+,o  1 :  6+ 


|1  l?i-l"^13  |n-3"^    •   •  •   ^|n-l  |j^ 


n 


3.  If/(r)  be  the  coefficient  of  x^  in  the  expansion  of  (1+a;)^ 
prove  that 

I  ?7?  \in  \m-\-n 

A'-)+i]b^('-')+Q^/c-->+-+^<'-'">=Fi;i+^- 

4.  If  Qo,  «i,  aa  .  •  •  be  the  coefficients  of  (l+a;)^  show  that 

I2n 

(1)  ao«r  +  «iar+i  +  «2«r+2  +  "-  +  «n-)««— r^3^^^^^- 

(2)  ao«2,-— «i«2r-i+«2«2r-2—   •   •  •    +(  — l)'"~'«*-i«;-|-i 

+  (_l)rla,2  =  l(_l)r         L^  . 

(3)  flo«r  — «i«r+i+«2«r+2—     •     •     •     +(  — l)"~''«n-r«n 


Examine  the  condition  as  to  the  values  of  11  and  r  in  this  last 
case,  and  find  the  value  of  the.  expression  when  this  condition  is 
not  satisfied. 

m  and  n  being  positive  integers,  find  the  value  of 

V^1r+Piqr-l-rP".qr-".+   •  •  • 

6.  If  {n)r  be  the  coefiicient  of  x'^  in  the  expansion  of 
{\-\-xy\  prove  that  (2?2),.=2(n),.  +  2(n)i(rz>_i+  .  .  .  ,  ?i  being  a 
positive  integer. 

Write  down  the  last  term  for  the  two  cases  in  which  r  is  odd 
and  even. 

7.  Find  the  sum  of  the  squares  of  the  coefficients  of  the 
expansion  of  (1  +  a:;)^  n  being  a  positive  integer. 
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101.  The  above  are  examples  of  the  equality  of  coefficients 
(Art.  87)  in  two  finite  series,  which  are  known  to  be  always 
equal  to  one  another  from  their  being  expansions  of  the  same 
function. 

We  shall  now  give  some  examples  of  this  equality  in  two 
infinite  series,  which  are  both  convergent,  and  thus  are  known  to 
be  equal  for  the  same  reason  (Art.  94). 

102.  Ex.  I.  Prove  that 

l—n-^^n-.—^ — \-n--^^ ^^ 1- etc.  =0, 

n  being  a  positive  integer. 
We  have 

/1   I     \t>     1   1         I  nln—V)    „  ,  7i(n—Y)(n  —  1)      .      ,         ,  . 
il+xY=l+nx-\-^-^ — '-x"'+  -^ — p^^g 'x^+  etc.     (i), 

Multiplying  we  see  that  1— n'-| — ^- '—  etc.    is    the   co- 

efficient  of  a;"  in  the  expansion  of  {\-\-xY.  (l-j — )      ; 

i.e.,  of  (1+x)".— — ,  orofa;^; 

'         ^     '     '     (l+a;)'*'  ' 

,.  l-n^+'!!l!^_etc.=0. 

Here  we  were  able  to  equate  co-efficients,  for  when  x  is 
sufficiently  large  {i.e.  >  1),  the  series  in  (2)  is  convergent,  and 
therefore  the  series  formed  by  multiplying  it  by  the  finite  series 
on  the  right  hand  of  (i),  is  convergent. 

Ex.  2.  If  pr=    ''.'.'  ~   ^ ,  show  that 

2.4.0  .    .   .  2r 

P2n+i+PiPin+    •    •    •    +PnPn+i=-^' 

Herep,.  is  the  coefficient  of  a-''  in  the  expansion  of  {l  —  x)~^; 

.'.  (l-x)~''=l+2hx+p,x'-]-  .  .  .   -\-p,r,+,x"-^+'+etc.        (i), 

{l-xy^=l+p,x  + +p,n+xX"-^+'+eic.        (2). 
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Multiplying  we  see  that 
=  co-efficient  of  a;-"'"'"^  in  the  expansion  of  (1— a;)~* 

=       1; 

•••P2n+i+P:i'2n+  •   •  •   +PnPn+i=|- 

It  will  easily  be  seen  that  the  series  in  (i)  and  (2)  is  con- 
vergent, and  therefore  also  its  square,  when  x  is<l. 


EXAMPLES.— XIV. 


I.  Prove  that 


1.3.5...(2r-l)     1.3.5.  .  .(2r-3)  3     1.3.5  .  .  .  (2r-5)  3^ 

\r_  ^  \r-\  1+  |r-2  |_2 

+  etc.  =2'-(l  +  r). 

2.  The  sum  of  the  first  r+1  coefficients  of  the  expansion  of 

\m-\-r         ,    .  ... 

(1— a;)-"*  is  ,  m  being  a  positive  integer. 

I  m  I  r 

3.  Prove  that 

l+3„+f^  '^+14  =(^^=f^>  +eto. 

=  2'»-='(n2  +  7n-f  8). 

Write  down  the  last  term  of  the  series  on  the  left  side. 

-1.2.5.8  .  .  .  (3r-4)     ,       ,,   , 

4-  ^^^--    3.6.9.12  .  .  .  3r        -  ^^°^  *^"' 

-4.7...(6n-2) 
Pan+i+i'2wi'i+P2n-iP2+i'27i-2i'3+---Pn+ii'ji=—  — 


8.(J.y...(U/i  +  o) 


\nA-r 1  ' 

<.  If  d)(r,TO)  =  —      -,  ,      ,  prove  that 


(i)<^(r,n+l)  =  l  +  <^(l,»)  +  <^(2,n)+    .  .     +<^(r,7i); 

(2)«^(r  +  l,n)  =  <^(r,l)  +  <^(r,2)+  .  .      +<^(r,n). 


BINOMIAL  THEOREM.  69 

103.  Since    a/5  lies   between  two  integers,   viz.,   2  and  3, 
3+  ^5=5-1-  some  fraction;  /.  (3-|-  ^^Y=i  an  integer  +  some 
fraction,  n  being  a  positive  integer.     Required  to  find  expres- 
sions for  the  integral  and  fractional  parts  of  (3  -f  V^)**- 
Denote  them  by  a  and  /  respectively,  so  that 

(3+  V5)"=«+/. 
Now  3—  >^5,  and  .-.  (3—  fJbY,  is  a  proper  fraction. 
Denote  it  by  /',  so  that 

(3-  V5)"=/. 

Now  (3+  V5)^  =  3"+''^'!~"^^3»-^54-  etc. 

+  V5{«3-+"^^V-35+  etc.  |, 
(3_  ^5)^=:3'^+''^^~^W5+etc.-  ^b\n>-^+  etc.  I; 
.-.  «+/+/  =  2|  3"+^^^^:^3-«5+  etc.  I 

=   an  integer,   since   the   coefficients    -^-■.-^  >  etc.,  being  the 

number  of  combinations  of  n  things   taken    2,  4,  etc.  times 
together,  must  be  integral. 

Hence  a  being  an  integer,  /+/'  must  be  one  also,  or  zero. 

Now/ and/'  being  each  positive  and  less  than  1,/+/'  must 
be  greater  than  0  and  less  than  2 ; 

.-.  it  can  only  be  equal  to  1 ; 

/.  a=2|  3'^+-^^^W=5+  etc.  I  -1. 

Also/=l-/'=l-(3-  V5)" 

Obs.   3"-f  ■      ~  ^3"~-54-  etc.  being  an  integer, 

(  n(n—l)  1 

2  \  3"+-^-^^3"-=5+  etc.  >- ,  or  a+1,  is  an  even  integer; 

.-.  a  is  an  odd  integer. 
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Cor.  The  rational  part  of  (3+  V5)"=3'^+'^^^^-J^3«-^5+  etc. 

=l(a+l), 

and  the  irrational  part  =  >y''5{«3"~^+  etc.} 

=  |{(3+V5r-(3-V5r} 

=  i{a-l+2/}. 


EXAMPLES.— XV. 

Find  the  integral  parts  of  the  following. 
I.  (2+  V3)^  2.  (3+  VT)".  3-   (3+  ^|^Y' 

4.  (7+3  V5)«.  5-  (3+  2  V2)^  6.  (5+3  V2)"- 

104.  To  find  the  integral  part  of  (^5+2)'*. 
Let  a  and  /  denote  the  integral  and  fractional  parts  respec- 
tively, so  that  (v'5+2)'^=a+/. 

Also  (a/S— 2)"=/',  a  proper  fraction. 

1°.  Let  n  be  odd. 

Then  a+/-/"  =  (V5+2f-(V5-2)« 


-I 


n  — 1  /  ^>,  ^\     W— 3 


„5  2  s+'^^^^-^J-^^S  ""  2'+  etc.    I  =an integer. 

But  a  is  an  integer ;  .*.  /— /'  is  an  integer,  or  zero. 
Now /and/  being  each  >0  and<l,/— /'  cannot  benumeri- 
callj  so  great  as  1 ;  .-.  /— /'  =  0  ;  .-.  /=/' ; 

and  a=2{?i.5  ''  2+  etc.} 
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2°.  Let  n  be  even. 

Then  a^f^f=^i^^'^.^V!<^^i^^-j^  etc.   I; 

and,  as  in  Art.  103,/+/'=!  ; 

.•.a=2|5^+!<!i:;il)5'^^2Hetc.  |-1. 


EXAMPLES.— XVI. 

Find  the  integral  parts  of  the  following : — (i)  when  n  is  even, 
and  (2)  when  it  is  odd. 

I.  (V3+ir.   2.  (V6+2r.  3.  (vio+3r.  4.  (2  vs+sr. 

5.  (3  V2+4r.        6.  (3  V5  +  6r.         7.  (4  ^2  +  5)". 

Find  the  integral  part  of  the  following  when  n  is  even. 
8.  (V3+  V^r-  9-  (V7+  V5)".  lo-  (2  V3+  Vll)" 

11.  If   (  yy'2  +  l)-"'^+^  =  a-f-/,   where    m   and    a   are  positive 
integers,  and /a  positive  proper  fraction,  then /(a +/)  =  1. 

12.  Prove  the  same  thing,  if  (5  A/2  +  7)-™+i  =  a+/. 

13.  Prove  that/(a+/)=2=™+i,  if  (3  V3+5)='«+i  =  a+/ 

105.  Expand  in  a  series  of  ascending  powers  of  x. 

We  have  -^±^  =  (a;+a;=) (!-«;)-» 

=x+4a;2+9x3+  etc., 

the  coefficient  of  x^  being  (y-l)?- ,  K^+l)_  „ 
^      1.2     ^     1.2    ~ 
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106.  If  ttr   be    the    coefficient   of  x'"   in   the    expansion   of 
(l+aj+x*)'',  then 

=||l-(-l)'a,|. 

We  have  (l+a;+x")"=ao+<^i^"+<^2^"+  •  •  ■>   -\-a^.rX^'^-\-  etc., 
and  {\-^x-\-x-y^-=a^  —  a-^x-\-a«x"—  .  .  .   -{-aorX"-'^ — etc.; 

.-.  <7o«2r— «iCf2r-l+  etc.  +(  —  l)''~^«r-l«r+l +  (  —  !)''«>•" 

+  (  — l)''+iar+i«r-i+  etc.+«arOo 

=coeff.  of  a;-''  in  the  expansion  of  the  product 

{\+x-\-x''Y{l—x-\-X'Y, 

i.e.,  of  {[\-\-x"'y  —  x'Y\  or  of  {l  +  x'+x^Y, 

=  coeff.  of  a;*"  in  the  expansion  of  {l-\-x-\-x'^Y'=ar', 

I       1  \t 


EXAMPLES.— XVII. 

1.  If  ^H,.  be  the  number  of  homogeneous  products  of  n  symbols 
taken  r  together,  prove  that 

(1)    l+„Bi+„5'2+    .    .    .    +„Br  =  n+l-S7  ; 
and  (2)    nSr-nHr-.G,  +  nBr-.C,-    ...    =0, 

where  Cr  denotes  the  number  of  combinations  of  n  things  taken 
r  together. 

2.  If  nGr,  and  „^,.  represent  the  expressions 

n{n  —  l)  .  .  .  {n—r-\-\)     n{n-\-V)  .  .  .  (n-{-r—l) 

1^  '  \V 

respectively ;  show  that 

:  nSir—  nSir-i-nGi  -]rnIIir~&-nPi  —  •  •  •  +  (  —  l)''~^n'^4-wC'r-l  +  (  —  ^YnPr 
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3.  Show  that  the  sum  of  the  products  r  together  of  the  n 
quantities  «,  a^,  .  .  .  a"  is 

(a^+^-l)(a'-+''-l)  .  .  .  (g^-l)     l!!±l». 
(a-l)(a°--l)  .  .  .  (a"-*--!)    "^ 

4.  In  the  expansion  of  (ai+a2+  •  •  •  ■\-c-pT'-)  if  «  is  a  whole 
number,  and  p  >  n,  prove  that  the  coeflScient  of  any  term,  in 
which  none  of  the  quantities  aj,  ^2,  .  .  .  appears  more  than 
once,  is  equal  to  |  n. 

Prove  that 

5.  Show  that  the  remainder  after  n  terms  of  the  expansion 
of  (1  — a:)-*  is 

{l—xf 

6.  Find  the  first  7  terms  of  the  expansionof  (l+a;+a;''— a:')^". 

7.  Prove  that 

8.  If  ttr  be  the  coefficient  of  x'^  in  the  expansion  of  (l+a^)"? 

prove  that,  if  h  be  less  than  n, 

\n  \n-l  ■  |n-2 

+  «2r^=1=o-  etc.  =0: 


|n-fc      ^  |»-A:-1  ^  "  -  jn-^-2 

there  being  n— /c+1  terms  in  the  series. 

9.  Sum  to  infinity  the  series 

1  ,  1+^  ,  (l  +  :r)(l+2a;)  .  (l+a;)(l+2x)(l+3x)  , 
^  1.2  "^         1:2:3         "^  1.2.3.4  -r  •  •  • 

10.  Prove  that  the  sum  of  the  numerical  coefficients  of  all 


74  BINOMIAL  THEOREM. 


terms  containing  «/  in  the  expansion  of  («i+«2+  •  •  •  +o„)'^is 

mim-Y)  .  .  .  [m-ipArV)  ,,^_Y\m-P, 

11.  The  coefficient  of  cZ""^  in  the  expansion  of  (a+^+c+c^)"^  is 
!!(!LZ^^i!^II^(a!<+Z,34_c3  4.3j2c+35c2+  etc +6a&c), 

and  the  number  of  terms  in  the  coefficient  of  d^~'''  is  21. 

1 2.  Determine  the  coefficient  of  any  power  of  x  in  the  expan- 
sion of 

(n  — m+l)rr(l— a;)— a;™+i+a;"+» 

according  to  ascending  powers  of  ic,  where  m  and  n  are  positive 
integers  and  n+2>w  +  l. 

13.  If  ^0)  8e  be  respectively  the  sums  of  the  coefficients 
of  the  odd  and  even  powers  of  x  in  the  expansion  of 
(1+X+  .  .  .  +03'*)™,  prove  that  So=Se  when  n  is  odd,  and 
So=Se—l  when  n  is  even. 

14.  Show  that  if  t^  denote  the  middle  term  of  the  expansion 
of  (l+a;)^'-,  then  io+<i+<2+  •  •  •   ={l—4:x)-^. 

15.  Find  the  coefficient  of  cc'"  in  the  expansion  of 


IX 
Sl^ultinomial  %\)tovem, 

107.  In  [Art.  418]  it  was  shown  how,  by  successive  applica- 
tions of  the  Binomial  Theorem,  to  express  any  integral  power  of 
a  trinomial  by  means  of  a  series.  We  proceed  to  the  general 
extension  of  the  same  method. 

Prop.  To  find  the  getieral  term  of  the  series  which  is  the 
expansion  o/'(a4-b  +  c+  etc.  +t+u)'i,  n  being  unrestricted. 

From  [Art.  419]  we  see  that  the  general  term  of  the  expan- 

,      .    m(m— l)...(m  — r+1)  ,    . 

sion  of  (x+^j™  is  ^ '-r^ x^-^y'',  r  being  0,  or 

any  positive  integer  (not  greater  than  m,  if  to  is  a  positive  integer). 

The  method  consists  in  repeated  applications  of  this  theorem. 

Now  {a+b-\-c-\-  etc.)"  =  a«  +  ?2a"-i(&+c+  etc.)+  etc., 

the  general  term  of  the  series  being 

n(n  —  l)    .    .    .    (n—a+l)  „     ,,  ,      ,     ^    , 
-!^ '- ■ ^ — -V-'^(5+c+etc.)'', 

where  a  is  0,  or  any  positive  integer,  except  when  n  is  a  positive 
integer,  and  then  a  must  not  be  greater  than  n. 

Let  iJf  denote  ?2(n—l)  .  .  .  (ji—a+l)  for  shortness. 

31  M 

Again  p-a'^-«(i+c+etc.)«=, — a«-«{&«+a5«-i(c+etc.)  +  etc.}, 

M  k 

the  general  term  being  j —  a"^~", — ^^nyo^'^'^{c-\-QiG.)^ 

31 

where  /8  is  0  or  any  positive  integer  not  greater  than  a. 

M 
Again    ^yT-rXi^-°-b'^-^{c-\-etc.y  expands  into  a  series  of 

31 
which  the  general  term  is  i  ^_q  i  /j_y  i    «"'~°^"~^c^~'>'(t^+etc.)y. 
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And  this  process  can  be  carried  on  until  we  find  for  the  final 
M 


general  term  « 1 r-  a'^-^t"-^  .  .  .  t^—'U 


a-(3 


a  —  T    T 


Where   a,  (3  .  .   .  o-,  r  are  zero,  or  such  positive  integers  that 
each  is  less  than,  or  equal  to,  the  preceding. 

Note. — The  sum  of  all  the  indices  is  equal  to  n. 

We  may  simplify  this  formula  by  putting 

a-/3  =  /3',      ) 

^_y=y',      (      .■.n-a+(3'  +  y'+   .   .   -  r +T=n; 

etc.  =etc.     C  .-.  ^'-f  y'-f   .   .  .  T'4-T=a. 

a — T  ^t'  ;      / 

31 

Then  the  general  term  is  i-^^j—^ [-7-1 — a'^-^h^'  .  .   .  t^vj 

where  /3',  ,  .  .  t'  are  all  positive  integers. 

108.  If  n   be  a  positive   integer,  put  n—az=a\  a  positive 
integer,  and  M=}-==,  and  the  general  term  becomes 

Jn 

K  lA  •  •  •  IJL  1^ 

and  ?i  =  a'+;8'  +  7'+   .   .  .   ^-t'+t. 

109.  Ex.  I.  Find  the  terms  of  the  expansion  of  {a-\-hx  —  cx"-Y 
which  involve  a;'. 

I  f\ 
Here  the  general  term  is  ,    ,  |-^,  .    ,  a'''{hxy'{  —  cx-)y' 

I  g 

where  a'+/3'+y'=6  .  .  .  (i),  and  we  want  all  the  terms  in 

which         ^'+2y'=7  .  .  .  (2), 

Hence  we  have  to  solve  (i)  and  (2)  in  positive  integers. 
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The  solutions  will  be  found  to  be 
/3'=1,         3,         5 
7' =3,         2,         1  from  (2) 
a'=2,         1,         0     „     (i). 
Hence  the  required  terms  are 

-|6  16  -|6 

In  writing  down  expansions  by  the  Multinomial  Theorem, 
we  arrange  them  according  to  ascending  powers  of  some  common 
letter. 

Often  the  sum  of  all  the  terms  involving  the  same  power  of 
this  letter  is  called  one  term,  viz.,  the  term  involving  that  power. 

Thus,  above,  j^6cW  —  -^—a2c-  +  |-2-r3aJ=c-rg6*  j 

is  the  term  involving  x'. 

Ex.  2.  Find   the   term    involving   x^   in    the    expansion   of 

(2-2x-a;5+3x*)~^. 
The  general  term  is 

Here)8'+7'+S'=a,         .         .         .         (i), 
^'+3/+4S'=5,     .        .        .        (2), 
The  solutions  of  these  equations  are 

8=0,     /3'=^2,     5, 

y'  =  l,     0,  from  (2), 
a=3,     5,     „     (i). 
8'=i,     /3'=1, 

7'  =  0,  from  (2), 
a  =  2,      „      (I). 

Therefore  the  required  term  is 

X-  f  7.13  7.13.19.25     7  ) 
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EXAMPLES.— XVIII. 

1.  Find     the     coefficient     of    «*     in     tlie     expansion     of 

2.  Find  the  coefficient  of  ic^  in  (2— cc+a;-  — 3a;')*. 

3.  Find  the  coefficient  of  a;^  in  {x—\x^-\-\x^  —  \x''-\-QiQ.Y- 

4.  Prove  that  the  sum  of  the  coefficients,  taken  positively,  of 
the  expansion  of  (1 — x-\-x-)'^  is  S"*,  n  being  a  positive  integer; 
and  that  the  sum  of  the  squares  of  the  same  coefficients  is 

5.  Find  the  coefficients  of  a;-"',  a;-"~^,  x"^~-  in  the  expansion 
of  (1— a:+a;'')-« 

6.  Find  the  coefficient  of  a;^  in  the  expansion  of  (1  — 2a;+3x^)*' 

7-  » 

8-  >,  , 

9-  »  ) 

10.  ,, 

11.  » 

12.  „ 

13.  Find  the  number  of  terms  in  the  expansion  of  (a+5+c)^ 

14.  „  „  (a+i+c+c?)*. 

15.  Expand  (1  — 2a:— 2a;^)*  to  5  terms. 

16.  „       (1  — aa;+a;=)-     „  4  terms. 


a;* 

?5 

,,            (1+a;— 2a;2)-3. 

a:"* 

;j 

(1  + 3a;- 2x^)1 

a;* 

5) 

„    (1-a;— 3a;''+2x*)l 

a;3 

51 

•/)            {a-\-^x-\-cx-)^. 

aJc2 

J) 

„            (a+bx+cx-y. 

a^Z)2 

)> 

{a+2bx+cx^f. 

X 

inequalities* 

110.  Prop,  //"aj,  a,,  .  .  .  a-a  he  n positive  numiers,  7iot  all  equal, 

*       ai"T— ao~i"    •  •  •   "T~an      ,  .— 

then     '^  '^  ^ JILJ?>(a^a2   .  .  .   8^)". 

For  convenience  we  will  assume  that  the  n  numbers  are  in 
ascending  order  of  magnitude  when  written  down  as  above. 
Let  a;  be  a  positive  number ;  we  have 

(l  +  f)"=l+^+-^-i!-^=+\       "'l       "4.+  etc., 


'     ,      X    \"-J     ^  ,      ,         n—1    „  ,  V       n  —  ll\       n  —  1;    .  .      ,^ 
^  +  ^l)       =1+0^+  —  ,—=+^ [^- ^^^+etc. 

Nowl--  >  1 \  ,  1--  >  1 ^  ,  etc.;  hence  every 

term,  after  the  second,  in  the  first  series,  is  greater  than  the 
corresponding  term  in  the  second ;  also  the  first  series  contains 
one  more  term  than  the  second,  and,  since  x  is  positive,  all  the 
terms  are  positive ; 


Now 


n— 1 


_     ^  f  -^     a^  +  a.  +  ...-\-an—nai  \  » 

{  (n-l)ai  J 

by  (i),  since  _^i  +  ^2  +  ---+^n-»«i    ,-g    ^    ^o^.^JivQ    number; 
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«i  +  or,  +  ...+«'„V^^^/«2  +  «.,  +  ...+«„V'"' 


Similarly  I 


n  J  \  n—1 


\  71—1  J  '\  n— 2 

etc.  >  etc. 

[ ^ 1>  ^-~\-^—) 


.-.,  multiplying,  / ^i  +  ^^  +  •  •  • + ^'t  T >  a^a.  .  .  .  a„-^an; 

•  •  ^ >  («i«2    •    •    .    anh.         Q.E.D. 

This  theorem  is  sometimes  thus  stated : — "  The  Arithmetic 
mean  of  any  number  of  positive  numbers  is  greater  than  their 
Geometric  mean."  We  have  given  Mr.  Thacker's  Proof  from  the 
Cambridge  and  Dublin  Mathematical  Journal,  vol.  vi.,  p.  81. 

111.  Prop.  If  aj,  a™,  .  .  .,  an  6e  n  positive  nuvibers,  not  all  equal 
1/1671  ^  I I    J     according 

as  m  does,  or  does  not,  lie  beticeen  0  and  1;  except  when  m:=0  or  1, 
and  then  the  inequality  becomes  an  equality. 

The  truth  of  the  statement  with  regard  to  the  two  exceptional 
cases  is  evident. 

I.  For  two  numbers;  denote  them  by  a  and  h.     We  have 


2    /     '  \    2  2    , 


^  ^  [a4-hY  ,  m{m—l)(a+h\^-^(a 
-nl    2-j  +      1.2     \-^]      \- 
,  m(m-l)(»?-2)(ffl-3ya+5\"»-Ya-&V  ) 

^  |4  \    2    ]      \"2-j  +  -  -7' 

■•~2-"  \~2"j -~i:2-|^    [-T-j 

,  ?»(TO-l)(m-2)(»?-3)/a+5\^-Ya-&V  , 
+  |4  i    2    j      l"2",j"^-  • 
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This  series  is  convergent  {Ex.  V.  ii),  and  therefore  represents 
the  arithmetical  magnitude  of  the  left-hand  side. 

The  sign  of  each  term  is  the  same  as  that  of  the  coefficients 
??!(m— 1),  etc. :  hence 

(i)  when  7)1  is  negative,  each  of  these  coefficients  is  positive ; 


^m  i  jm       fa  +  b 


'•       2  \    2 

(2)  when  m  is  positive  and  <  1,  each  of  the  coefficients  is 
negative  ; 

•''  "2""  ^  X'T 

(3)  when  m  is  positive  and  >1,  some  coefficients  are  positive 
and  some  negative,  so  that  the  above  series  does  not  readily  help 

US  to  determine  the  sign  of   — ^ 1  ~2~  )  '     "^^^^^  however, 

we  can  do  as  follows. 

Put  m  =—,  where  p  and  q  are  positive  integers  and  p  >  q ; 

p_    p  q 

then  a«,  &«  being  two  positive  numbers,  and  —  <l,we  have  by  (2) 


p     q  P     ±  PS. 


> 


a-\-b 
>-o- 


a«+5»       (a+b 


>(^j  'Art.  39,(3). 


Hence  the  theorem  is  true  for  any  tivo  positive  unequal 
numbers.  We  will  now  extend  it  for  any  number  of  positive. 
unequal  numbers,  when  m  is  <0  or  >1. 
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II.  For  any  numbers,  of  which  the  number  is  a  power  of  2. 
Nowar+«.'">2(^^)"«3'^+«.™>2(^^)".  byl.; 


>2.2       2      "^      2      )  ,  by  I., 

V T        / 


>4.  4 

.•.  the  theorem  is  true  for  4  numbers,  m  being  <0  or  >1, 

Similarly  we  can  prove  its  truth  for  8,  then  for  16,  and  so  on 
for  any  numbers,  of  which  the  number  is  a  power  of  2. 

III.  We  will  now  show  that,  if  it  is  true  when  n=a;,  it  is  also 
true  when  ?2=cc— 1,  m  still  being  <0  or  >1. 
We  have 


«l+«2  +  -.-+«^-A™_(«l+«2  +  ..-+«2-i  + 


x-\ 


^^i+^g+'-'+'^g-A 


X 


-1 


«i™+Oo'"+...+a'"^-i+( 


X 

«i+a2  +  ---  +  «x-i 


X  —  1 
< 


a; 


+i ^:^i 

By  II.  the  theorem  is  true  when  n  is  any  power  of  2,  say  2'', 
where  r  is  a  positive  integer ;  therefore,  by  III.  it  is  true  when 
n  is  2'"— 1,  and  then,  by  III.  again,  when  n  is  2' —2,  and  so  on 
for  each  successive  inferior  integral  value  of  n. 
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Similarly  the  theorem  can  be  extended  for  any  number  of 
positive  unequal  numbers,  when  m  is  hehueen  0  and  1. 


EXAMPLES.— XIX. 

1.  Prove  that  {\nr<  |  (^-^^)  (^^^+1)  ]^«. 

andthat{|jz}3<|'<!i+ll!V\ 

2.  Show  that  3m(3m+l)->47|_3m. 

3.  If«i,«3,  .  .  .  «„  be  n positive  numbers  greater  than  unity, 
1  1 

—  log(aia2  •  •  •  «„)>(logai  logao  logaa   •   •   .  loga„)"  . 

Why  must  they  be  greater  than  unity  ? 

4.  Prove  that  7 — r^ixi >ti7* 

^  (n+1)*  lb 

5.  Prove  that  \  27i—l <\  n  {2ny^-\  and  that  {2x+a)  V«— a; 
takes  its  greatest  real  value  when  .t=  ■^• 

n 

6.  Establish  the  inequality  \2n<\  n{|(4n-  — 1)}2  , 


MISCELLANEOUS  EXAMPLES  IN  INEQUALITIES.— XX. 
I.  Prove  that 


2"^"+^>>(n+ir"^(yYfc 


n+i/ n\'V??— 1V'~'         /    2    yi 
n  —  l)  n 


2.  In  a  Gr.P.  the  arithmetic  mean  of  the  extreme  terms  is 
greater  than  the  arithmetic  mean  of  the  series. 

iaxf+ihvf      . 

3.  Prove  that  r 1  is  a  proper  fraction. 

[a+hy  +  {x+7/y 

4.  Prove  that  {|  n  —  l]->n'"-~". 
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5.  If  /S  be  the  sum  of  the  mth  powers,  P  the  sum  of  the  pro- 
ducts m  together,  of  the  n  numbers  otj ,  ag ,  .  .  .  a^,  show  that 

I  n—\  S>>\n—m  \  m  F. 

6.  Ji  X,  1/,  z  be  all  positive,  prove  that 

(X''  +1/-  +Z-y(x  +  7/  +  z)-  —  SX1/Z{X-  -^1/-  -{-Z-){x+1/  +  z)  —  9x-7fz"- 

is  positive,  unless  x=y=z. 

7.  If  X,  y,  z  be  such  that  any  two  of  them  are  together  greater 
than  the  third,  2{yz-{-zx-\-xt/)>  x-  -[-7/-  -{-z-. 

8.  Showthat  (rt  +  J  +  c)3>27aZ.'c<9(a3  4-5='  +  c='),  a,  6,  c  being 
positive  and  not  all  equal. 

9.  If  X,  ?/,  2  be  real  numbers,  prove  that 

a"{x-7/){x-:)  +  b-{y-z){7/—x)-\-c-(z-x){z-i/) 
will  always  be  positive,  provided  that  any  two  of  the  quantities 
a,  b,  c  are  together  greater  than  the  third. 

10.  If  ?7?  is  >1,  and  a7>l,  then  a;™— l>(a;— l)"*. 
i-i.  If  «  is  positive,  (l+a;)"(l+a;")>2''+ix». 

12.  Prove  that  xi/z>{7/-{-z—x)[z-{-x—y){x-\-7j—z),  each  of 
the  factors  being  positive. 

13.  Show  that  ?z+l>2  !^\n,  n  being  a  positive  integer. 

14.  If  a  be  >1,  and  m  be  any  positive  integer,  show  that 
nja™(a  — l)>a™  — 1. 

15.  Prove   that   — +— +   .  .   .    +  — >n. 

16.  If  ?i  and  m  be  positive  integers. 


W  ^^>UnA 


(^•)    hj^^l} 


M     \n\ m — n 
>—  -, ■ 


m 

1 7.  Show  that  (1 + a^)'  >  or  <  (1  +  a')^,  according  a.s'q  >  or  <p. 

18.  liz'^=x^+i/'\  prove  thats'">  or  <a;'"  +  ?/™,  according  as 
m>  or  <n. 

(r"-l) 


19.  Prove  that  -^irin   <nir—l)\'''-\  if  A;>1  or  <0. 


XI 

<3Dn  tlje  Eoot0  and  Coefficients  of  (Equations. 

112.  TVe  shall  in  this  Chapter  give  a  few  interesting  proposi- 
tions relating  to  positive  integral  equations  with  real  coefficients. 

We  assume  that  an  equation  of  the  nth.  degree  has  n  roots. 

It  cannot  have  more  than  n  different  roots,  for  then  a  positive 
integral  function  of  x  would  vanish  for  more  than  n  different 
values  of  x,  which  it  cannot  do,  by  Art.  85,  unless  it  vanishes 
for  all  values  of  x. 

113.  Prop.  To  obtain  the  connexion  hetvjeen  the  coefficients  of 
a  positive  integral  function  of  the  nth  degree,  such  a^ 

PiiX''  +  Pn-iS^-'+    .    .    .    +P1X  +  P0, 
and  the  roots  of  the  corresponding  equation, 

PnX^+Pn-ixn-^4-   .   .   .    +pix+po  =  0        .  (i) 

Denote  the  function  by  F(x),  and  let  aj ,  «„ ,  .  .  .  a,i  be  the 
roots  of  (i) ; 

.-.,  App.  to  Pt.  I.  Art.  12,  p^x'^+pr,-^x^-'+   .  .  .   +p,x-^po 

=Pn{x—a,)  .  .  .  (x—an) 
=pJ^x'i-S,x^-'+S,x^~"--...  +  {-l)^-'Sn-iX+(-lfSn} 

[Art.  413]. 
Equating  coefficients  we  have, 

(V  .a Pn—i 

Pn—i —       ^iPm  .  .  Oj —  , 

Pn 

o  a  Pn—i 

2Jn-2  =  ^2Pn,  .'.  /bo— --     , 

Pn 


etc.  =  etc., 

po=(-i; 

Two  simple  cases  of  these  results  are  given  in  [Art.  328]. 


Pn 
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W'^.  Ex.   I.  We  have  ai2+a2=  +  ...+fl„2 

=  («i  +«a  +  •  •  •  +«n)^ — 2(aia2 +04^3  4-aia3  4-etc.), 


_Pn-i 
1 


Pn' 

Ex.   2.  Determine  tlie  relation  between  p,  q,  r  when  the 

equation,  rx^-\-xi^r—q)-\-'p=:Si^  .  .  (i) 
has  two  roots,  of  which  the  product  =  —  1, 

Leta,5,  c  denote  the  roots,  so  that  a5=—l,  .  .         (2). 

Now  by  Art.  113,  since  there  is  no  term  in  (i)  involving  a?", 

we  have                                  a+i+c=0,    .  .  .         (3), 

Also  £c+ca+«^=   —  '  -         (4), 


P 
r 

P_.     .   ./.  ,  n_     P 
r  '   • 
o^ 


ahc=-l.         .         .        (5); 


from  (2)  and  {5)  c=^  ; 
.'.  from(3)«+5=--^;  .-.  c{a+b)  =  -^^; 


.-.  p-  +  or-  —  7~q  =  0, 

EXAMPLES.— XXL 

1.  If   {xi,7/i)  {xn,yi)    be   the   solutions   of  the   equations, 
y  =  m[x  —  a),  y-  =  4:ax,  then 

^,+cro  =  2a+— ,  x,x.=a',  y^ +?/„  =  — ,  ?/l?/„  =  -4a^ 

2.  Find  the  relation  existing  between  p,  g,  r  when  the  equa- 
tion x^-\-px''--\-qx-\-r=0  has  two  roots  equal  to  one  another. 
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3.  If^i,  flfa,  as  be  the  roots  of  the  equation  a;^+/>x'' +9-*^ +^=0, 
express,  in  terms  of  |?,  §■,  and  r, 

(i)  -+-+-;   (2)  ai^'+^^^+^s''; 

as     as     ^3     tti     flj     a„ 

4.  Show  by  2  that  a;^  — 5.(;-  +  Sx— 4  =  0  has  two  equal  roots, 
and  find  all  the  roots. 

5.  If  a,  &,  c,  cZ  be  the  roots  of  x^—x"-\-x-\-\  =  ^^  find  the 
values  of  (i)  a^^+a^c+a^cZ+S^c+etc. ;  (2)  a^+i^+c^+cZ^ 

6.  If  a,  &,  c  be  the  roots  of  the  equation  x^-\-ipx'^-\-qx-\-r=.^^ 
form  the  equations  whose  roots  are  (i)  ic,  ca.,  ah ;  (2)  a",  ^-,  c= ; 
(3)  6  — c,  c — a,  a — h. 

7.  11  a,  /3  be  the  roots  of  the  equation  ax--\-bx-\-c  =  0,  form 
the  equation  whose  roots  are  a"-\-^-,  a~'--\-/3~-. 

8.  If  the  roots  of  the  equation  x^-\-px-  —  oqx-\-r=0  are  in 
Harm.  Prog,  then  2q^  =  r'''-{-pqr. 

9.  Show  that  the  roots  of  x^  —  Sax"-{-b'X-\-2a^—ab-  =  0  are 
in  Arith.  Prog. 

10.  If  the  roots  of  x''-\-px-\-q  =  Oj  and  x--\-qx-{-p  =  0  differ 
by  the  same  number,  ^4"? +4  =  0. 

11.  Form  the  equation  whose  roots  are  the  squares  of  the  sum 
and  difference  of  the  roots  oi  2x^-\-2{7n-{-n)x-\-m'-\-n-  =  0. 

12.  If  the  equations  x^  -\-px^  +  2'^^  -\-rx-{-l  =  0,  and 
x*-}-rx^-{-qx^-\-px-{-l  =  0,  have  a  common  root,  show  that 
p-\-7^  =  q-{-2,  the  symbols  being  essentially  positive. 

13.  If  two  of  the  roots  of  the  equation  X''-\-qx-\-r=0  are 
equal, 

rl+^=o 

4  ^27 

14.  If  two  of  the  roots  of  the  equation  ax^-\-Sbx^ -{-Scx-\-d=0 
are  equal,  4L(ac  —  b-)(bd—c^)—(ad—hc)"  =  0. 

15.  The  equation  x'  —  Sx"^  —  '21a;+r=0  has  one  root  5;  find 
the  other  roots  and  the  value  of  /\ 
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115.  Prop.  In  such  equations  as  we  are  considering,  imaginary 
roots  enter  hy  pairs. 

In  the  expression  j9„a;"+i'n-i^"~^+  •  .  •  +Pi^+i>0)  if  we 
substitute  «+/?  V  — 1  for  x,  each  term  can  be  put  into  the  form 
A-\-B  \r—\  (Art.  23),  and  therefore  the  whole  expression  can 
be  put  into  this  form,  say  P-\-Q^f^\. 

Hence  if  a+Z^V— 1  is  a  root  of  the  corresponding  equation, 

P4_QViri=o,   .-.  p=Oand  a=o. 

Now  if  we  had  substituted  a — /?  v  —  1,  instead  of  a-|-/?  V — 1, 
the  only  effect  would  have  been  to  change  the  sign  of  each  term 
involving  an  odd  power  of  V— 1,  and  therefore  the  expression 
would  reduce  to  P— QV— 1,  which  vanishes,  since  P  and  Q 
vanish;  ,*.  a— /3  V — 1  is  a  i-oot  of  the  equation. 

Ohs.  The  imaginary  expressions  adb/3  V^^  are  said  to  be 
conjugate  to  each  other. 


116.  In  the  same  way  it  can  be  shown,  that  if  a+  /\/5  is  a  root 
of  an  equation,  involving  positive  integral  powers  of  x  with  real 
and  rational  coefficients,  then  a —  \Jb  is  so  also,  b  not  being  a 
perfect  square.  Also  if  a-f-  V^H"  V^  ^^  ^  root,  c  not  being  a 
perfect  square,  then  a—  fJb-\-  aJc,  a—  i^'b—  /^c,  a-{-  fjb—  ^/c 
are  also  roots  of  the  same  equation. 

117.  Ex.  Given  that  3+  ^2  is  a  root  of  the  equation, 

a;3-ll.«=+37x-35=0, 
find  the  rest. 

By  Art.  116,  3—  ^J'l  is  another  root;  let  y  denote  the  third ; 

.-.  .7/(3+  V2)(3-  V2)  =  35,  Art.  113 ; 

35     ^ 

.■.y  =  —  =  b. 
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118.  From  Art.  115,  116  it  is  evident  that  a  cubic  equation 
must  have  one  real,  rational  root ;  for  it  cannot  have  more  than 
three  roots,  and  it  must  have  no  imaginary  roots,  or  else  an  even 
number,  therefore  it  can  only  have  two.  Similarly  we  see  that 
it  must  have  no  irrational  roots,  or  else  two. 

In  the  same  way  we  can  see  that  any  equation  of  odd  degree 
must  have  one  real  rational  root. 


EXAMPLES.-XXII. 

1.  The     equation     cc^  +  S.c^+g'.r— 1.8  =  0,     has     one     root 
=  —  2  +  3  V— 1,  find  the  rest,  and  the  value  of  q^. 

2.  One  root  of  a;*-3a;'-42.r-40=0  is  K-3+  V-31), 
find  the  others. 

3.  Solve    the     equation    a;*-}-2x^— 4x-— 4x+4=0,    having 
given  that  one  root  is  a/2. 

4.  One     root    of    the     equation    a;^— 4a;'  — 8x+32=0    is 
—  1+  V~^)  fi^^  ^^  ^®^*- 

5.  Form  the  equation  of  the  4th  degree,  of  which  one  root  is 

6.  Form  the  cubic  equation  having  5  and  — 1(5  +  3  V— ^3) 
for  two  of  its  roots. 

7.  If  a±^  \j —\  be  the  imaginary  roots  of  a;''+2^+r=0, 
then  /3-  =  3a=+2. 

119.  Prop.   To  find  iJie  cube  roots  of  unity. 

This  is  the  same  as  finding  the  roots  of  the  equation 

a;=-l  =  0  .         .         .         (i). 

Evidently  1  is  a  root  of  (i). 
Now  x^  —  l  =  {x—l){x"-\-x-\-l); 

.'.  the  other  two  roots  are  given  by  a;2+a;+l  =  0j 

.     .         -i±V:=3 

».e.  they  are ^ • 
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Ohs.  Let 
i>= -^ ,  then  w-=[  '  — 


2  /  4 


; ^ ,  the  other  root. 


2 / 3 

Similarly,  if  we  put  w= ^ — - —  ,  then  the  other  root  is  w^ 

Also  w^  and  w^  are  of  course  both  equal  tol. 

120.  Ex.  Since  tc+y+0  is  a  factor  of  x^-\-7/^-\-z^  —  Sxt/z; 
.'.  x-\-wi/-]-io-z  is  a  factor  of  a;^+o)?/|3  4''"''2^P  —  dx.wi/.(o-z] 
but  if  w,  0)'^  are  the  two  imaginary  roots  of  unity,  this  last 
expression  =x^-\-7/^-{-z^  —  Sxt/z]  .'.  x-{-w7/-\-b)-z  is  a  factor  of 
a;3  _j_^3  _{-23  _  ^xyz. 

Similarly  it  can  be  shown  that  x-{-oi-y-\-<az  is  a  factor  of  it ; 
.•.  x^ -\-y^ -\-z^  —  Sxi/z= N[x-\-y -{-z){x-{-wy -{-(t}'z)[x-\-ui-7/ -{-(az), 
and  ^^=1,  as  we  see  by  equating  the  coefficients  of  a;^ 


EXAMPLES XXIII. 

[In  these  examples  w  denotes  an  imaginary  cube  root  of  unity.] 

1 .  Prove  that 

(i)  (o-  +  co-}-l=0,  and  that  oi~^  is  also  a  cube  root  of 
unity ; 

(2)  (l  +  a.)3»-  =  ±l; 

(3)  (l4-w)^'"~^  =  ±  w;  r  being  any  integer. 

2.  Find  the  cube  roots  of  —1. 

3.  Prove  that  the  cube  roots  of  8  arc  2,  2w,  2(i>-. 

4.  What  are  the  cube  roots  of  —  8  ? 

5.  If  a  be  a  cube  root  of  A,  prove  that  ao),  aw^  are  the  other 
two  cube  roots. 
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partial  fractions?* 

121  If         ^-^^  +  1  ^     ,    ^^+0     X       11     1        . 

^^^-  "  {x+l)(x'^-x-^l)-^+l-^x^—x+l  '  ^°'  all  values  of 

X  ;  required  to  find  the  values  of  A,  B,  C. 

Clearing  of  fractions  we  have 

Sx'+l=A{x"-x-\-l)  +  {Bx+C){x+l) 

=  {A-^B)x^--{-x{B+C-A)+A-}-C  for  allvalues  of  x; 
.•.,  equating  coefficients, 

A-^B  =3, 
B+C-A  =  0, 
A-{-C        =1; 

•  4-i     B-^      c-     ^ 
••^-3  '    ^-"3"'    ^-"3"' 

3a;^-+l_      4  5a;-l 

^®^°®   cc^+l~3(ar+l)+3(a;^-a;+l)' 

S.i'-  + 1 
Each  of  the  fractions,  into  which      „  ,  -,-  has  been  resolved,  is 

ic  +  i  ' 

called  a  partial,  or  simple,  fraction. 

122.  It  is  proved  in  works  on  the  Integral  Calculus  that  any 
fraction  can  be  resolved  into  partial  fractions,  in  the  manner 
indicated  below, 
,  ,      Sx"-+4x-\-2       A  ,     B     ,     C     ,       D 


x(x—\){x-1Y      X  ^  x-l^ x-f^ {x-^Y  ' 
.  Ix—b  _   A  B  Cx+D 


(a;— 3)^(a;-+a;+l)     a;— 3     (a;— 3)^  '  a;-+a;+l 
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^3)   (a;-l)=(x"--x+'2)(a;^+^6--l)=     a.— l"'"(.«-l)^"^a;^-iC+2 


ic-  +x— 1  (x"  +x— 1)- 
"We  thus  decompose  a  fraction  into  a  number  of  fractions, 
such  that  the  L.  C.  M.  of  their  denominators  is  the  denominator 
of  the  given  fraction.  We  must  therefore  find  all  the  real 
factors  of  which  this  denominator  is  the  product,  and  then  to 
each  rational  factor  will  correspond  one,  or  more,  partial 
fractions,  according  as  the  factor  is  raised  to  the  first,  or  some 
higher  power. 

It  only  remains  to  determine  the  values  of  the  coefiBcients 
occurring  in  the  numerators.  This  can  be  done  by  clearing  of 
fractions,  then  since  the  equality  we  thus  obtain  exists  for  all 
values  of  x,  we  may  equate  the  coefficients  of  the  like  powers  of 
X  on  each  side,  and  produce  a  sufficient  number  of  equations  for 
the  determination  required. 

123.  If  in  the  fraction  to  be  decomposed  the  numerator  is  of 
the  same  dimensions  as  the  denominator,  or  higher,  we  must  first 
transform  it  into  an  expression  involving  a  fraction  in  which  the 
numerator  is  of  lower  dimensions  than  the  denominator. 

S^5^4^3+2a;+l_           ,      24:.^+2x+33 
Tlius ^J3g -ox +4+ -^—^ , 


tc-2^a;-+2x-+4' 
.-.  24:c=+2x+33=^(.'KH-2x+4)  +  (5.r+(7)(a;-2); 
.-.  A^B  =24, 

2^  +  (7-2i?=2, 
44-2(7       =33. 
^  .     133      „    155      ^    68. 

Hence  ^  =  ^2  '    ^=  12"  '     ^"=12  ' 

3^4-4.^^+2.r+l_o  „  ,  A   ,.     133  155^+68 

-— ^  _ox  -t--*-ti2(a:-2}'^12(x^+2x+4)' 
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124.  Instead  of  determining  the  numerators  by  solving  equa- 
tions obtained  from  equating  coefficients,  it  is  often  more 
convenient  to  adopt  a  method  of  which  the  following  is  an 
example : — 

2z^+x-l       _    A         Bx+C         Dx+E     . 
{x—1){x"+x^l)-~x—'l'^x"+x-\-l'^{x^-\-x-\-lY  ' 
.-.  A{x'+x+l)'-\-{Bx+C){x-^){x-+x+l)-\-{Dx+E){x-2) 
=  2a;3+a;— 1  .         .         .        (i). 

Put  a:;^+a:4-l  =  0;  and  .•.  a;"  =  — a;— 1,  .         (2); 

.-.  {Dx+E){x-2)  =  2x^+x-l  =  2x{-x-l)-\-x-l ; 

...  Dx^--^{E-2D)x-2E=-2x'-x-l ; 
.-.  D{-x-l)  +  (E-2D)x-2E=-2{-x-l)-x-l ; 

.'.  {E-SD)x-D-2E=x+l        .         .         (3); 

but  from  (2)  a;= -^ ? 

.■.(E-iD)[-\±^]-D-2E=[-\±^^)+l. 

Equating  imaginary  parts,  E—oD  —  \,  and  .*.  —  Z)  — 2S=1, 
which  result  we  might  have  obtained  by  equating  coefficients  in  (3). 

3  2 

Hence  i)=  — -ST  ,    E=—^- 

7  '  7 

Now  in  (i),  bring  the  terms  containing  D  and  E  to  the  right- 
hand  side,  multiply  throughout  by  7,  put  7£>=  — 3,  7-E=— 2, 
and  divide  by  x"-{-x-\-l.     We  obtain 
7A{x"-+x+l)  +  1{Bx+C){x-2) 

_14a;''  +  7a;-7+(3x4-2)(x-2) 
~~  x--{-x-\-l 

_14a;''+3a;°  +  3x— 11, 
~  x--\-x+l  ' 

.-.  7A(x''+x+l)-i-1{Bx-\-C)(x-2)=Ux-ll    .         .         (4). 
Again,  if  we  treat  (4)  as  we  did  (i),   i.e.   put  x-  =  —x—l, 
and  equate  coefficients  when  we  have  reduced  it  to  an  equation 
similar  to  (3),  we  shall  obtain 

^-     49'     ^-49 
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Now  in  (4),  bring  tlie  terms  containing  B  and  C  to  the  right- 
hand  side,  multiply  throughout  by  7,  put 495=— 17,  49C=47, 
and  divide  by  a;-+^+l.     We  obtain 

^^^^98.i-77  +  (17a^-47)(:«-2)^^^, 

••^-49 

After  we  had  found  B  and  C  we  might  have  obtained  A  at  once 
from  (4),  by  equating  coefficients  of  a;%  thus 

74+75=0;    .-.  4  =  -5=^. 

Or  we  might  have  begun  with  finding  A. 

Thus,  put  a;=2  in  (i),  we  obtain  494  =  17. 

Now  in  (i)  bring  the  term  involving  A  to  the  right  side, 
multiply  throughout  by  49,  put  494  =  17,  and  divide  by  ic— 2. 

We  should  have  then  continued,  by  finding  D  and  E^  etc.,  as 
before. 

For  De  Morgan's  proof  of  the  existence  of  partial  fractions 
corresponding  to  rational  factors,  see  Todhunter's  Integral  Cal- 
culus, and  Sect.  viii.  of  Homersham  Cox's  Integral  Calculus, 
published  in  IFeaZe's  Eudivientary  Series. 

4:-{-2x 
125.  Ex.  Expand  (77-r ?r"o   into   a   series    of    ascending 

A-j-OX  —  OX'  '■' 

powers  of  x. 

4+2a7  2     ,       1 


We  have 


2+bx—Bx"     2—x  '  l  +  Sx 


=(l-|)   '  +  (1  +  3^)- 

5 
=  2—-^x-{-  etc. 


the  coefficient  of  x^  being  5^+(-l)^3^ 
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EXAMPLES.— XXIV. 

[It  is  to  be  noted  that  the  words  Kesolve,  Decompose,  Separate, 
Reduce  are  here  synonymous.] 

I.  Supposing  the  equation 

a  l)  c  X" 


a;+l  '  a;+2  '  a;+3     (x+l)(a;+2)(x+3) 
to  be  true  for  all  values  of  .r,  investigate  the  values  of  a,  5,  c. 

2.  Reduce  to  their  partial  fractions  the  following : — 
/  \       a;+2  ,  s       x-—x-\-l  .  x  5+6.r— 2x- 

^^l  a;3_5a;+6  '    ^^'  lx-+l){x-iy  '    ^^'     (3+2x)~ ' 
3.1;  ,  X  At+5  ,,.         a:;2_7^^1 


a;'^+7a;+6'    ^^'  {x--\-a"'){x^+h-')'  ^  '  aj^'  +  Ox-^+lL-e+G  ' 


(7) 


(ic-l)(a;-2)(cc-8) 


3.  Resolve  the  following  into  their  partial  fractions  : — 

^^^  (2a;-3)(a;+2)-'  ^^'  aj^-a:— 21a;+45 

/  ,    3a;3  — 2.r2+4x— 3  /  ,  x- 

(3)  ,...     ,„,-,T...     1^>         (4) 


(x'^— a;+lj(a;^-l)'         '^'  {x-^iy(x—l)- 
,  V     a;^— a;+7  ,^x  5a;-  +  3a;+l 


,.  2x'  +  2x*+.(jx''  —  Sx+4: 

4x— 1 

4.  Separate  (a;4.2)(a;'^  +  5)^  '"^^^  P'''"''''^  fractions. 

^  5 — lOx    .  .  ,  „      .  ,  1 

5.  Decompose  ^^ ^^-^^  into  partial  fractions;  and  expand 

each  fraction  in  powers  of  x,  giving  the  general  term. 
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6.  Expand  the   following  into  series  ascending   by   powers 
(Ax : — 

(3)  7-— w7^  .A7:r-^N '     (4) 


7.  Expand   , \ih—'  \  ^'^   ^   series  ascending  by  powers 

of  X  as   far   as   x^ ;    also   prove   that  the  coeihcient  of  x^  is 

— r-7^ r ,  and  show  what  this  becomes  when  a  =  l. 

a''o''{b  —  a)  ' 

8.  Find  the  coefficient  of  x'"^y''^  in  the  expansion  of 

x[l — ax) 
(1  —x)[l  —  ax  —  by) 

g.  Find  two  fractions  whose  diiference  is    „_g     .g • 
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31ntcre0t,  ztu 

126.  Suppose  that  a  debt  lasts  for  ?i-f^  of  the  equal  intervals, 
at  the  end  of  each  of  which  interest  is  due  for  that  interval, 
n  being  a  whole  number  and  p  a  proper  fraction. 

Let  r  be  the  ratio  which  interest  bears  to  its  principal  for  one 
of  these  intervals,  so  that  if  F  be  the  principal  during  one 
interval  Fr  is  the  interest  due  at  the  end  of  it. 

Thus  if  interest  is  due  every  month  at  the  rate  of  5  per  cent, 
per  annum,  the  interest  on  £100  for  a  month  is  £^-^,  and 
therefore  r=^^  :  100=-^^. 

127.  Let  P  denote  the  principal  of  the  debt  at  first. 

A       „      its  amount  at  the  end  of  the  n-{-p  intervals. 

Then  with  compound  interest,  as  in  [Art.  472],  the  amount  at 
the  end  of  the  n  intervals  is  P(l+r)"; 

.-.  the  interest  for  the  next  interval=rP(l  +  r)™, 
and  „  „         pth  part  of  it=prP(l+r)«. 

Hence    A  =  P(l+r)^+prP{l  +  ry^=P{l  +  r)r^{l-\-pr)      (i). 

Also  with  simple  interest,  since  the  interest  due  at  the  end  of 
each  interval  is  reckoned  on  the  original  principal  only,  Pr  is  the 
interest  for  each  of  the  n  intervals,  and  pPr  for  the  ^th  part  at 
the  end. 

Hence  ^  =  P+nPr+;5Pr  =  P{l  +  n4^r}        .         .         (2). 

Ohs.  I.  From  (i)  and  (2)  it  is  evident  that  any  formula  for 
simple  interest  can  be  deduced  from  the  corresponding  one  for 
compound,  by  neglecting  r"  and  all  higher  powers.     Therefore 
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in  general  theorems  we  shall  confine  our  attention  to  compound 
interest. 

Ohs.  2.  The  form  of  the  formula  for  simple  interest  is  the 
same,  "whether  the  time  is  a  whole  number  of  intervals  or  not, 
since  n  and^  appear,  not  separately,  but  combined  in  n-\-p. 

128.  A  debt,  if  allowed  to  remain  with  its  interest  unpaid, 
increases  in  value  as  time  goes  on,  and  conversely,  a  debt  may 
be  equitably  discharged  at  any  date  before  it  is  due  by  paying 
such  a  sum  as  will,  with  its  interest  for  the  interval,  amount  to 
the  value  of  the  debt  when  due. 

This  sum  is  the  value  of  the  debt  at  the  date  of  the  supposed 
discharge  ;  its  interest  is  called  the  discount  on  the  debt  for  the 
interval,  and  is  evidently  the  difference  between  the  values  of 
the  debt  when  due  and  at  the  date  of  discharge. 

129.  A  debt,  whose  value  when  due  is  A,  is  called  a  debt  A. 

130.  By  the  present  tvorth  of  a  debt  due  some  time  hence  is 
meant  its  value  at  the  present  time. 

By  Art.  127  we  see  that,  if  there  is  a  debt  A^  its  value  n-\-p 

intervals  before  it  is  due  is  ir-i — \,w-i  . \  ,  aiid  •'•  the  discount 

{l-{-ry\l-{-pr) 

on  it  IS  A—jT—. — v^Tin \* 

(l+r)«(l+pr) 

The  value,  s  intervals  hence,  of  a  debt  A,  due  n  intervals 

hence,  is  of  course  its  value  n—s  intervals  before  it  is  due,  and 

is  therefore  represented  by  /-.  ,     x,^_^ • 

If  s>?i,  n—s  is  negative,  then  /-i  ■  \n-s^  or  ^(1+^)*"'^,  re- 
presents the  value  of  the  debt  s — n  intervals  after  it  is  due. 

131.  The  application  of  logarithms,  as  in  [Art.  473],  to 
the    formula3    of   Art.    130    would    be    tedious,    and    instead 

-.       - ,^.-.     — ;t    is  generally  reduced  to  a  simple  form  by  one, 
or  other,  of  the  two  following  methods  of  approximation  : — 
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(i)  "We  neglect  r-   and  higher  powers  in  the  denominator, 

....  A  ,A(n-\-r))r     . 

which  gives  -.—r—, — j — r— for  the  present  worth,  and  -r-~n — , — r  for 

the  discount. 

This  is  equivalent  to  working  with,  simple,  instead  of  com- 
pound, interest,  and  is  the  method  usually  given  in  ordinary 
arithmetic. 

(2)  We  proceed  as  before  to  obtain  -i   ,/     ■     v   ,  which  we  then 

expand  in  a  series,  and  neglect  r"-  and  higher  powers,  which 
gives  A{l  —  [n-\-p)r]  for  the  present  worth,  and  A[n-\-p)r  for 
the  discount. 

This  is  equivalent  to  reckoning  discount  as  the  simple  interest 
on  the  value  of  the  debt,  when  due,  instead  of  n-{-p  intervals 
before. 

Discount  so  reckoned  is  called  bankers'  discount. 

132.  The  present  value  of  a  debt  of  £1  due  n  years  hence  is 
represented  by  (l-|-^)~"-  Tables  have  been  made  of  the  values 
of  this  expression,  for  all  integral  values  of  n  from  1  to  100,  and 
for  different  rates  of  interest  between  2  per  cent,  and  10  per 
cent.  See  Jones's  "  Treatise  on  Annuities,"  published  in  the 
Library  of  Useful  Knoiuledge. 

133.  If  r  be  the  ratio  of  interest  to  principal  when  the  former 

r  , 

is  due  yearly,  —  is  the  ratio  when  it  is  due  at  every  mth  part 

of  a  year. 

Now  if  on  being  due  it  immediately  begins  to  bear  interest 
itself,  the  amount  [A)  in  n  years  time  is  given  by 

Hence,  if  m  is  made  indefinitely  large,  *.e.,  if  the  interest  is 
due  every  instant,  we  have  A=Pe^^, 

n 
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134.  B/itts  to^ja?/ C  £a,  £b,  .  .  .  £s,attlieendsofa.^li,  .  .  .  a 
years  respectively.  Find  the  sum  £x  wJiich  he  must  pay  at  the 
end  of  ^  years,  in  order  to  he  free  of  the  debt,  interest  being  paid 
annually. 

By  Art.  130  the  values  of  the  debts  ^  years  hence  will  be 
respectively, 

«(l  +  ;>^-«,  J(l  +  r)f-^      s(l+r)f-- 

.-,  a:=a(l+r)f-'^  +  i(l  +  r)^-^+    .    .   .   +s(l+r>*-<^; 
.',  x(l  +  r)-'=a(l+r)-«+    ....    +s(l+r)-<^. 
K  we  make  the  2nd  approximation  of  Art.  131,  we  obtain 

x(\  —  £r)  =  a(l  — ar) +s(l— or); 

and  now  by  Art.  127,  Ohs.  2,  it  is  immaterial  whether  ^,  a,  ,  .  .  o- 
represent  whole  numbers  of  years  or  not. 

If  x  =  a-{-h-{-  .  .  .  +s,  we  have  a'^=aa4-Z»/34-  .  .  .  +  s<^, 
which  is  the  expression  of  the  rule  for  the  equation  of  payments, 
and  is  independent  of  the  rate  of  interest. 

The  name  of  Equated  Time  has  been  given  to  ^. 

135.  B  malies  C  n  annual  payments  of  £P  each.  Wlmt  sum 
will  C  owe  B  immediately  after  the  last  payment,  interest  being 
due  once  a  year  ? 

At  the  stated  time  C  will  owe  B 

P(l  +r)'*-i  on  account  of  the  1st  payment, 
P(l+r)"-^               „                2nd       „ 
etc.,                         etc., 
and  P                              „               last       ,, 
(l_|_ry»_l 
.'.  he  will  owe  B  altogether  P^^ 

In  the  same  way,  if  an  annual  payment  of  £P  has  been  due 
to  B,  but  has  not  been  paid  for  ?2  years,  there  is  owing  to  him 

r 

immediately  after  the  nth.  payment  should  have  been  made. 
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Any  such  annual  payment  is  called  an  Annuity.     In  the  last 

(1+^)^—1. 
case  the  annuity  is  said  to  be  forborne ;  and  P —  is  thus 

the  value  of  an  Annuity  of  £P  forborne  for  n  years. 

136.  What  sum  must  C  pay  to  B,  in  order  that  he  may  receive 

from  B  an  annual  payment  of  £P  for  n  years,  the  first  being 

received  a  year  after  he  made  the  payment  to  B  ? 

p 
Here  ^p- —  will  amount  to  P  in  one  year. 
1  +  r  •' 

„  5,      two  years. 


Hence  G  must  pay 

P  P 


l+r^(l4-r)^^    •   •    •   ^(1+r)'' 

^    (l+rV^-l_P/ 1_) 

r(l+r)"  r  \         (l  +  r)»  j 

The  sum  that  G  has  to  pay  for  the  annuity  of  £P  is  called  the 
present  value  of  the  annuity. 

Of  course  the  results  in  this,  and  the  preceding  Articles,  may 
be  modified  by  the  two  approximations  mentioned  in  Ai-t.  127. 

EXAMPLES.— XXV. 

1.  The  simple  interest  on  a  certain  sum  of  money  for  a  certain 
time  is  £7,  and  the  discount  for  the  same  time  at  the  same  rate 
of  simple  interest  is  £6.  What  is  the  sum  of  money?  If 
the  time  be  3^  years,  what  is  the  rate  per  cent.  ? 

2.  A  man  has  £20,000  and  makes  4  per  cent,  of  his  capital. 
He  spends  £1000  a  year.  How  long  before  he  is  bankrupt, 
supposing  that  at  the  beginning  of  each  year,  during  which  any 
£1000  is  spent,  it  is  withdrawn  from  bearing  interest  ? 
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3.  Prove  that  cliscount  is  half  the  harmonic  mean  between  the 
principal  and  interest. 

The  interest  on  a  certain  sum  of  money  is  £180,  and  the  dis- 
count on  the  same  sum  for  the  same  time  and  at  the  same  rate 
of  interest  is  £150.     Find  the  sum. 

4.  What  is  the  present  worth  of  the  reversion  of  a  freehold 
estate  of  £882  per  annum  to  commence  two  years  hence,  allowing 
interest  at  5  per  cent.  ? 

5.  If  the  present  value  of  a  perpetual  annuity  be  twenty-five 
times  that  of  the  annuity,  what  is  the  rate  of  interest? 

6.  Find  the  amount,  at  compound  interest,  of  P  pounds  for 
n  years  at  a  given  rate  per  cent.,  the  interest  being  paid  q  times 
a  year ;  and  show  that  the  interest  thus  obtained  is  to  the 
interest  of  the  same  at  simple  interest  in  the  ratio  of 
'lq-\-{(in  —  \)r  :  'Iq  nearly,  where  r  is  the  interest  of  one  pound 
for  one  year. 

7.  Two  men  invest  sums  of  £4410  and  £4400  respectively,  at 
the  same  rate  of  interest,  the  former  at  simple,  the  latter  at  com- 
pound interest ;  and  at  the  end  of  two  years  their  properties 
amount  to  equal  sums.     Find  the  rate  of  interest. 

8.  I  borrow  £1000  on  condition  that  I  repay  £10  at  the  end 
of  every  month  for  10  years.  Find  an  equation  which  will 
determine  the  rate  of  interest  I  pay. 

9.  What  is  the  present  value  of  an  annuity  of  £100  to  com- 
mence after  ten  years,  reckoning  3  per  cent,  compound  interest  ? 
If  each  payment  is  to  be  m  times  the  preceding,  within  what 
limits  must  m  lie  in  order  that  the  present  value  may  be  finite  ? 

10.  If  the  interest  on  £A  for  a  year  be  equal  to  the  discount 
on  £B  for  the  same  time,  find  the  rate  of  interest. 

11.  If  the  three  per  cents,  are  at  90  one  month  before  the 
payment  of  the  half-yearly  dividend,  what  is  the  rat€  of  interest  ? 

Find  the  value  of  a  perpetual  annuity  of  £A  payable  half- 
yearly,  to  commence  one  month  hence,  reckoning  compound 
interest  payable  half-yearly. 

12.  What  annuity  is  equivalent  to  a  sum  of  £200  paid  at  the 
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end  of  every  two  years,  the  rate  of  interest  being  5  per  cent, 
per  annum  ?  Show  from  general  reasoning  that  it  is  less  than 
£100. 

13.  A  person  lends  at  the  end  of  one  year  £1,  at  the  end  of 
two  years  £4,  at  the  end  of  three  years  £9,  etc.,  at  simple 
interest.     What  will  the  debt  amount  to  at  the  end  of  n  years  ? 

14.  If  P  be  the  present  value  of  an  annuity  to  continue 
forp  years,  and  P-{-Q  for  2/j  years,  the  annuity 

15.  Find  the  present  value  of  an  annuity  of  £1,  paid  n  times 
per  annum,  and  continuing  for  m  years,  allowing  compound 
interest  at  the  rate  of  r  per  £  per  annum ;  and  prove  that, 
as   n  is  indefinitely   increased,   this  present   value   continually 

approaches  the  limit  • 

16.  A  has  just  purchased  an  annuity  for  ever,  and  B,  with  the 
same  capital,  one  for  three  years,  when  an  income  tax  for  three 
years  is  imposed.  If  the  tax  be  3  per  cent,  on  the  perpetual 
annuity,  what  ought  it  to  be  on  B's  annuity,  if  the  value  of  both 
properties  be  taxed  alike  ?  (Allow  compound  interest  of  5  per 
cent,  per  annum.) 

17.  Compare  the  present  values  of  two  scholarships,  payable 
half-yearly,  one  of  £50  to  continue  for  two  and  a  half  years, 
and  the  other  of  £35  to  continue  for  four  and  a  half,  reckoning 
5  per  cent,  compound  interest. 

18.  If  p  years'  purchase  must  be  paid  for  an  annuity  to 
continue  a  certain  number  of  years,  and  q  years  purchase  for  an 
annuity  to  continue  twice  as  long,  determine  the  rate  per  cent., 
supposing  the  annuity  to  commence  a  year  after  purchase  in 
each  case. 
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137.  Ant  such  fraction  as  3  +  ^  ,  .- ,  of  which  the  general 

8  +  3 
4 

form  is  ai  +  -^  .  ,    ,  is  called  a  continued  fraction. 

a2  +  0a 

a3+&4 

«4+    .    .    . 

For  the  sake  of  economizing  space,  such  a  fraction  is  written 
thus 

,       h  ^3         ^4         , 

a,-\ \  — , etc. 

138.  To   simplify   the   numerical  fraction   given   above,  we 
proceed  thus ; 

^+4-4  ■'  •■•         3~35~35' 
4      4 

•*•  '+_     3~^  +  85~"    35      ~35  ' 
^+4 

•*•  7+  8+  4r269~269' 
35' 
__5_    6    3_8Q7+1T5_982 
•■•^+7+  8+4"      269      ~269' 
See  Hamblin  Smith's  Arithmetic,  2nd  edition,  Art.  76. 

104 
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139.  In  the  same  way  by  taking  any  continued  fraction,  which 
is  not  endlesshj  prolonged,  we  can  show  that  its  value  can  be 
expressed  by  a  vulgar  fraction  having  its  numerator  and  denomi- 
nator tvhole  numbers,  i.e.,  such  a  continued  fraction  always 
represents  a  rational  number. 

140.  Hence,  since  a  surd  cannot  be  a  rational  number,  we 
cannot  put  it  into  the  form  of  a  terminating  continued  fraction. 

141.  We  shall  for  the  most  part  hereafter  consider  only  those 
continued  fractions  in  which  &2=J3  =  etc.  =1,  that  is,  only  those 
of  the  form 

«iH j -etc. 

142.  Prop.  To  express  the  fraction  -^  in  the  form  of  a  con- 
tinued fraction. 

Divide  A  by  B,  let  Oj  be  quotient  and  C  remainder ; 

•  •  "d —  <^1  T"  D  —  ^1     I       li    ■ 

Again  divide  B  by  C,  let  a^  be  quotient  and  D  remainder  ; 
.   B_         D_  1    , 

•  •     /-I —  ^i.'T  fi  —  ^2  "T'TT  > 


D 


•.-D=«l  + 


B       '  '  a,+  l_ 

D 

By  continuing  this  process  as  far  as  possible  we  express 

A 

^  in  the  form  of  a  continued  fraction. 
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Ohs.  I.  It  will  be  observed  that  the  process  here  pursued  is 
identical  with  that  for  finding  the  H.  C.  F.  of  A  and  B;  hence  if 
A  and  B  be  two  rational  numbers  we  shall  at  some  point  or 
other  come  to  a  division  having  no  remainder,  and  then  the 
process  terminates,  and  we  obtain  a  terminating  continued 
fraction. 

Hence  any  vulgar  fraction  can  be  put  into  the  form  of  a 
terminating  continued  fraction. 

A 
Ohs.  2.  If  -5  is  a  proper  fraction,  ai  =  0. 

Obs.  3.   Since -g=ai  + a  fraction,  ai<-g. 

143.  Prop.  To  express  a  quadratic  surd  in  the  form  of  a  con- 
tinued fraction. 

We  will  exemplify  the  method  by  converting    aJI"^  into  a 

continued  fraction. 

^     „  .  (V13-3)(V13+3)  4 

=  3+       1 


V13  +  3' 


^13  +  1     ^,   V13-2  3       _ 


V13  +  2~    "^  V13+2 


3 


J13+2  V13-1_T  .    ^__-i_,_l 

4 

^13  +  3  =  6+713-3. 
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After  this,  since  we  heave  a  second  time  come  to  the  expression 
v'lS  — 3,  the  figures  will  be  identically  repeated. 

Hence  V13  =  3  +  j^  ^.  A._l_  _1_  _!_  etc. 

Note. — The  process  performed  in  each  line  is  the  same  ;  for  ex- 
ample, consider  the  third  line,  we  first  seek  the  greatest  integer  in 

V13  +  1   .^  .    ^  V13  +  1     .         V13-2   .     ,     ,.  . 

— — o- — jitisl;   .•.— — s 1,  or   ^     ,  IS  a  fraction,  and 

o  00 

the  rest  of  the  line  is  taken  up  with  rationalizing  the  numerator 

of  this  fraction,  so  that  when  we   invert  it  we   may  have  the 

expression  — ,-.  0,9  ,  in  which  the  denominator  consists  of  a 

3 

fraction  having  a  rational  denominator. 


EXAMPLES. -XXVI. 

Express  as  continued  fractions 

I67  81  39 

^•-Sr-         '-Wl  3.2^-  4.  -23.         5-  -0053. 

6.  1-029.       7.    VS.  8.  VIO.        9.   V8-        lo-  \/7. 

II.  V17.     12.  V32.    13.  V45.     14-  V^^-    15. 3vn. 

.     r     o    /o  1  o       1  86400 

16.  5+3Vo.         17.    ^-        18.    ^-23-  19.  209T9' 

20.  Show  that 
Mal^ j -etc.  =  n'^  a\-^—„ ^ 7-— — T  ^^^'  \  ' 
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144.  Bef.  The  symbols  Cfj,  «»,  .  .  .  a^,  .  .  ,  are  called  the 
first,  second,  .  .  .  rth,  .  .  .  'partial  quotients^  or  simply  quotients. 

The  part  consisting  of  a^-  and  all  that  follows  it,  is  called  the 
rth  complete  quotient. 

Thus  any  partial  quotient  is  the  integral  part  of  the  corre- 
sponding complete  quotient. 

The  part  a^-\ ; etc.  ...  —    is  called  the  rth  con- 

^  «2+  «3+  «r 

vergent  to  the  continued  fraction,  or  simply,  the  rth  convergent. 
Thus  each  convergent  forms  a  terminating  continued  fraction, 
and  we  could  of  course  find  its  value  in  the  same  way  as  in 
Art.  138,  by  beginning  at  the  bottom,  but  this  would  be 
laborious ;  we  proceed  therefore  to  establish  a  rule,  by  which 
the  value  of  each  convergent  after  the  second  may  be  deduced 
from  the  values  of  the  two  preceding. 

145.  Pkop.  TJie  mimerator  of  the  nth  convergent  is  equal  to  the 
product  of  the  nth  quotient  and  the  numerator  of  the  (n  —  \)th 
convergent,  increased  by  the  numerator  of  the  (n — 2)th  convergent, 
and  the  same  is  true,  mutatis  mutandis, /or  the  denominator,  n 
being  greater  than  2. 

That  is  to  say  if  —  denote  the  nth.  convergent,  then 

Qn  ^^  (^nln—i  ~1"  2n— »• 

The  first  convergent  a^  =  y  • 


rr.  Ill         aiflto  +  l 

The  second  a■^■\ —  =  - 


Oo  a. 


The  third  a^-{ :r  =  ^i  + 


_a3(oria2  +  l)+Q!t 


,    1  agaj+l  agaa  +  l 

Hence  the  rule  holds  for  the  3rd  convergent. 
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Suppose  it  holds  for  any  one,  say  the  rth.  Now  the  (r+l)th 
differs  from  the  rth  only  in  having  the  more  complete  epotient 

ttr  -\ instead  of  (T,.  ; 

•       Pr+i_\  ^r+l/ 

\  "r+i/ 

_ar+l(<^rFr-i+i»r-2)+Pr-l 

«r+ 1  {ar<lr- 1  +  2r-  2  )  +  2r-l 
_<VKPr+Pr-l  . 

"r+i^r +  ?;•-!  ' 

.*. ,  if  the  rule  holds  for  any  one  convergent,  it  holds  for  the 
succeeding  one;  but  it  does  hold  for  the  3rd,  .-.  for  the  4th,  and 
so  on  generally. 

CoR.  The  convergents  form  a  series  of  fractions,  in  which 
each  numerator  is  greater  than  any  preceding  numerator,  and 
each  denominator  is  greater  than  any  preceding  denominator. 


EXAMPLES.— XXVII. 

1.  Find  the  quotients  and  convergents  obtained  in  converting 
into  continued  fractions  the  following  numbers  : — 

(i)  ?l,  _  (2)  9f,     (3)  A,     (4)  V. 

2.  Find  the  first  six  quotients  and  convergents  of  the  con- 
tinued fractions  corresponding  to  the  following  numbers  : — 

(i)  V5,     (2)  V14,     (3)  V5,     (4)3  +  5V3. 

31 

3.  How  many  quotients  are  there  obtained  in  converting  -q- 

into  a  continued  fraction.     Find  the  difference  between  each 
successive  convergent  and  the  whole  fraction. 

4.  Determine  the  values  of  the  fractions, 

11)^+3+4+2+  3'^'''^^^^3T  4+  2+  3+2"' 
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also  the   differences  between   those  values   and   the  successive 
convergcnts  to  the  fractions. 

5.  Find  the  difference  between  each  consecutive  pair  of  con- 
vergcnts to  the  continued  fraction 

3.  J 1 Li. 

^^"  5+7+9+ 2 

5    If  -Pi    -Pi  ^  be  successive  convergents  to  a  continued 
gi'  ^2     ?s 

fraction,  -3.----- 

23  !/l  ^2 

y   If  Jl  \)Q  the  7?th  convergent  of  a  continued  fraction,  prove 

351 

8.  Reduce    q^>    to  the  form  of  a  continued  fraction,   and 

find  the  series  of  convergents. 

2733 

9.  Converge  to  p^g  • 

10.  If  in  a  continued  fraction  the  quotients  g-o,  q^,  .   .  .  qr+u 
corresponding  to  the  convergents  -^  ■>  -jj  ^  "^tc,  be  all  equal,  then 

13164 

11.  Form  the  convergents  to  qq^q-.- 

I  ^    If  1    — ,  —  ,  etc.  be  the  convergents  of  v'3,  prove  that, 

(1)  JP2r.+i— Pi=P2n+P2(«-i)+P2(n-2)+   •  •  •    '{'Pi, 

(2)  P2ri-|^  — 1   =2{;)on-i+P2n-3+P27i-5+  •  •   •   +Pi}, 

(3)  po„+i-i3:  =  ^J  +  2{j?oH-i  +  2p.,„_3  +  3/J2n-6+   •    •    . 

-\-{n  —  l)Pi-\-np,} 
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146.  Prop.  The  convergents  of  an  odd  order  are  less,  and  those 
of  an  even  order  greater,  than  the  continued  fraction  ;  hut  each 
convergent  differs  from  it  less  than  any  preceding  07ie. 

Let  X  denote  the  continued  fraction  ; 
^n,  and  On,  the  complete,  and  partial,  quotients  of  the  nth  order ; 

Pn  ^  Pn-i  ^  Pn::!  ^^^  convergents  of  the  nth,  (n-l)th,  (n-2)th 

2'n       Qn-l       9.n-i 

orders. 

Then  X  differs  from  —  only  in  having  y^  instead  of  «„ ; 

,       ynPn—\  'VPn—i  . 

~  yn<ln-i -\- q.i-'i' 
.*.  Vnimn-i  -Pn-i)  =  {pn~o_  -  Xq^-^)  ; 

.      9n~i„    _  9n-2 
•  •  yn  — 

qn-l 

Now,  first,  qn-l,  qn-2,  yn  are  all  positive;  .-.  ^'^  ?/„ispositive; 

•  J^~? — X    and    X ^-  are  both  positive,  or  both  negative; 

.-.  if  one  convergent  is  greater,  the  next  is  less,  than  x,  and 
vice  versa,  but  the  first  convergent  is  less  than  x.  Art.  142, 
Obs.  3  ;  .•.  the  second  is  greater,  the  third  less,  and  so  on ; 
i.e.,  all  convergents  of  an  odd  order  are  less  than  x, 
and  „  „  even  „  greater     „     . 

Secondly,  ?/w  is  >1,  and.  Art.  145,  Cor.,  ~ —  is  also  >1; 
.     .-.  2^y„is>l; 

qn-2 

.'.  ■^-^^■  — a;  is  numerically  greater  than  x — ^^- ; 

$ra-2  9n-i 

\  -t^^^  jg  nearer  in  value  to  x  than  -'-—  is, 

qn-l  _  9n-2 

Hence  the  convergents  continually  approach,  or  converge  to,  the 
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value  of  the  continued  fraction.     It  is  from  this  fact  that  they 
derive  their  name  of  convergents,  or  converging  fractions. 

Cor.  All  convergents  after  the  second  are  greater  than  a^  and 

less  than  a-^-\ 

147.  Hence  by  taking  the  successive  convergents  we  obtain 
nearer  and  nearer  approximations  to  the  value  of  the  continued 
fraction.  It  may  then  be  asked  what  error  do  we  make  in  taking 
any  particular  convergent  instead  of  the  whole  fraction  ?  Before 
we  answer  this  question  we  must  prove  the  following  propositions. 

148.  Prop.  If  pn  and  q^  he  the  numerator  and  denoviinator  of 
the  nth  convergent,  calculated  according  to  Art.  145,  then 

Pnqn-i  —  qnPn-i  =  (  —  !>• 

We  have  p2qi  —  qiPi  =  aiao,  +  l  —  aiao  =  l,  and  .-.  the  law 
holds  when  n  =  2. 

Suppose  it  holds  when  n  =  r^  i.e.,  Prq_r-\  —  1rPr-\  =  {  —  '^y- 

Now      Pr+-i.=ar+-LPr-\-pr-\,       ^r+l  =  «r+i!Z*-  +  :Z'--i  5 
.^.pr+^qr—qr+^Pr={nr+lPr+Pr-l)<lr—{ar+^1r  +  <lr-^)Pr, 
=p,_^qr  —  qr--iPr 
=  {-l){prqr-.-qrPr-^)={-iy^'\ 

.-.  if  the  law  holds  when  n  =  r,  it  holds  when  n  =  r-\-l;  but  it 
does  hold  when  ?z  =  2;  ,-.  also  when  n  =  2>;  .-.  when  ?i=4,  and 
so  on  generally. 

CoR.  I.  The  rule  in  Art.  145  for  finding  the  values  of  the 
convergents  gives  them  in  their  lowest  terms. 

For  if  Pn  and  <?„  had  a  common  factor  other  than  1,  it  would 
exactly  ^W\Ae  p„qn-x  —  qnPn-i.  i-e-  (-l)'N  which  is  impossible. 

CoR.  2.  The  difi"erence  between  two  consecutive  convergents 
is  a  fraction  having  unity  for  its  numerator,  and  for  its 
denominator  the  product  of  the  denominators  of  the  two  con- 
vergents. 

Por  ^»      Pn-l_Pnqn-l—PJl-lqn_,_■^^n       ^ 

qn    qn-i         qnqn-i  qnqn-i 
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Cor.  3.  Now  the  continued  fraction  lies  in  value  between 
—  and  -^^^^=1;  .-.  it  differs  from  -^^^^^   by   a   number   less    than 

^n  1n—\  'in—l 

,  and  .'.,  a  fortiori,  since  qn  is  >qn-ii  by  a  number  less 

than 


Tn-l 


Hence  the  error  we  make  in  taking  -^^  instead  of  the  whole 

S'n— 1 

fraction  is  less  than  — 2 — ,  and  less  even  than • 

2  n—\  Qn2n-1 

149.  Prop.  Any  convergent  is  a  nearer  approximation  to  the 
value  of  the  continued  fraction  than  any  other  fraction  whose 
denominator  is  less  than  that  of  the  convergent. 

Let  ~  ,  -^^^   be  two  consecutive  convergents,   -7-  any  other 

fraction  such  that  h<qn,  a  and  b  being  positive  integers. 
//  ^j 

If  -7-  is  nearer  to  the  continued  fraction  than  —  ,  it  is  also 
b  qn 

nearer  than  ^^^^'^  (Art.  146) ;  .-.it  lies  between  -^  and^**—  ; 

S'n-i  ^n  Qn-1 

^       Pn—1  ^Pn      Pn—i  . 
Qn—i       qn       qn—l 

b 

.:  aqn-i  —  bpn-i  <  —  {puQii-i  —  qnPn-i) 
Un 

<-  (Art.  148). 
q>i 

Now  a,  b,  Pn-i,  qn-i  are  all  integers ;  .'.  aq^-i—bpn-i  is  an 

integer.    And  Z)<2„ ;  .-.  —  is  a  proper  fraction.     Hence  we  have 

an  integer  numerically  less  than  a  proper  fraction,  which  is 
absurd ; 

/.  —  is  nearer  than  -7-  to  the  continued  fraction. 
qn  0 


numericaliy,  -j < 
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150.  Thus  by  converting  any  given  number  into  a  continued 
fraction,  and  proceeding  to  the  proper  convergent,  we  obtain  a 
fraction  differing  from  the  given  number  by  less  than  an  assigned 
difference,  and  by  so  doing  we  have  found  a  fraction  nearer  in 
value  to  the  given  number  than  any  other  fraction  having  so 
small  a  denominator.  This  is  a  great  advantage.  For  example, 
consider  the  number  o"14159,  converting  it  into  a  continued 
fraction  we  have  the  following  quotients  :  3,  7,  15,  1,  etc. ; 

22    333     355 
.-.  the  convergents  are  3,  ^  ,  ^Typ  ,  ^tk  ,  etc. ; 

355 
.-.  the  fraction --„    differs   from    the    true    value    of    3-14159 

by  less  than    -.-..j^o ,  i.e.  -.^_^q  ;  and  no  fraction  can  be  found 

with   so    small    a    denominator    which    does    not    differ   from 
3*14159  by  a  larger  number. 
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1.  Taking  2-7182818  for  the  exact  value  of  e,  show  that  ~ — 

1  2721 

differs  from  it  by  less  than  ^^^  >   ^^^  Tool  ^^  ^^^^  ^^^^  °^^ 

millionth. 

2.  Find  a  fraction  differing  from   a^/2  by  less  than  _—  . 

268  1 

3.  Show   that  -7,>-  is  an  approximation  within   o  i.^aa   to  the 

value  of  fjll. 

4.  "What  error  do  we  make  in  taking  -_^  as  the  value  of  /^5  ? 

5.  Express  a/G  as  a  continued  fraction;  and  find  the  fraction 
nearest  to  it  which  has  not  more  than  3  figures  in  its  numerator. 
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6.  Mars  and  the  Earth  revolve  round  the  sun  in  686'980  days 
and  365 '2 56  days  respectively.  Find  the  fraction  measuring 
the  ratio  of  these  periods  most  nearly,  which  has  the  largest 
denominator  containing  2   digits;   and  show  that  the  error  in 

taking  this  measure  is  < ,-.^,p,^ • 
°  224oD 

7.  Assuming  that  the  Earth  and  Mercury  revolve  round  the  sun 
in  B65.25  and  88  days  respectively,  show  that  while  Mercury 
makes  83  revolutions  the  Earth  makes  20  nearly,  and  that  still 
more  nearly  303  and  73  revolutions  will  be  made  simultaneously. 

8.  Two  smiths  begin  to  strike  their  anvils  together.  The  one 
gives  12  strokes  in  7',  the  other  17  strokes  in  9'.  What  strokes 
of  each  most  nearly  coincide  in  the  first  half-hour  ? 

9.  Two  scales,  whose  zero  points  coincide,  are  placed  side  by 
side,  and  the  space  between  consecutive  divisions  in  one  is  to 
that  in  the  other  as  1  : 1.1543.  Apply  the  principle  of  con- 
verging fractions  to  find  those  which  most  nearly  coincide. 

10.  Find  a  series  of  fractions  converging  to  the  ratio  of 
5  hrs.  48'.  51"  to  24  hours. 

11.  A  metre  =3'2S09  feet.     Show  that  a  kilometre  is  greater 

3  5 

than  -g- ,  and  less  than  -^  ,  of  a  mile. 

O  o 

12.  Express,  within  an  error  of  t-tt  ,  the  value  of  the  ratio  of 

£3.  7s.  5d.  to  17s.  5d.,  by  a  fraction  having  one  digit  in  its 
denominator. 

13.  A  clock,  which  originally  beats  seconds,  will  under  certain 

1200  ,  .  ,  o,         ,        , .    . 

circumstances  lose    n^^    beats  m  an  hour.     Show  that  this  is 

about  9  beats  in  5  hours. 

14.  Find  y\/ll  correct  to  two  places  of  decimals. 

15  Find  X  correct  to  four  places  of  decimals,  in  the  equation 
5x^  =  3. 
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151.   The  following  method  gives  the  superior  limit  for  the  error 

(Art.  148,  Cor.  3),  and  at  the  same  time  an  inferior  limit  for  it. 

If  ?/„  be  the  nth  complete  quotient  to  the  continued  fraction  (x), 

Pn~\ Pnyn-rPn—i Pn—1 

_Jjn{'Pn<ln-\  — Pn-ign) 

= (~^)"^'^ /^j.t    148) 

qn-Mnyn-\-qn-\)  ' 

(-1)" 


Now  yn  is  finite  and  >1 ;   .*.  —  is  >0  and  <1  ; 

yn 

.•.  the  error  numerically  < and  > 7 ; c  ■ 

^      qn-xqn  qr^Mn+qri^i) 


152.  Prop.  If  — • ,    -y  be  two  consecutive  converqents  to  a  con' 
q      q  ^ 

tinned  fraction  X,  then  pp' — qq's^  is  positive,  or  negative,  accord- 

P       •  7  7  P' 

tng  as  — ^3   greater,  or  less,  than  —f 

r 

Let  1/  be  the  complete  quotient  of  the  order  next  after  ^ ,  then. 

9 
^jfy±P . 
q'y-\-q^ 

•*•  W'^^'^WWy+qr^^^  {<iy+iy—9Q  ipy+pY) 


qq 


^(^y:^,{y'p'q'(rq'-qp')-^P9{qp'-pq')} 


=(^>T^^(^W-i'?)(f-7)' 
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But   ?/>l,    and   p>l>,    <1  Xl'i    •'■   y'V^l—VI   i^   positive; 

,      „    .  .    .  •  T  P     • 

•'•EP  ~??  ^''  IS  positive,  or  negative,  according  as  —is  greater, 
or  less,  than  — ,  • 

153.  Ex.  To  investigate  the  law  of  formation  of  the  con- 

vergents  of 

a, 


"We  have 


f/2 

"^    etc 

K^ 

&a  + 

?1 

P^- 

«1&2 

?2 

'6162+02 

J 

P3_ 

63(<^1^2 

)+«3a: 

?3 ""  ^3(^1^2 + aa) +a36i 
This  last  obeys  the  law 

Pn  —  bnPn~l  +  ClnPn-". ,    ^n  =  ^n^ln-x  +  anQn-i  • 

Suppose  this  law  to  hold  for  the  ?ith  convergent,  from  which  the 
(?z  +  l)th  difiers  only  in  having  f'n'^jr —  instead  of  6„; 

Pn+\_  K+iCtnPn-2  +  (Mw+1  +«n+l)p«-l 

?ft+i     6,i+ia,i^„_2  +  (6,Ai+i  +  «w+i)2'?i-i 

_an+iPn-i  +  K+iPn  . 
^n+i  9n—i  "T  6n+i$'}i 

.-.,  if  the  ?ith  convergent  obeys  this  law,  the  (n  +  l)th  does  also  : 
but  the  3rd  does  obey  the  law ;  /.  all  succeeding  couvergents  do 
also. 

Ui       CI2       CCg 

For  the  continued  fraction  t — T-^^r'^-etc,  we  should  take 

Oi— O2— 63—  ' 

Pn=^nPn-i  —  (^nPn-i- 
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EXAMPLES.— XXIX. 

1.  If  —  be  the  nth  convergent  to  j— V  -,—4^  t-^V  etc.,  obtained 
by  the  rule  in  Art.  153,  thenp„^„+i  — y„^„+i  =  (  — l)''aiao...a„+i. 
Hence  it  follows  that  —  and  ""'"^  need  not  be  in  their  lowest 
terms. 

2.  If  — \-  ■ — \~    etc.   be  such  a  fraction  that  in  all   cases 

0.1+      «2  + 

/S„^j=l-f-a„,and  —  b^-^^he  nth   convergent  to  it,  prove  that 

3.  If  —  denote  the  nth  convergent  to  a  continued  fraction  {x) 

of  the  form  a-^-\ —   — —  etc.,  y-n  the  corresponding  complete 

quotient,  then  tj^yi  .  .  .  y«=(-l)"  j^^'_-^'      • 

4.  If     "~' ,  7-^^ ,    77^ ,   T^""*"^    are    four    consecutive   con- 

vergents  to  a  continued  fraction,  and  ^^-s,  In-ii  9n^  9n+\  tbe 
corresponding  quotients,  such  that  y„^.i=y„,  prove  that 


XV 

IRecurcfno:  Continueti  ifraction^* 

154.  We  have  before  (Art.  143)  shown  how  to  convert  a 
quadratic  surd  into  a  continued  fraction.  We  proceed  to  discuss 
the  properties  of  the  fraction  produced  by  this  process. 

Let  iV  be  a  positive  integral,  but  not  a  square,  number.    Then 

where  a  is  the  greatest  integer  in  /i^iV,  and  a-^-=a^  ri  =  iV^— a^. 
Again  ■Jl±b  =  J,  ^dlll!!±  =  J,  +  -^'       , 

where  o^  is  the  greatest  integer  in  •, 

and  a^  =  r-fi-^  —  Oi ,      r„  = "—  • 

If  this  process  be  continued,  the  ?2th  line  will  be 

where  i„_i  is  the  greatest  integer  in  -^ — "^  "~^  , 

and  o!,i — rjj_iO^_i     <^n— u      ?"« — 


Thus  V^=«+i--r  znr  •  •  •  a — x  77^  •  •  • 

61+60+  0„_i+    bn  + 

CoR.  I.  The  symbols  a,  61,  &»»  •  •  •  ^m-u  •  •  •  and  rj  all 
represent  positive  integers. 

Cor.  2.  It  is  evident  that,  if  a  complete  quotient  is  found  to  be 
identical  in  its  terms  with  any  preceding   one,   all  quotients 
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succeeding  this  will  be  continually  repeated  in  the  same  order, 
and  we  shall  have  what  is  called  a  recurring,  or  ^periodic,  con- 
tinued fraction. 

Cor.  3.  If  r„_i  =  l,  then  o„  =  a,  rn=ri. 
For  then  «„+a„_i=5n-i 

=the  greatest  integer  in  /^/iV-^-«,^_l 

.-.  a„  =  a,  and  rn=N—a"  =  r-^. 

Hence  the  (n  +  l)th  complete  quotient  would  be  identical  with 
the  second,  and  we  should  have  a  recurrence. 

155.  Prop.  If  —  ,   —;  he  any  two  consecutive  convergents  to 

aJ^,  and 7, the  complete  quotient  of  the  order  next  after  —, , 

then  a"=zh(pp'  — qq'N),  and  r"  =  ±(q'^N  — p'=)  ; 

theitpper,  or  lower,  sign  being  taken  according  as  —  is  >  ,or  < ,— 7  • 


.     .       ,    «      ,,.    -^    '    ^"       "^^     p\/N+p'a"+pr" 
lor,  asm  Art.  146  ^N=    ^  ^N^a'-~  =  q' JN-\- q'a"+qr"' 
2-~7' +? 

.-.  g'N-^(q'a"+qr")  sJN=p'  ^N+p'a"+pr". 
Equating  the  rational,  and  the  irrational,  parts  on  the  two  sides 
jf  this  equation,  we  have 

qa  -\-qr  =p  ,  pa  -{-pr  ^q  Jy  ; 

.:  a"{pq'—qp')=pp'  —  qq'N',  r"{pq'-qp')  =  q'°N—p'-; 

hutpq'  —  q2y  =  ±:l  (Art.  148); 

.-.  a"==±(j)p'-qq'N).  ?'"  =  ±{q"N-p"), 

V  •  p' 

according  as  —  is  >,  or  <,  —  ,  i.e.,  according  as  the  order  of 

1^  is  odd  or  even. 

Cor.  I.  Hence  a"  and  r"  are  positive  integers. 
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For  q'"-N—])''  (since  ^JN  lies  between  —  and  —  |  ,  and 
pjj'—qq'N  (by  Art.  152),  are  themselves  positive,  or  negative, 
according  as  —  is  >,  or  <,  ~;  .:  a"  and  r"  are  positive. 

They  are  also  integers,  for  p,  p',  g,  q',  N  are  all  integers. 

Combining  this  with  Cor.  i  of  Art.  154,  we  see  that  each  of 
the  symbols  in  the  three  series  a,  bi,  b^,  •  •  . ,  Ui,  a^,  as,  •  .  ■ , 
rj,  r-j,  .  ,   .,  are  positive  integers. 

Cor.  2.  The  number  of  values  of  a"  cannot  exceed  a. 

For  a""  =  N—r'r".  But  r'r"  is  positive  ;  .-.  a"*  is  <N,  and 
a  is  the  greatest  integer  in   ^JN; 

.'.  a"  cannot  be  greater  than  a; 
i.e.  it  cannot  have  values  other  than  1,  2,  3  .   .   .a,  which  are 
a  in  number. 

CoR.  3.  The  number  of  values  of  r"  cannot  exceed  2a. 

II    I         : 

For    r'=^     , —     But  from  Cor.  ,2. a"+ a' cannot  be  >  2a, 
b' 

and  (Cor.  i  of  Art.  154)  b'  cannot  be  <1; 

.".  r'  cannot  be  greater  than  2a ; 

i.e.  it  cannot  have  values  other  than  1,  2  ...  2a  which  are  2a 

in  number. 

CoR.  4.  The  number  of  complete  quotients  cannot  exceed  2a". 

For,  Cor.  2,  ^JN-{-a"  cannot  have  more  than  a  different  values, 
and,  Cor.  3  r"         ,,  „  2a  „ 

.•.  combining  all  the  different  numerators  with  all  the  different 
denominators,  we  cannot  form  more  than  2a^  different  complete 
quotients. 

Hence  after  2a^  complete  quotients,  at  most,  we  must  have 
one  that  has  occurred  before. 

Hence  every  quadratic  surd  gives  rise  to  a  recurring  continued 
fraction. 
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156.  Prop.  Tlie  periodic  part  hegins  with  the  second  quotient, 
and  ends  with  one  which  is  double  the  first. 

Since  a  recurrence  must  take  place,  suppose  the  (?i+l)th 
complete  quotient  is  a  repetition  of  the  (m  +  l)th,  so  that 

Then  the  nth  complete  quotient  must  be  a  repetition  of  the 
?7?th. 

Forr^_,  =  — -^  =  --J^  =  r„_,,         ,  .  .  (2). 

'  m  '  n 

Also  am  +  aTO_i  =  r^._i6„i_i, 

<^n+  ^n—\  ^  ^n— 1  t)n—\  '1 
.    ^m—i       <^n— 1       J  ,  .    ,  /    \ 

•  • „ =bm-i  —  K-i  =  zeYO,  or  an  integer,  .         (3). 

'  rt— 1 

P      p' 

Again  if  £- ,  "S  denote   the    (n— 2)th   and    (j?  — l)th   con- 

vergents,   then  q'an-i+qrn-i=p',   Art.    155,   if  Ji  be  greater 
than  2 ; 

But  ^  is  >a\       .'. -^r„_i>a  — a„_i, 
and  ^<j';  .-.  r„_i>a  — a„_i  ; 

.•.,ifn-i  >i,  ^^:i^--<i,      ....       (4). 

'^n— 1 

Similarly,  if  m  >  2,  ''"'^"'-^  <  1. 
Now  r„_i=:rTO_i  ; 


<!,-.'-        (5)- 

^n— 1 

Hence  the  difference  of  (4)  and  (5)  is  numerically  less  than  1 ; 
.-,  -J?ti ?l=i  =zero,  or  a  proper  fraction,  and  therefore,  by  (3), 

^n— 1 
must  be  zero ; 

Hence,  if  m>2,  the  ??jth  complete  quotient  recurs  at  the  nth. 
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In  the  same  manner  we  can  show  that  the  (7?z— l)th  recurs  at 
the  (n  — l)th,  and  thus,  going  back,  that  each  complete  quotient 
recurs  n — m  terms  further  on,  until  we  come  to  the  third. 

To  show  that  the  second  is  repeated  we  proceed  as  follows. 

We  have  a„^  =  a^+n-m-,  ^2  =  »*8+n-»i; 
.-.,  as  in  (2),  ri  =  ri+„_„i, 


a,  — a 


and,  as  in  (3),  — !L_^=  gero,  or  an  integer, 

and,  as  in  (4),  — <i. 

'  1+71— ?)l 

Nowa=ai,  and  ri  =  ri+„_m; 

.    ^1       '^1+71— m  ^1  .     ^1       ^l+n— m 

•  • <i;     ..  =  zero: 

Thus  the  second  quotient,   as  well   as  all  that  follow  it,  is 
repeated  in  the  same  order. 

But  the  first  quotient  is  not  repeated  before  the  second. 

For  let  — — ^t_*  be  the  complete  quotient  which  immediately 

precedes  the  recurrence  of  the  second,  so  that 

y_ — Z_*  and  —  ^  are  consecutive  complete  quotients ; 

.■.r,=— -  =  1; 

•'•>  'by  (4),  a-«s<i; 

but  Ug  cannot  be  greater  than  a  by  Art.  155,  Cor.  2,  and  must 
be  integral  by  Cor.  i  ; 

.*.  a  —  ag  cannot  be  fractional,  or  negative,  and  .•.  =0; 
.'.  Os=a;  see  also  Art,  154,  CoR.  2; 

.".  the  greatest  integer  in  -^ — -^^  is  2a  instead  of  a  as  it  would 

be  if  the  recurrence  began  with  the  first  quotient. 

Hence  the  periodic  part  begins  with  the  second  quotient,  and 
ends  with  a  quotient  which  is  double  the  first. 
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Cor.  If  —  be  the  convergent  preceding  that  corresponding  to 
the  quotient  a^  at  the  end  of  the   period,  then  since  rs=l,  we 

have  (Art.  155)  j=iV^— ^:>-  =  ±l,  according  as  —  is  of  an  odd,  or 
an  even,  order. 

We  may    call  —  the  'penultimate  convergent  of  the  recurring 
period, 

157.  Prop.  Every  periodic  continued  fraction  is  a  root  of  a 
quadratic  equation  of  tvhicJi  the  coefficients  are  rational. 

Let     X     denote      the      fraction,     y     the      periodic      part, 
a,   5,  c,   .  .   .  m,  n,  the  quotients  of  the  non-periodic  part, 
a,  /?,  y,   .  .   .  /x,   V,  „  ,,  periodic  part, 

fW  .11  111 

so  that  a;  =  a  +  F~; r    •   •   •    — ; ; i 

b-\-  c-\-  m-\-  n-\-  y 

J 1_  _1__1    J^ 

^"'^    /3+y+  ■  ■  •  /^+v+y" 
P     R 
Let   --r  ?  "o"  ^^    *'^®   convergents  to  x  corresponding  to  m 
V       '^ 
and  n. 

Tf 

Hence  y  is  the  complete  quotient  of  the  next  order  to  — ^ ; 

Let  —  ,  —  be  the  convergents  to  y  corresponding  to  /x  and  v ; 
q       s 

ry-\-p 
.-.  in  a  similar  way      y=     'j^    ■,  ■         ■  ■         •         (2); 

.•.    eliminating  y  between  (i)  and  (2),  we  obtain  a  quadratic 
for  X. 

158.  Hence  every  recurring  continued  fraction  is  equivalent 

.       ±L+  ^/N    ,        ^    ,^  ,.  ... 

to  an  expression  p where  L,  31,  JSi  are  positive  integers, 

and  N  is  not  a  square  number. 
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159.  For  the  general  proof  of  the  converse  proposition,  tlud 
every  expression  of  the  above  form  can  he  converted  into  a  recnrrinrj 
continued  fraction,  the  student  is  referred  to  Serret's  Cours 
d'A  Igebre  Superieure. 

We  may  remark  that  we  have  proved  it,  (Art.  155,  Cor.  4), 
in  the  case  in  which  i=0  and  M=l,  and  when  L  and  31  have 
such  values  as  would  make  the  above  expression  one  of  the 
complete  quotients  obtained  during  the  conversion  of  /^JN  into  a 
continued  fraction. 


EXAMPLES.— XXX. 


1.  Find  the  value  of  1  +  ^^-— o-rT-ri~ro~retc.,  and  findthe 

Z-\-  6-\-  4:-\- 1+  z-\- 

first  six  convergents. 

2.  Prove  that  2a-] ,-  j— ; etc.,  z=2  Vl+a" ;  and  that 

the  second  convergent  differs  from  the  true  value  by  a  number  less 

1  .  ^  ,       99 

than -T^j— „-— ^p,  •  and   thence,   by  makinar  a=i,  show  that  pt: 

a(4a-  +  l)  '  '      -^  o  >  ^(j 

differs  from  aJ2  by  a  number  <  . 

J-O  i  kJ\J 

^.  If  a,  —  ,  —  ,  .  .  .  — \   •  •   •  be  successive  convergents  to 
^         '  ?i  '  2= '  gn 

VoH^l,  prove  that^"^^~^"-'  =  2a. 

2     11 

4.  Prove  that  {i>(p+4)}*=p+^^  j^  •   •  • 

5.  If -^  be  the  nth  convergent  to  the  infinite  continued  fraction 

■- etc., 

a-\-()-\-  a-\- 


Show  that  Pin+".  —  '2l>-2n+P«.n-2  =  Clbpon- 
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6.  Show  that  «+:j—-    1  :i+  —  1 

"^(2  + etc.  ^"^M^etc. 

=  «  +  l:J  +  l 

7.  If-—  denote  the  r\\\  conversent  to  '^^"^    ,  stow  that 

qr  '^  2 

?3+'?5+  .  •  •   ■^qin-x  =  qm—qi' 

8.  Show  that,  if  n  be  any  number, 

/     ,      1        1        1        .    ^W  111  V     o 

"  +  o — ro~ro — r  etc.    —  «— .1 — 5 — o —  etc.    =-• 

„,       ,-      3a  ,     1       1       1       1  1     ,- 

-    9-  Sho^that-^+  — 3^  — 3---etc.  =^V9a-^+12. 

10.  Prove  that  the  value  of  the  fraction 
1111 


x-\-  \x-\-  x-\-  \x-\- 


2a;+  2a;+ 
is  independent  of  the  value  of  x. 


II. 


Prove  that  7+j;jXi44:^*^~^  j  l+oX  oX<^^^-  \ 


12.  Find    the     6th    convergent  to    the    positive    root    of 
2a;--3x-6  =  0. 

^.    _    1       1       1       1 

'^  «1  +  <3!2  +  Cfi  +  Oo  + 

_    1      1      1 1_ 

^-2a,+  '2a,+  2a,-\-2a,-{-    '  '  '' 

__1 1 1 1_ 

^~3ai+3a»+8ai+3a„+    '  "  '' 

prove  that  x(j/-—z-)  +  2y{z'—x-)-{-o:{x-—y-)  =  0. 
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160.  Ex.  Show  that  the  nth  convergent  to  the  infinite  continued 

fraction  111, 

etc. 

a —  a —  a  — 

is  —    ~^ —  ,  where  a-{-B=a,  aB=l. 

Putting  n  =  l  and  2,  we  see  that  this  formula  gives  the  first 
and  second  convergents. 

Suppose  then  it  gives  the  rth  and  the  (r— l)th  convergents. 

(a+/3)(a'--/3'-)-a^-^+/^'-' 

■~(a  +  ^)('^''^'-/^''^')-*'"+/^'' 
_ar+i_a/j/3r-i^^aar-i_^r+i_ar-i_}_^r-i 

~  ar+^  -^  a/3/3'-+  ayea*-— /3'-+-  -  a'-  +  /3^' 

= ^— -  ,  Since  a«=l. 

Hence  then  in  this  case  the  law  will  also  hold  for  the  (r4-l)th 
convergent;  but  it  holds  for  the  1st  two;  .*•,  by  induction,  it 
holds  for  all  succeeding  convergents. 


MISCELLANEOUS  EXAMPLES.— XXXL 

1.  If  — ^^^  be  converted  into  a  continued  fraction,  the  first 

112      3 

four  convergents  are  —  ,  —  ,   -p- ,  —  ,  and  the  nth  is 
^       o        D       o 

(V5+i)'M-V5+ir^ 

2.  The  nth  convergent  to  the  fraction 

r  r  T         . 

—  etc 

r+1— r+1— r  +  1  — 
«»fi+ 1  __  ^ 

'''^  ^w+i  — 1  ' 
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3.  What  is  the  limiting  value  of  a;+-3j— ^etc,  when  x  ap- 
proaches zero  ? 
4.  \iu=.a-\ —  ...  to  infinity  and  v=.a-\ ; r-  .   .  . 

to  infinity,  prove  that  v= 1 — - — 5- 


u 

5.  Show  that  the  nth  convergent  to  the  continued  fraction 

J:_J_J-etc  is    a+V2)'--a-V2v- 

2+2+2+  ^^"^       (l+^2)"+i-(l- V2r+^' 

6.  Show  that,  if 

y  X 


y-A ^ .  

?/"+ ctc.,a(Zn?/.,  X      1 


etc.,  ad  inf. 


X 


7.  If  Ui,  a^,  .   .  .   <7„  be  n  terms  of  a  harmonical  progression, 

«n  11,  «2 

«„_!     2—2—  a, 


XVI 
Jutietecntinate  CquationjS  of  tlje  jfir^t  SDepee* 

161.  In  [Chapter  xxii.]  a  method  was  given  for  finding 
positive  integral  solutions  of  Indeterminate  Equations  of  the  first 
degree  involving  two  unknowns.  We  shall  in  the  present  and 
17th  chapters  discuss  this  subject  more  fully,  principally  by 
means  of  the  Properties  of  Continued  Fractions  proved  in  the 
two  preceding  chapters. 

162.  It  is  evident  that  an  indeterminate  equation  admits  of  an 
infinite  number  of  solutions,  taking  into  account  all  the  positive, 
negative,  integral  and  fractional  values  which  can  be  given  to 
the  unknown  symbols  involved  so  as  to  satisfy  the  equation. 

The  problems  producing  such  equations,  however,  very  often 
require  us  to  take  only  the  positive  integral  solutions. 

163.  For  instance,  consider  this  problem, — "  If  a  bullock  cost 
£10  and  a  sheep  £2,  find  the  number  of  animals  I  can  buy  for 
£50." 

The  equation  produced  is 

10x+2y=50, 
or    bx-{-  y  =25. 
Here  evidently  the  jirolAem  allows  us  to  take  only  the  positive 
integral  solutions  of  the  equation,  viz. — 
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a;=C,  3/=25. 
rr  =  l,  3/=20. 
a;=2,  3/=15. 
a?=3,  j/=10. 
a:  =  4,  ?/=  5. 
a?=5,  ?/=  0. 
We  shall  therefore  give  especial  attention  to  such  solutions. 

164.  In  the  instance  given  above,  if  I  am  allowed  to  buy  only 
sheep,  or  only  bullocks,  we  can  take  all  six  solutions ;  but  if  I 
must  buy  some  bullocks  and  some  sheep  at  the  same  time,  we 
must  reject  the  first  and  last  solutions. 

Such  solutions  as  these  two  are  called  zero  solutions,  and  will 
always  be  considered  as  included  amongst  positive  integral 
solutions  unless  the  contrary  be  indicated. 

We  shall  discuss,  in  the  present  chapter,  equations  of  the  first 
order,  and  in  the  next,  those  of  a  higher  order. 

165.  Every  equation  of  the  first  degree  involving  two  unknowns 
can  be  put  into  one  or  other  of  the  four  following  forms, 

ax-\-T^y=.c  (i)  ;         ax  —  hj  =  c  (2)  ; 
—  ax-\-by=c  (3)  ;     —ax—by=c  (4) ; 
for  we  may  always  suppose  c   to  be  positive,   since,   if  it  be 
negative,  we  may  change  the  signs  on  both  sides  of  the  equation, 
and  thus  reduce  it  to  one  of  the  above  forms. 

Again,  we  may  suppose  there  is  no  factor  common  to  a,  b, 
and  c,  for  if  there  is,  as  in  Art.  163,  we  can  divide  each  side  by 
it,  and  thus  reduce  the  equation  to  an  equivalent  one  in  which 
the  coefficients  have  no  common  factor. 

Further,  if  a  and  b  have  a  common  factor,  none  of  the  above 
forms  are  solvable  in  integers ;  for  then,  if  x  and  y  be  integers, 
the  left-hand  sides  are  divisible  by  this  common  factor,  but  c  is 
not,  and  this  is  an  impossibility. 

Of  the  above  forms  we  see  at  once  that  (4)  cannot  have  a 
positive  solution,  and  (3)  is  essentially  the  same  in  form  as  (2) ; 
it  will  sufiice  then  to  consider  the  two  first. 
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166.  Pkop.  i/x=a,  y=./3  ?)e  an  integral  solution  of  the  equation 
ax+bj  =  c,  and  t  he  an  integer,  then  all  integral  solutions  are 
included  in  the  formidce,  x  =  a— bt,  y=/3+at,  ly  giving  t  all 
integral  values. 

For  aa7+J?/=e=«a+i/?; 

.-.  a{x—a)z=b{f3-7/)- 

X — a  b 

h 

but—  is  a  fraction  in  its  lowest  terms  (Art.  165),  hence,  as  in 

[Art.  163],  x—a  is  some  -  multiple  of  b,  say  bt,  undy—fS  is  the 
same  multiple,  at,  of  a,  i.e., 

x—a=~bt,     y—(i=at; 

.'.   x  =  a  —  bt,     y  =  /3-\-at. 

167.  Similarly  it  can  be  shown  that,  if  x=a,  7/=f3  be  a 
solution  oiax  —  hj=c,  all  integral  solutions  are  included  in  the 
formula?, 

x  =  a-\-bf,     y=(3-\-at. 

168.  If  positive  integral  solutions  only  be  required,  we 
must  give  to  t  only  such  integral  values  as  will  make  the  above 
solutions  positive  integers. 

169.  If  then  we  find  any  integral  solution  of  a  given  equation, 
either  by  inspection,  or  by  [Chap,  xxii.],  we  may  complete  the 
solutions  by  Articles  166  and  167. 

170.  CoK.  I.  We  can  see  at  once  that  ax—bi/=c  has  an 
infinite  number  of  positive  integral  solutions,  for  whatever  finite 
values  a  and  (3  may  have,  we  can  always  find  a  value  for  I 
which  will  make  a-\-bt  and  l3-{-at  positive,  and  then  all  greater 
values  of  t  will  also  make  them  positive. 

CoR.  2.  If  a-\-b>c,  it  is  impossible  to  find  positive  integral 
values  of  x  and  y  which  will  make  ax-\-h/  as  small  as  c  ;  hence 
ax-{-by  =  c  cannot  in  this  case  be  solved  in  positive  integers. 

K 
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171.  Prop.    Tlie    numher    of  positive   integral   solutions    of 

ax-l-by  =  c  cannot  exceed  -r+1- 
a,D 

For,  if  there  is  no  positive  integral  solution,  of  course  the 
theorem  is  true. 

If  there  is  one,  let  it  be 

x=a,     i/  =  (3; 

.'.  aa-{-hj3  =  c. 

Then  all  other  solutions  may  be  obtained  from  the  formulas, 

x=:a — bt,     r/  =  f3-\-at, 

by   giving    t    all    integral    values    (including    zero)    between 

^  and  -^  (Art.  166  and  168). 
b  a 

Let  m  and  n  be  the  greatest  integers  m  -j-  and  —  • 

Then  t  may  have  each  of  the  following  values, 

w,  VI  —  1   ...  1,  0,  — 1   .  .   .   — (ji  —  1),  — n. 
For  each  value  of  t  we  have  one  solution  ; 

.•.  the  number  of  solutions  —7n-\-l-\-n. 

But  m  is  not  >  ~  ,  nor  7i   >  '■—', 
b  a 

o 

.'.  the  number  of  solutions  is  not  >-r-\ hi  ; 

t.e.  not  > T-^+1, 

ab 

not  >-^+l. 
ab 


EXAMPLES.— XXXII. 

1 .  In  how  many  ways  can  a  person  who  has  only  half-crowns 
and  florins  pay  a  debt  of  £2.  17s.  ? 

2.  In  how  many  ways  can  £2.  15s.  6d.  be  paid  by  the  per- 
son in  the  preceding  question  ? 
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3.  Show  that  the  equation  49a?+63?/=491  can  have  no 
solution  in  which  x  and  y  are  both  integers. 

4.  In  how  many  ways  can  the  sum  of  £3  be  paid  in  half- 
crowns  and  shillings  ? 

5.  One  solution  of  the  equation  Ox— 13_?/=1  is  a!;=3,  2/=2. 
Find  all  the  positive  integral  solutions. 

6.  Of  all  the  values  of  x  and  y  which  form  the  positive 
integral  solutions  of  the  equation  ax  —  hy=:-c,  the  least  value  of 
X  and  the  least  value  of  y  belong  to  the  same  pair. 

[This  is  called  the  simplest  solution.] 

7.  In  how  many  different  ways  is  it  possible  to  pay  £100  in 
half-guineas  and  sovereigns. 

8.  If  ax — hy=c  be  solved  in  positive  integers,  show  that  the 
successive  values  of  x  are  in  A.  P.,  of  which  h  is  the  common 
difference,  and  similarly  for  the  values  of  3/. 

9.  How  many  crowns  and  half-crowns,  whose  diameters  are 
respectively  "81  and  "666  of  an  inch,  may  be  placed  in  a  row 
close  together  so  as  to  make  a  yard  in  length. 

10.  Determine  the  number  of  positive  integral  solutions  of 
2x+7?/=100. 

11.  Determine  the  positive  integral  solutions  of  2£c+7?/=100. 

12.  Find  the  greatest  possible  value  of  c  when  the  equation 
Zx-\-by^c  has  8  solutions  and  no  more. 

13.  Also  when  the  equation  5a;+7?/=c  has  10  and  no  more. 

14.  Determine  the  greatest  number,  which  can  be  formed  in 
11  ways,  by  adding  together  a  multiple  of  13  and  of  7. 

15.  A  company  of  men  and  women  pay  altogether  1000 
francs.  The  men  pay  19  francs  each,  and  the  women  11. 
How  many  men  and  women  were  there  in  the  company  ? 

16.  There  are  two  unequal  rods,  one  5  feet  long  and  the 
other  7.  How  many  of  each  can  be  taken  to  make  up  a  lenoth 
of  123  feet? 

17.  Find  the  least  number  such  that  when  divided  by  11 
there  remains  3,  and  when  divided  by  17  there  remains  10. 
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172.  Prop.  To  solve  the  equation  ax — by  =  c  in  integers,  by 
contin  ued  fractions. 

Convert  tlae  fraction  -r  into  a  continued  fraction,  and  form  the 

successive  convergents  to  it,  the  last  of  which  is  itself. 

Let  —  be  the  penultimate  convergent,  then,  according  as  its 

order  is  odd,  or  even,  we  have 

aq  —  bp  =  ±:l,  .         .   (Art.  148); 

the  upper  signs  only,  or  the  lower  signs  only,  being  taken ; 

.',  a;=±cg',  3/=zhcp  is  one  solution, 
and  the  general  solution  is 

x=±zcq-ifht,  y=:tcp+at,         .  (Art.  167), 
where  t  is  any  integer. 

Note. — If  the  upper  signs  are  to  be  taken,  -r-is  >  —  ;  and  all 

CD 

negative  values  of  t  between  0  and ,  and  all  positive  values, 

wiU  give  positive  solutions. 

If  the  lower  signs  are  to  be  taken,  -7-  is  <  — ,  and  all  positive 

,       cp     .      . 
values  of  t  not  less  than  —  will  give  positive  solutions. 

173.  Prop.   To  solve  the  equation  ax+by  =  c  in  integers,  by 
continued  fractions. 

In  the  same  way  as  in  the  preceding  article,  it  can  be  shown 
that  the  general  solution  is 

x-=^cq — bt,  y  =  z:pcp-\-at, 
where  t  is  any  integer. 

Note. — If  the  upper  signs  have  to  be  taken,  -y-is  >—  ,  and  all 

values  of  t  between  -r  and  —  will  give  p)c&itive  solutions. 

If  the  lower  sisns  have  to  bo  taken,  -^  is  <  —  ,  and  all  values 
°  ^   0  a 

cq       1      <^P     .,1    .  .  .        ,    . 

of  t  between  — r-  and will  give  j50S2iive  solutions. 
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174.  If  either  a=l  or  5  =  1,  this  method  fails,  as  we  cannot 
then  convert'  -r-  into  a  continued  fraction;  but  we  can  at  once  solve 

the  equation  by  inspection.     For  instance,  consider  the  equation 
ax-\-y=c ; 
.•,  ?/  =  c — ax  ; 

.'.  all  integral  values  of  x  between  0  and  —    will  give   positive 


integral  values  for  ?/. 


EXAMPLES.— XXXIII. 

Apply  the  method  of  continued  fractions  for  the  solution  of  the 
following  examples. 

1.  Find  the  positive  integral  solutions  of  the  equations 

(i)     8a?+13j/=159.  (2)  29a;+17^=250. 

(3)     5a^+  3?/=   78.  (4)     6^:+  73/=122. 

(5)  24x  +  65^=243.  (6)     Sx  +  66z=  81. 

2.  Find  the  simplest  solutions  of  the  equations 

(i)  25a;-163/  =  12.  (2)  39x-56^  =  ll. 

(3)  l7a;-49^=-8.  (4)  49^-36^=11. 

3.  Find  the  least  possible  solution  in  positive  integers  of  the 
equation  355a;  — 113?/=3888.  What  is  the  next  smallest 
solution  ? 

4.  Find  all  the  positive  integral  values  of  x  and  ?/,  less  than 
50,  which  satisfy  the  equation 

13a;- 11?/ =20. 

5.  Find  the  simplest  solution  of  the  equation 

99x-100?/=10. 

6.  In  how  many  ways  can  a  man,  who  has  only  20  crown  pieces, 
pay  another,  who  has  only  13  florins,  the  sum  of  lis.  ?  "Which  i& 
the  simplest  solution  ? 


136         INDETERMINATE  EQUATIONS  OF 

175.   To  solve  the  equation  ax+by4-cz  =  d  in  positive  integers. 

We  have  ax-\-hy=.d—cz. 

Give  z  all  positive  integral  values  between  0  and  — ,   and 

determine  by  the  preceding  Articles  the  corresponding  positive 
integral  values  of  x  and  y. 

Ex.  Solve  in  positive  integers  the  equation  5a;  +  20z+6r/=187. 

187  1 

Wehave  5a;+20z=187  — 6_y.  Hence?/mustbe<-7r-or  31^- 

Again  since  5  and  20  have  a  common  factor,  viz.,  5,  no  value 
of  y  need  be  tried  which  does  not  make  187  —  6^  a  positive 
multiple  of  5. 

Now  5a;+202=187-6^=5(37-?/)+2-?/; 

.-.  we  can  try  y=%  7,  12,  17,  22,  27 ; 
.-.  a;+4c  =  37-  2  =35, 
or  =37-  7-1  =  29, 
or  =37-12-2  =  23, 
or  =37  —  17  —  3  =  17, 
or  =  11, 

or  =  5. 

Each  of  these  must  now  be  solved  in  positive  integers  with  regard 
to  X  and  z. 


EXAMPLES.— XXXIV. 

Solve  in  positive  integers  the  following  five  equations. 

1.  15a;+6?/+20j=171. 

2.  3a;+7?/+172=100. 

3.  2a;+%+   5z=  49. 

5.  31x+ll^+z=200. 
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How  many  solutions  are  there  of  the  following  three  equations  ? 

6.  3a?+  5j/+  6.-=  64. 

7.  19.r+l%+15z=100. 

8.  8a:+  %+  3r=  49. 

9.  Can  the  equation  6x4-10^—152=11  be  solved  in  positive 
integers  ? 

176.  To  solve  the  equations  ax+by-|-cz  =  d,  a'x-j-b'y  +  c'z  =  d' 
in  positive  integers. 

Eliminate  z ;  let  the  resulting  equation  be 
Ax-{-By  =  D. 

Let  a;=a,  y=(S  be  a  solution  of  it,  then  we  can  put  (Art. 
166,  167), 

x  =  a-Bt,y=(i-irAt,        ^    .  .  (i). 

Substitute  these  expressions  for  x  and  y  in  either  of  the  given 
equations,  and  thus  obtain  an  equation  involving  t  and  z. 

Obtain  a  positive  integral  solution  of  this  equation,  and  thus 
by  Art.  166,  167,  express  t  and  2  in  terms  of  a  new  unknown 
(i'),  and  then  by  substituting  for  t,  express  x  and  y  in  terms  of 
t'. 

Now  give  to  t'  all  the  values  which  will  make  a;,  3/,  and  2  each 
equal  to  a  positive  integer. 


EXAMPLES.— XXXV. 

Solve  the  following  pairs  of  simultaneous  equations. 

1.  5x+4?/+  2=272,  1 
8x+9^+30=656.  j 

2.  6a; 4- 7^+42=  22,  ) 
lla;4-8?/-62  =  145.  i 

3.  a?— 2j/+  2=     5, 
2x4-  y —  2=     7. 
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4.  In  how  many  ways  may  the  sum  of  £2  be  paid  in  half- 
crowns,  shillings,  and  sixpences,  supposing  28  coins  to  be  always 
used? 

5.  A  farmer  spends  £100  in  buying  bullocks  at  £10  each, 
sheep  at  £1  each,  and  geese  at  2s.  6d.  each.  He  buys  100 
head  in  all.     How  many  of  each  does  he  buy? 


MISCELLANEOUS  EXAMPLES.— XXXVI. 

1.  In  how  many  ways  may  the  sum  of  £24.  15s.  be  paid  in 
shillings  and  francs,  supposing  26  francs  to  be  equal  to  21s.  ? 

2.  Find  a  number  of  three  digits,  which,  when  added  together, 
make  up  20. 

3.  Find  a  number  of  two  digits,  which  if  the  digits  be  inverted 
and  9  added,  shall  be  doubled. 

4.  In  how  many  ways  can  a  person  pay  a  sum  of  £15  in  half- 
crowns,  shillings,  and  sixpences ;  so  that  the  number  of  shillings 
and  sixpences  together  shall  equal  the  number  of  half-crowns? 

5.  Find  a  number  which,  when  divided  by  39,  leaves  16 
remainder,  and  when  divided  by  56  leaves  a  remainder  27. 

6.  Find   a   value   for   x  which   will   make   the   expressions 

3a;-10     llx-l-S     16a:-l    ,,     ,    ,  , 

—  ,  — =— ! —  ,  — - —  all  whole  numbers. 

7.  Divide  100  into  two  parts,  such  that  one  part  may  be 
divisible  by  7,  and  the  other  by  11. 

8.  A  man  buys  a  number  of  horses  at  £60  each,  and  a  number 
of  bullocks  at  £8,  and  finds  that  he  has  spent  £4  more  on 
bullocks  than  on  horses.     How  many  did  he  buy  ? 

9.  Find  the  number  of  ways  in  which  I  can  mix  40  gallons  of 
wine,  some  at  15s.,  some  at  19s.,  and  some  at  12s.  per  gallon,  so 
as  to  produce  a  mixture  worth  16s.  per  gallon,  an  integral 
number  of  gallons  of  each  sort  being  taken. 

10.  A  certain  sum  of  money  consists  of  £.x  and  y  shillings, 
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and  its  nth  part  of  £?/  and  x  shillings ;  find  the  values  of  n 
which  will  give  sums  properly  answering  the  conditions  of  the 
problem. 

11.  In  how  many  different  ways  may  £11.  15s.  be  paid  in 
guineas  and  crowns  ?  If  those  values  of  x  and  y  be  taken  whose 
sum  is  the  least,  show  that  the  nth  power  of  this  sum  may  be 
expressed  by  the  series 

10..|l+4+'it»+l)l,+«j!l+li(j±2).|+  etc.  }  . 

12.  Find  by  means  of  continued  fractions  the  positive  integral 
solutions  of  23a;— 1%=97. 

13.  Find  three  fractions  whose  denominators  are  3,  4,  and  5, 

-j  00 

and  whose  sum  is  — /ttt  • 
oO 

14.  In  how  many  different  ways  could  a  courtyard  20  yards 
long  and  15  broad  be  paved  with  stones  selected  from  two  sets, 
the  stones  in  one  set  being  3|-  feet  long  and  3  broad,  and  those 
in  the  other  4|  feet  long  and  4  broad  ?    , 

15.  A  table  1\  feet  long  and  4|  feet  broad  is  to  be  covered 
with  photographs  selected  from  pictures  measuring  respectively 
\\  feet  by  10  inches.  If  feet  by  1  foot,  and  2|  feet  by  3A  feet. 
In  how  many  ways  may  this  be  done ; 


XVII 

Jntietermiiiate  equation^  of  tlje  »)ecoitti  2Dca;cce* 

177.  In  Art.  156,  Cor.   it  was  proved  that  if  f^N  be  con- 
verted  into  a  continued  fraction,  and  —  denote  the  penultimate 

convergent  of  any  recurring  period,  then  p-—Nq-=:zizl,  accord- 

P 
mg  as  —  is  of  an  even,  or  odd,  order.     From  this  fact  we  are 
q 

able  to  deduce  a  series  of  solutions  of  certain  indeterminate 
equations  of  the  second  degree. 

178.  Prop.  To  solve  x-  — Ny-  =  1,  in  positive  integers,  when  N 
is  a  positive  integer ^  hut  not  a  perfect  square. 

Convert  ^/N  into  a  continued  fraction,  and  let  —  be  the  pen- 
ultimate convergent  of  the  first  recurring  period. 

Then  (p-  —  Nq-)^  =  {ziiiy^=l,  n  being  any  positive  integer, 

P 
or  any  positive  even  integer,  according  as  the  order  of  —  is  even, 

or  odd  ; 

...  (^_  ^NqY[p+  ^Nq)^={x-  ^JNy){x+  ^N) ; 
.*.  any  values  of  x  and  y  which  satisfy  the  equations 

X-  ^Ny={p-  ^Nqy\ 

and  x-\-  >^Ny  =  {p-{-  ^/Nq)"", 

{p+  ^Nq)-+(P-  V^g)" 
or   X  — fy J 

(p+ ^Nq)--(p- ^NqY 
and  y- ^^  , 

will  be  solutions  of  the  given  equation. 
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179.  Ex.   To  solve  a;=-13?/2  =  l. 

Here  Art.  143,  —  =— ,  and  is  of  the  fifth  order.     Hence 

_(18  +  5V13)"+(18-5  V13)" 


_(18  +  5  V13)''-(18-5  V13)» 
^  2  V13 

where  n  must  be  zero,  or  an  even  integer. 

Giving  n  the  values  0  and  2,  we  get 

x=\,  649, 

2/=0,   180; 

and  for  every  even  integer  which  we  might  put  for  n  we  should 
obtain  another  pair  of  values  for  x  and  y. 


180.  Prop.  To  solve  x-  — Ny-  =  — 1,  in  ijositive  integers,  when 
N  is  positive  integer,  hut  not  a  perfect  square. 


ultimate  convergent  of  the  first  recurring  period. 


Convert  aJN  into  a  continued  fraction,  and  let  —  be  the  pen- 


Then,   if  —     is     of    an    odd    order,    j?2_^t^2__i^    a^mj 

(2:)-—Nq'^)''^=  —  l,  where  n  is  any  odd  integer; 
...  {p"--Nq^Y={x"'-Ny% 
and  the  solutions  will  be  of  the  same  form  as  in  Art.  1 78. 

If,  however,  —  is  of  an  even  order,  {p"'  —  Nq-Y  =  \  whatever 

integral  value  n  may  have,  and  the  equation  cannot  be  solved. 
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181.  If  A  is  the  denominator  of  some  one  of  the  complete 
quotients  which  recur  in  converting  sJN  into  a  continued 
fraction,    we    can  often    obtain   a    solution    for   the    eqiK'iions 

x2_Ay-=j,  .  .  .  (i),    x"'-mf=-A,  .  .  .  (2). 
ift 

Let  — ,  be  the  convergent,  in  the  first  period,  whose  order  is 

one  less  than  that  of  the  complete  quotient  in  which  A  is  the 
denominator. 

Let  -r,  be  the  similar  convergent  in  the  second  period. 

I'hen  if  the  number  of  quotients  in  each  period  is  odd,  the 

V     p" 

orders  of  ^ ,  —r,  are,  one  odd,  and  the  other  even  ; 
q      q_ 

.■.p'^—Nq'"-=+A,  and  j/"  — iV^"=  =  — ^, 

QY  2j"-Kq'^-=-A,     „    2^""--^'q"=+A 

v' . 

according   as    the    order   of   -7  is  even,  or  odd,  Art.  155. 

In  the  first  case  x-=i:)\  y  =  q'  is  a  solution  of  (i), 
andx=/',  y  =  q'  ,.  ,,  (2). 

In  the  second  case  x=p',  y=q  ,,         „  (i), 

and  x=p\  y=q'  „         „  (2). 

But  if  the  number  of  quotients  in  each  period  is  even,  the 

P      P 
orders  of  —, .  -^  are,  both  odd,  or  both  even  ; 

q    q 

.•.2j'"-Nq"=A  a-id  2r--mf"-=A, 
or  y-  — i\V'=— ^,  „p"'  —  Nq''  =  —'^, 
according  as  the  order  of  —  is  even,  or  odd. 

In  the  first  case,  x=p\  y=q',  '^'=l"i  y  =  ^i  ■,  a^"^  both  solu- 
tions of  (i),  and  (2)  has  no  solution. 

In  the  second  case,  x=p',  y=q\  x—p"^  y=^q'\  are  both  solu- 
tions of  (2),  and  (i)  has  no  solution. 
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182.  When  any  one  solution  of  x-—Ny^  =  ':izA  has  been 
found,  a  series  of  solutions  can  be  obtained,  as  follows. 

Let  /?,  k  any  two  numbers,  such  that  h"'—Nk-  =  \,  obtained 
from  Art.  178;  and  let  a?=i/,  y^=g_'  be  a  solution  of 
x-—Nif  =  -:h.A  ; 

.-.  x"'-Ny-=zLA  =  {h--Nk''){p'--Nq;-), 

=  {2:>'h-\-Nq'kY--N{2j'k-\-q'h)\ 
or  =  {ph  —  Nq'k)  ^  —  N{2yk —q'h)"; 
.•.  we  can  put  x=p'h-:izNq'k  ) 

and  y—jykdzq'h     J  '  "  '  ^^''' 

both  upper,  or  both  lower,  signs  being  taken. 

Now  obtain,  from  Art.  178,  a  series  of  pairs  of  values  for  h 
and  k,  then  for  every  pair  we  have  from  (i)  two  pairs  of 
values  for  x  and  y. 

183.  To  solve  the  equation  5-  — Ny-  =  ztB-A;  where  ^  is  a 
denominator  of  a  complete  quotient  occurring  in  the  conversion 
of  fJNmto  a  continued  fraction. 

Put  x=Bx\  y  =  By',  and  we  have 

x'^-Ny"  =  ±A. 
These  can  be  solved  by  Art.  181  or  Art.  182. 


184.  The  general  equation  of  the  second  degree  with  two 
symbols,  x  and  ?/,  is 

Ax-+Bxy+Cy-+Dx+Ey^F=0. 

The  solution  of  which  in  positive  integers  cannot  always  be 
effected.  We  have,  however,  just  been  discussing  some  parti- 
cular cases  of  it,  and  we  shall  now  show  how  to  obtain  positive 
integral  solutions  when  the  square  of  one  of  the  symbols  is 
absent  from  the  equation,  or,  in  other  words,  when  ^  =  0,  or 
(7=0. 

The  method  is  most  simply  exhibited  by  an  example. 
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Ex.  Solve  in  positive  integers  3a;-  — 2a;y+a;-|-3_y+3  =  0. 

^  3jc"-+a;+3      3      ,  11  .        45 

Here  ^  = --2^3-=  2  ^+-^+^^^^^^33-^ 

Clearing  of  numerical  fractions,  by  multiplying  by  4,  we  have 

4y=6x+lH-^. 

45 
Now  X  and  3/  being  integers,  ^    _o  must  be  an  integer  also ; 

.-.  2,x — 3  must  be  a  factor  of  45  ; 

.-.  2x-3  =  ±l,  ±3,  ±5,  ±9,  ±15,  or  ±45. 
Of  these  only  the  following  give  positive  integral  solutions. 


2a;- 3=+  1  ; 
2a;-3  =  4-  3; 
2x-3=+  5; 
2x-3  =  -H  9: 
2a;-3=  +  15; 
2a;-3  =  +45; 


x=  2,  42/=12+ll+45 
x=  3,  4j/=18  +  ll  +  15 
x=  4,  4?/=24  +  ll+  9 
x=  6,  4y=36  +  ll+  5 
x=  9,  4^=54  +  11+  3 
a;=24,  4y=96  +  ll+  1 


y=l7. 
y=U. 

y=lS. 

2/  =  27. 


185.  For  further  information  on  indeterminate  equations  the 
reader  is  referred  to  Barlow's  Theory  of  Numbers,  whence  the 
greater  portion  of  this  Chapter  is  derived. 


EXAMPLES.  —XXXVII. 

Obtain  one  solution  in  positive  integers,  and  the  general  form 
of  such  solutions,  for  each  of  the  following  equations. 
I.  x-  —  2Sy''  =  l.         2.  x^  —  17y-  =  l.  3.  x''  —  loy'  =  l. 

4.  X-—   by-  =  l.         5.  x-  —  liy-  =  l.  6.  x-  —  12y-  =  l. 

7.  X-  — 13^-  =  —  1.     8.  X- —   72/-  =  2.  9.  X-  —  13y"=— 3. 

Solve  in  positive  integers  the  following  equations. 

10.  a;2  +  2.Ty— 4x— 9  =  0.        11.  2x-  —  xy—ox—y-\-2  =  0. 
12.  3xj/4-2x-  — 7?/=3.  13.  2a:^+3^  =  4x+24. 

Solve  when  possible  the  following  equations. 
14.  x-  —  7y-=  —  l.      15-  a;-  — l7i/-  =  — 1.      16.  a;2  — 19y-  =  ±l. 
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liecurn'no;  ^tviz0. 

186.  A  recurring  series  is  one  in  which,  after  some  one  term, 
each  term  is  the  algebraic  sum  of  the  products  obtained  by  taking 
always  the  same  number  of  the  immediately  preceding  terms, 
and  multiplying  them  respectively  by  certain  constants. 

Thusl  +  3a;  +  2x=+4a;3-2x*  +  16x-5-38a;«  +  124£c'+etc.(^), 
is  a  recurring  series,  for  after  the  fourth  term  each  term  is  the 
sum  of  the  products  of  the  preceding  term  by  — 2x,  and  of  the 
term  before  by  Zx^ ;  so  that,  if  Un,  t'n-i  5  *'m-2  represent  any  three 
consecutive  terms,  the  following  relation  holds  between  them, 

Un=—2xUn-i+^x"Un-n, 
or     Un-{-2xUn-i  —  Sx-l(n-i  =  0,  .  .  (l). 

The  expression  l-\-2x—Sx^  is  called  the  scale  of  relation, 
being  made  up  of  the  coefiicients  of  the  various  terms  of  the 
relation  (i). 

Again  it  will  be  found  that 

2+x-\-Sx^—x^+x'  —  10x^  +  Qx'—4:2x'+etc.,  (B), 
is  a  recurring  series,  of  which  the  scale  of  relation  is 
1  +  O.x— 4a:-  +  2a;%  or  1— 4a;^  +  2a;^, 

187.  We  divide  recurring  series  into  different  orders  accord- 
ing to  the  number  of  terms  necessary  for  forming  each  succes- 
sive term. 

Thus,  series  (A)  is  of  the  second  order ;  series  (B)  is  of  the 
third,  for  0  has  to  be  considered  as  the  constant  multiplier  of 
the  term  immediately  preceding. 
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The  G-.P.  a-f  rtr+ar^  +  etc.  is  a  recurring  series  of  the  first 
order,  the  scale  of  relation  being  \  —  r. 

Again,  in  Art,  59,  the  expansion  of  a^-\-axX — ^  .^  ^  ^^^ 
curring  series,  of  which  the  scale  of  relation  is  h^^h^x\h„x^. 

188.  Prop.  To  find  the  scale  of  relation  of  a  recurring  series. 
Ex.  Let  the  series  be 

2+5a;+2a;-  +  7a;«  +  20a;«  +  61a:«4-182a;«  +  etc. 
Assume  the  scale  to  be  \—px  —  qx"  —  rx^. 
Then  for  determining  the  constant  multipliers  ^9,  g,  r  we  have 
the  following  relations, 

5r+   2^7+   Ip—  20  =  0, 
2r+    7ri+20j9-    61  =  0, 
7r+20(?+61j;-182  =  0; 
which  may  be  obtained  by  writing  down  the  relations  similar  to 
(i)  of  Art.  186,  and  dividing  by  the  powers  of  x  which  they 
contain.     Solving  these,  we  find  r=0,  Q'  =  3,  iJ  =  2;   .-.  the  scale 
of  relation  is  1  — 2a;— ox",  and  the  terms  begin  to  recur  after  the 
fourth. 

Generally,  if  we  know  2m  or  2»2  +  l  consecutive  terms  we  can 
obtain  in  relations  amongst  the  terms,  which  will  enable  us  to 
determine  m  constant  multipliers,  and  thus  we  may  assume  the 
scale  to  have  m-\-\.  terms  in  all. 

189.  Prop.  To  find  the  sum  of  the  first  n  terms  of  a  recurring 
series. 

Denote  the  series  by  ito  +  i(iX-\-iux'--{-  .  .  .  +w„^a;'"4-etc., 
and  the  required  sum  by  S. 

The  following  is  an  example  of  the  method  to  be  pursued. 

Suppose  the  scale  of  relation  to  be  l—];)x—qx"',  and  that  all 
terms,  after  the  second,  are  formed  according  to  this  relation,  so 
that,  if  r  is  greater  than  1,  M,.—jj)W,._i  —  2't;^_3  =  0,         .  (i). 
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Now  iS'=t/o+  u\x  +  wsx^  +  ... +M„_3j;'^3  +  «n-2ic"~-  +  ?<«-]a^"~-^ ; 

.*.     —pxS—       —pUoX  —  pU^x"—...  -l-)Un-iX^~^—pUn—\OC", 

—  qx"S~  —qutfic^— ...  -qun-sx"~^  —  qun-i-c^ 

—  5'M„_ix"+' ; 
,*.,  adding, 

S{1  —px  —  qx-)  —uo  +  {u\  -  puo)x  —  {pun-i  +  qv^,i-i]x"  —  2?f  „__ia;"+i, 
since  the  coefficient  of  x^,  viz.,  u^—^iu^ — ^'ti,,,  vanishes  by  (i),  as 
also  the  coefficient  of  every  power  of  x  from  x^  to  a;""^  inclusive. 
But  by  (i)  agam pUn-i+qun-o  =  iin; 

tlo  +  {Ui—2nio)x      UnX'^  +  qiCn-iX'^'^^ 

•'•      *^= 1 5 T 5 

L—2)x — qx'  1 — px—qx^ 

CoR.  I.  "We  have 

l—jyx  —  qx''  o-r    1    -1-       -r    n    1  "r      i_^^_^^z       > 

or,  in  other  words,  if  we  carry  the  division  oiiio-\-{ih—2niQ)x  by 
1 — jja? — qx"  to  n  steps,  the  quotient  is  the  given  series  carried 
on  to  n  terms,  whatever  number  n  may  be. 

TT  Wo  +  (Mi  —  »Mo)^   .        ,  •  /■  •  n     1 

Mence  — q — ^^ 5 —  is  the  qeneratinq  function  01  the  series 

l—2JX—qx-  "^  ''•' 

(Art.  56). 

Cor.  2.   Also  the  remainder  after  this  division  is 

UnX'"'-\-qiln-iX'^+^ 
1 — px  —  qx^ 

If  we  give  such  values  to  the  letters  involved  that,  when  7i  is 
endlessly  increased,  this  remainder  is  endlessly  decreased,  then 

Ua-\-{ui—puo)x  .         -,  ■   r   ■.  rru-     • 

— ^— ^ —  is  the  sum  01  the  series  ad  innnitum.     inis  is 

\—20x—qx^  '' 

one  instance  in  which  we  can  see  tjiat  the  assumption  in  Art.  64 
is  true. 

Cor.  3.  We  can  put  the  remainder  into  the  same  form  as  the 
generating  function,  for  g'M^_i  =  Mri+i~i'"n;  •■•  the  remainder 
^^nX-Hun^.-pu,^xn^^    ^^^^^  ^^^^^^^  ^f^+(!iiZ:^when 

1—px—qx-  1—px—qx^ 

to  n  we  give  the  particular  value  0. 

L 
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Similarly,  if  tlie  scale  of  relation  had  been  1  —px—q^x-—rx^, 
we  should  have  had 

\  —  'px  —  qx"'  —  rx^ 

_  Mna;"+(«n+i— J?"n)a;^+^  +  K+2— jJ»n+i-  g»nV+' 
1  —  "px — qx'-  —  rx^ 

190.  Since  in  order  to  find  the  sum  of  n  terms  we  must  know 
the  nth  term,  we  proceed  to  the 

Prop.   To  find  the  general  term  of  a  recurring  series. 

Consider  the  same  example  as  in  Art.  189. 

Let  a,  /3  be  the  roots  of  the  equation  1— j9X— g.r  =  0; 
.-.   l—px—qx"'  =  —q(x  —  a)(x—f3)- 
.-.,  by  partial  fractions,  the  generating  function 

But  this  must  be  the  same  as  the  given  series  smce  both  are 

expansions  of  the  same   generating  function,  and  it  is  always 

possible  to  give  such  values  to  x,  including  zero,  as  will  make 

both  series  convergent  (Art.  94) ; 

.      .    M  .  ^  \    _ 
.-.  the  general,  or  rth,  term  of  the  series  is  I  ^+«7  p''  S 

where  A  and  B  are  to  be  determined  by  the  rules  given  in  the 
Chapter  on  Partial  Fractions. 

Another   method   of  finding  the   general  term  is  given   in 
Chapter  xxiv. 

191.  Numerical  example  worked  out. 

2  +  5x4-2x2 +  7a;3+20a;«  +  etc. 
(i.)  The  scale  of  relation  has  been  already  found,  in  Art. 

188.     It  is  1  — 2a;— 3a;^ 
(2.)  The  generating  function.     Let  /S  denote  the  sum  of  the 
first  n  terms. 
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Then  ^=2  +  5x+  2x-+  7«^ +  20x*  + etc.  to  w  terms, 

—  1xS=   — 4x— lOx-—  4x-3  — 14ic*—         ,,  , 

~Zx'S=  -   6x^-1 5x3-   6a;^_ 

.•.»S'(l  —  2x  —  3x=)  =  2+x—14x=  —  12x3  +  terms  involving  x"j  etc.; 
^    24-x-14x=-12x3  ,  .    , 

•'•  ^=       l-2x-3x-       +  remainder. 

Hence  the  generating  function  is 

l-2x-3x2       ~     +      +l-2x-3a;^* 

(3.)    The    general     term.  The    roots     of    the     equation 

l  —  2x  — 3x^  =  0   can  be    found   to   be    J,    and    —1,    therefore 
1  -  2x-  '6x'  =  {l-Sx)(l+z); 

.:  we  put  - — ^ ?;— =q — T. — h. ; 

^      l~2x— 3x-     1  — 3x^l+x' 

.-.  x=.4(l+x)+i?(l-3x) 

.-.  A-{-B  =0 


L-35=l)   ' 


7?_ 1      A  —1  . 

A-SB  =  1^     ,    ..  /5_        4,^-4, 

1        1 


*  ■  1— 2a;— 3x^~4  1  — 3x     4  1+x 

=i(l  +  3x+3^|''+  .  .  .   +3x'|'-i+  etc.) 

—  1{1-X  +  X"—    .    .    .    +3^r-i_j_  etc.). 

Thus  the  rth  term  is  I  (S*-!— ^Tj  '-i)x'-i. 
(4.)  The  sum  of  n  terms,  beginning  with  the  first. 

S=2  +  ox+  &c.  +|{3«-2-(-l)«-2}a;»-2  +  i{3«-i-(-l)«-i}a;''-i; 

.•.-2x;S'=  -4x-  &c. -|{3«i-(-l)"-i}x«, 

-.3x=-S=  -6x2-&c.  -f{3«-2-(-l)"-2}a;»    -|{3«-i-(-l)"-i  }a;«+i; 

•.>S'(l-2x-3x=)=  2+x-14a;2-12x3-i{3"-(-l)«}x"-^{3»  +  3(-l)"}x'»+i. 

We  have  been  at  no  pains  to  find  the  first  four  terms  of  this 
last  expression,  as  we  had  already  obtained  them  in  (2).  Also 
we  knew  that  all  the  powers  of  x  from  x*  to  x"~i  inclusive  would 
vanish.    We  had  therefore  only  to  find  the  co-efficients  of  x"^  and 
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x"+i,  the  former  of  whicli  accidentally  came  into  the  unusually  neat 
form  of \ ^,  since  3.3'»-''+2.3"-i  =  3«-i  +  2.3«-i  =  3'^, 

and-2(-l)"-i-3(-l)"-==+2(-l)«-3(-l)"=-(-l)". 
^^,__2+a;— 14x-  — 12x^      {3"  — (  — l)^}g;"+{3'^4-3(— l)'^}a:"+^ 

"•  \-'lx-Zx'  '        4(l-2a;-3a;-^) 

-4       o,  ^  {3n-(-l)n}a;'^  +  {3"  +  3(-l)"}a:"+' 

~      "'"""^l-2a;-3a;2  4(l-2a;-3a;-^) 

It  will  be  observed  that  the  first  of  these  fractions  is  what  the 

second  becomes  when  in  it  we  put  92=0. 

192.  In  Art.  190  we  showed  that  the  series  was  equal  to  the 
sum  of  two  geometric  progressions,  of  which  the  first  terms  were 

A  T-<  rp  rp 

—  ,  "o  ,  and  the  common  factors  —  and  -^  • 
a       /3  '  a  p 

It  is  often  asserted  that  any  recurring  series  can  be  expressed 
as  the  sum  of  as  many  geometric  progressions  as  there  are 
simple  factors  in  the  scale  of  relation.  This  assertion,  however, 
is  not  true  if  two  or  more  factors  are  the  same. 

For  example,  in  Art.  190,  if  a=/3,  the  scale  of  relation 
=  —q(^x  —  ay,  and  we  should  put,  by  partial  fractions,  the  gene- 

A  B 

rating  function  = — — — \-r- — n2  ,  which  expands  into 

—  IH h— +  etc.    +-  IH 1 — r+  etc. 

a\  a       a  J      a'\  a        a 

of  which  two  series  the  latter  is  not  a  geometric  progression. 

When  we  can  resolve  a  series  into  two,  or  more,  geo- 
metric progressions,  we  can  often  best  find  the  sum  of  n 
terms  by  obtaining  the  sum  of  each  progression  separately, 
and    then    adding    together    these    separate    sums.       Thus, 

X 


A 


^     B  (S 


in  Ai't.  190,  the  sum  of  n  terms  is h- zr 

'  a      X      ^        p 


-1 


-1       ^      -^-1 

(3 
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and  in  Art.  191,  from  (3), 

4     3a;- 1  +4      a;+l 

193,  The  scale  of  relation  is  sometimes  expressed  thus, 
— ]i — %  instead  of  in  the  form  1 — ]px — qx". 

194.  The  recurring  series  5  +  9  +  16  +  26  +  39  +  etc.,  can  be 
discussed  as  follows.     Consider  the  series 

5 + 9a; + 16.c=' + 26a;^ + SQ.^" + etc. 

Find  the  scale  of  relation,  or  whatever  may  be  required,  for 
this  series,  and  then  put  a;=l  in  the  result. 

If,  however,  x—\  is  a  factor  of  the  scale  of  relation,  this 
method  does  not  give  the  sum  of  n  terms  readily. 

EXAMPLES.— XXXVIII. 

Find  (i)  the  scale  of  relation,  (2)  the  generating  function, 
when  possible,  (3)  the  general  term,  (4)  the  sum  of  n  terms, 
in  each  of  the  following  twelve  recxirring  series : — 

1.  l+2a;+3a;=+4a;3  +  etc. 

2.  1  — 3a;+5a;2  — 7a;3  +  9a;*— etc, 

3.  l  +  ll.'c+89.^;-  +  659a;^  +  ctc. 

4.  104-14a;+10a;2  +  6a;^  +  etc. 

5.  l+4-h5-2-19-etc. 

.    ,      5.7;  ,   7    „     17  ,  . 

6.  1  — — +  ^a;- — —a;3  +  etc. 

T       7   ,17     55  ,    , 

^'  ^-  3+T-27+'^'' 

8.  l+4a;+9x^  +  16a;3+25x*+etc. 

9.  1  — 3a;— 9a;*  +  27a;5  +  etc. 

10.  3  +  5x+7a;=4-13a;^  +  23a;^  +  45a;M-etc. 

11.  2—x-\-x^  —  2a;*4-etc. 

12.  1  +  11  +  89 -l-659+ctc. 


152  RFXURRING  SERIES. 


13.  Find  the  nth  term  of  the  recurring  series, 

l  +  3^+7x"  +  13^'  +  25a;*  +  51x5  +  103a:''+etc. 

14.  Find  the  nth  terms,  and  the  generating  functions,  of  the 
recurring  series     (i.)  2 +  7x+ 25x^  +  910;'+   .   .  .   , 

(2.)  2+  a;+25x=  +  37ic'+  .  .  . 

15.  Show  that  the  n'Oa.  term  of  the  recurring  series 
2  +  6+20  +  72+  .  .  .  is2'^-'(l+2'»-i). 

16.  If  a  series  be  formed  having  for  its  rth  term  the  sum  of 
r  terms  of  a  given  recurring  series,  show  that  it  will  also  form  a 
recurring  series,  whose  scale  of  relation  will  consist  of  one  more 
term  than  that  of  the  given  series. 

Find  the  scale  of  relation,  the  rth  term,  and  the  sum  of  n  terms, 
of  the  recurring  series  1  +  6+40  +  288  +  etc. 

Show  also  tliat  the  sum  of  n  terms  of  the  series,  formed  bj 
taking  for  its  rth  term  the  sum  of  r  terms  of  this  series,  is 

2  4  5?? 

3,(2--l)  +  ^(23"-l)-^- 

17.  Determine  the  law  of  the  series  2,  —3,  4,  4,  24,  56, 
152,  360,  .   .  •  ,  and  find  the  sum  of  n  terms. 

18.  The  scale  of  relation  of  the  recurring  series 

l+3.r+5.«'  +  7.c^  +  etc. 
is  of  the  form  a+/3;  find  a  and  ^  and  the  sum  of  n  terms  of 
the  series. 

19.  Find  the  general  term  of  the  series 

a; + x- +  a;*  +  .r ' + a;i  1  +  etc. 


XIX 

fe>ummatioii  of  »>eci£0. 

195.  Denote  any  series  by  t«i  +  ?'2+   •  •  •   +?'n+etc. 
Let  Sn  denote  the  sum  of  the  first  n  terms, 

then         Si  =  iCi,  ....         (i). 
S,-S^  =  u,,  ....        (2). 
etc.  =  etc. 

Sn  —  Sn-i  =  Un,   ....  («)• 

We  have  therefore  to  find  the  form  of  Sn,  considered  as  a 
function  of  n,  such  that  it  can  be  made  to  satisfy  each  of  the 
equations  by  giving  the  proper  values  to  n. 

We  shall  show  how  to  do  this  in  several  cases. 

196.  We  may  remark  in  passing  that,  if  we  can  express  Un  as 
the  difi"ereuce  of  two  functions,  thus, 

Un=Vn — '^11-1  i 

where  Vn  and  Vn-i  are  the  same  functions  of  n  and  of  n  — 1 
respectively,  we  can  immediately  obtain  the  form  of  Sn. 
For  then  we  have  from  equation  (n) 

Sn —  '^n— 1  ^  "^n      '^w— 1  '■> 
•'•   Sn — ^i  =  Sn—i  —  %— 1) 

and  from  the  preceding  equation  Sn-i  —  Vn-i  =  Sn-i  —  Vn-2, 
and  so  on.  Hence  Sn—Vn  is  an  expression  which  retains  a 
constant  value,  whatever  integral  value  n  may  have. 

Denote  it  by  C\  then  Sn—Vn=G,  or  Sn=C+Vn,  and 
G=Si—Vi  =  Ui—Vi. 
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197.  Prop.  To  find,  the  sura  of  n  terms  of  the  series 
U1  +  U2+  .  .  .  +Un+  etc.,  where  Un  is  a  j^ositive  integral 
Junction  of  n. 

Ex.  1^  +  28  +  33+  .  .  .   +?2''  +  (n+l)^4-etc. 

So  that  M^=n^,  and  is  therefore  a  function  of  the  3rd  degree. 

Let  Sn  denote  the  sum  of  n  terms. 

V\xiSn=A^-]rA^7i-[-A„n"-\-Ain^-\-Ain\  .         .         .         (i). 

That  is,  we  assume  S^  to  be  a  positive  integral  function  of  n 
of  one  degree  higher  than  u^  (see  Ohs.  below). 

Also 

Sn-,=A,+A,[n-l)^A„Xn-lY+A,{n-lY+A,{n-\Y. 

But  n^  =  Sn—Sn-i,  hence,  subtracting  the  expression  for 
Sn-i  from  that  for  Sn,  we  have 

7i^  =  AXn—n  —  l)+A.{7i-  —  n  —  T\  -)-{-As{n^  —  n—l  \  ^) 


-\-A,{n*  —  n—l\') 
=  A^  +  A,{'^7i-1)+A,{^n--Sn  +  1) 

+  A,{4:n^  —  Qn"'+4ji  —  l),  .         (2). 
Now  this  is  to  be  true  for  aU  positive  integral  values  of  n; 
.-.,  Art.  87,  4^4=1,  3^3-6^4  =  0,  2A,-SA,+4:A,  =  0, 

A,-A,-\-A,-A,=0; 

...  A=^,^3=|,  A,  =  l,A,  =  0; 

•'■   Sn=\n*  +  ^n'  +^n"--{-A,,        .         .         (3). 
To  determine  A^  we  have  Si  =  Ui-=l;  .-.  putting  n  =  l  in  (3), 
~+l+j-hA,=S,  =  l; 
.-.  ^0  =  0; 

■  '•  br,= ; 71 


4  ~\       2      j 

Ohs.   We  can  see  now  why  we  went  up  to  A^n*^  in  Sn,  and 
no  further. 

If  we  had  stopped  at  A^n^  in  (i),  we  should  not  have  had  an 
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»'  on  the  right-hand  side  of  (2),  which  we  must  have  in  order  to 
equate  its  coefficient  with  that  of  ri?  on  the  left. 

If,  again,  we  went  as  far  as  Ai,n^  in  (i)  and  stopped,  we  should 
have  on  the  right  hand  of  (2)  ^b(5»*  — etc.),  etc.,  and  when  we 
equated  coefficients  of  n*  we  should  have  5^5  =  0,  ^.e.  ^5  =  0. 

Similarly,  if  we  stopped  at  A^n^,  we  should  have  6^16  =  0: 
.•.  ^6  =  0,  and  thence  ^5  =  0. 

EXAMPLES.— XXXIX. 

Sum  to  n  terms  the  following  fifteen  series — ■ 

1.  l-+2=  +  3"+4=+  etc. 

2.  3^  — 5"  +  7"—  etc. 

3.  1^  +  3^  +  53  +  7^+  .  .  .   +(2?i-l)«+  etc. 

4.  13  —  33  +  52—  etc. 

5.  l*+2^  +  3*+etc. 

6.  1.3.4+2.4.5+8.5.6+  .  .  .  +<n  +  2)(n+3)+  etc. 

7.  1.3—2.4  +  3.5—  etc. 

8.  1.3.5+2.4.6  +  3.5.7+  etc. 

9.  rt3^(a  +  6)3+  .  .  .  +(a  +  ?i— 1Z>)3+  etc. 

10.  1"-  + (1^+22) +  (12 +2- +  3-)+  etc.,    each   bracket   being 
taken  as  a  term. 

11.  a(a+Z^)(a+2&)  +  (a+5)(a+2&)(a  +  3&)+  etc. 

12.  1^3  +  2^4+3^5+  etc. 

13.  1^.2  +  23.3  +  33.4+  etc. 

14.  2.4.5+4.6.7  +  6.8.9+  etc. 

15.  n+2(9i-l)  +  3(«— 2)+ etc. 

16.  Find  the  sums  of  the  first  n  terms  of  the  series  of  which 
the  wth  terras  are  (2n  +  l)(3n— 1)  and  (  — l)"-in=(2«  — 1). 

17.  Find  the  «th  term,  and  the  sum  of  n  terms,  of  the  series 

1.2  +  2.3+4.5+7.8+11.12+etc. 

18.  Sum  to  n  terms  the  series  whose  ?ith  term  is  vr  —  l. 


156  ^  UMATA  TION  OF  SERIES. 

198.  The  following  is  a  proof  of  the  general  case  of  Art.  197. 
Let  Un  be  a  positive  integral  function  of  n,  of  the  mth  degree, 

say  Un=Ajnn^-\-   .  .   .   +A^n-{-Ao. 

We  will  show  that  the  equations  in  Art.  196  will  be  satisfied 
by  assuming  that  Sn  is  a  positive  integral  function  of  n  of  the 
(TO  +  l)th  degree. 

-For -put  Sn=B,7i''+   .  .  .   -\-B,n+B,; 
then,  from  equation  (?i),  ^mW"*+...  +  ^i?i  +  .4o  =  5^n  — ^^ji-i 

:=B,^hi^~^-\-  lower  powers  of  ?2,     .         .  .  (i); 

.-.  Bf,=0,  iik—l>7n  or  lom  +  l. 

Hence  Sn  need  not  contain  a  power  of  n  higher  than  the 
(m+l)th. 

From  (i),  by  equating  coefficients  of  like  powers  of  n,  we  can 
obtain  m  +  1  linear  equations  for  determining  B,n+i,Bjn,  .  .  . 
B,,  B,. 

These  being  found  we  obtain  B^  from  equation  (i)  of  Art.  195. 

199.  The  particular  case,  in  which  each  term  consists  of  m 
factors  belonging  to  the  same  A.  P.,  whatever  term  we  consider, 
can  be  treated  more  shortly  as  follows. 

liQi  Un={b-\-na){h-\-n-\-la)  .  .  .  {h-\-n-\-m  —  la). 
This  can  be  put  into  the  form 
{b-\-na)  .  .  .  {h+n  +  m—la){b  +  n-\-ma) 
a[m-\-l) 


(I)- 


(h-\-7i  —  la)(b-{-na)  .  .  .  {h-\-n-\-m  —  la) 
a(m  +  l) 
Hence  we  assume  at  once,  Art.  196, 

^^- ^KFl) +  ^' 

where  C  does  not  contain  n. 

For  we  see  from  (i)  that  this  form  for  S,i  satisfies  equations 
(2), .  .  .  {n)  of  Art.  195. 
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By  equation  (i)  of  Art.  195  we  have 

=  (5+a)...(5+.a){l+-^}4-C; 


^_     b{b-\-a)  . .  .  {b-\-via) 
a[m-\-l) 


(b-{-na)...{b-i-n-\-'ma)     b{b-{-a)...(b-{-ma) 
•'•'^"~  a(m  +  l)  a(m  +  l) 

Hence  the  required  sum  is  the  difference  between  two  parts, 
of  which  the  first  is  the  ?zth  term  of  the  given  series  multiplied 
by  a  factor  next  after  its  greatest,  divided  by  the  number  of  factors 
so  increased  and  the  common  difference  of  the  A.  P ;  whilst 
the  second  part  is  what  the  first  becomes  when  in  it  we  put  n  =  0. 

200.  Or  we  might  arrange  the  proof  as  follows. 

Denote   the  factors   of  Un  ^J  fn,  fn+i,  ■   ■   ■,  fn+m-i-     So 

that    Jn+i — Jinr^^i     fn+i. — ^/w+i  =  ^)       etc.,     Jn+m     /ji+m— 1  =  <^' 

Therefore,  adding,  /w+m— /n=»^-«  ; 

•  ••  fn+vi—fn-i  =  (m+ l)a  ; 

•  '•  ^n^jnjn+i    •    •    •  Jn+m—i 

/.    -  /.  Jn+m     Jn—1  . 

— Jnjn^i    •    •    •  Jn+m—i    /j;j_|_lW     ' 

Jnjn+i    •    •    ■  Jn+m Jn—ijn   •    •    •  Jn+m—\  . 

ovun-         (^„,j^i^a  {m-\-l)a 

Jn—ifn  •  •  ■  Jn+m—i     Jn—iJn    •    •    •   Jn+m—i  . 

{m-\-l)a  (m  +  l)a 

etc.  =  etc. 

J  if  2    •   •    •  Jl+m     JoJl    •    •    •  Jm  . 

"'~        (m  +  l)a  (m  +  l)a     ' 

.'.,  adding,  and  denoting  the  sum  Wi  +  W2  +  etc.+?/,i-i  +  w,i  by 
/S„,  we  have 

Q  Jnjn+i    •    '    •  Jn+m JoJi   •    •    •  Jm 

,    "~         {m+l)a  {m  +  l)a 


'•  ^n—i  —  ■ 
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201.  Ex.  Sum  to  n  terms  the  series  whose  nth  term  is 
(4«""-l)(4/r-9). 

Let  jSji  denote  the  required  sum,  then  Sn—Sn-i=  the  nth  term 
=  (2«-3)(2«-l)(2n+l)(2«+3) 

_(2n-3)(2n-l)(2«+l)(2«+3)(27i+5) 
~  10 

(2n-5)(2?i-3)(2?2-l)(2?z+l)(2n+3) 
10 
Assume  then 

^  _(2>i-3)(2n-l)(2n+l)(2n  +  3)(2n+5)  ,  ^ 

where  C  is  the  same  whatever  number  of  terms  we  sum. 
Put  n=l,  then  ^•^^^^^^^^^  +  (7=lst  term=(-l)(l).3.5; 
.•.C=(-3.5)(l4)=_|; 
„  _{4:n--l)(4:n'-9){2n+5)      9 

OZ)s.  Although  we  have  verbally  expressed  the  result  of  Art. 
199  in  a  form  easily  remembered,  we  recommend  the  student 
not  to  quote  it,  but  to  work  out  each  example  as  above. 


202.    Many   series   can   be   broken   up   into   two   or  more, 
each  similar  to  that  in  Art.   199,  and  thus  their  sum  can  be 
obtained  in  the  manner  indicated  below. 
Ex.  Let  the  nth  term  be  («  — l)"(n)(?z  +  l). 
This  =(n-2  +  l)(?2-l)?2(n+l) 

=  (n-2)(n-l)H(«+l)  +  (n-l)«(»  +  l). 
Thus  the  given  series  is  the  sum  of  two,  of  which  the  nth 
terms  are 

(n-2)(n  — l)n(n  +  lj,  and  (n-l)n(n  +  l). 
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It  can  be  shown  as  in  Art.  201  that  the  sum 
of  the  first       =<"-^><"-l>"<''+l)("+-). 

0 

md  of  the  second  ^0'-lK»  +  l)(^+2) . 

4 

the  required  sum  =  («— l)?z(n+l)(n  +  2)  — ^ — h-j  ) 
=^(n-l)?.(«  +  l)(n  +  2)(4«-3). 


EXAMPLES.— XL. 

Sum  the  following  six  series  to  n  terms. 

1.  a(a+&)(a+2Z^)  +  (a+6)(a+2&)(a+3&)+  etc. 

2.  2.4+4.6+6.8+  etc. 

3.  1.2.3  +  2.3.4+3.4.5+  etc. 

4.  1.2.3.4+2.3.4.5+3.4.5.6+  etc. 

5.  1.3.5+3.5.7  +  5.7.9+ etc. 

6.  2.5.8+5.8.11  +  8.11.14+  etc. 

7.  Prove    that   1.2     ..     .    j9  +  2.3    .     .     .     (i?+l)+  etc. 

I  n 

+  („_^)(n_j,+  l)   .    .    .    {n-\)  =  ^^^^^^^ 

Sum  the  following  six  series  to  n  terms. 

8.  1.4.3  +  2.9.4+3.1G.5+  .  :  .  +n(»+l)=(n+2). 

9.  1.3  +  2.4+3.5+ j^n{n^%. 

10.  1.3.4  +  2.4.5  +  3.5.6+  etc. 

11.  2.5.7  +  3.6.8+4.7.9+ etc. 

12.  1.4.7+4.7.10  +  7.10.13+  etc. 

13.  1.2.3.8  +  2.3.4.9  +  8.4.5.10+  etc. 
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203.  The  following  is  another  case  in  which  the  method  of 
Art,  196  can  be  applied,  and  in  which  the  reader  will  see  that, 
as  in  Art.  199,  the  difficulty  lies  in  putting  u.^  into  the  form  of 
the  difference  between  two  expressions,  of  which  one  is  the 
same  function  of  n  that  the  other  is  of  n — 1. 

Let 

1 


(Ji-\-na^{h-\-n-\-\d)...{l>-{-n~\-ra  —  ''la){l)-\-n-\-\n  —  \.a) 
Here 


""     a{m  —  V)\      (6  +  n  +  la)...(64-7i  +  m-ia) 
Hence  assume,  Art,  196, 


>s;= ^- =- — ^  +  a 

a(//i  —  1)  (6  +  n  +  la), .  .(Z/  +  n  +  m  —  la) 


Also 


=  "i  =  'S'i  =  — -7— — T\  n.  1  o„\ — rrVZZZ\-^^} 


(&  +  a)...(&  +  ma)       '        '  a[m-l)[}}-{-1a)...{h  +  ma 

.-.  a(m-l)= -(&  +  «)  + (7a(m-l)(6  +  a)(6  +  2a).,.(&  +  nta); 
h-^-ma 


•.C= 


Sn  = 


a{m—l){I)-^a)...{b-\-m  —  la){l>-\-ma) 
1 


a(m-l){b-{-a)...(b+m-la) 
1 

a{m-l)  (b  +  a)...{h-{-m-la) 


Hence  the  required  sum  consists  of  two  parts,  of  which 
the  second  is  the  nth  term  of  the  given  series  with  the  smallest 
factor  of  its  denominator  cut  off,  divided  by  the  number  of  factors 
so  decreased  and  the  common  difference  of  the  A.  P.,  whilst 
the  first  part  is  what  the  second  becomes  when  in  it  we  put  n=0. 
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204.  Or  we  might  arrange  the  proof  as  follows  : 
Denote  the  nth  term  by  -T~f 7 '  ^^^^^ 

Jn+i     Jn^^^^h  Jn+2     Jn+i^^(^}    ^^^-^  Jn+m—i     Jn+m—s^'^] 

•••  fn+m-i—fn=im—l)a; 

^  ^  Jn+m—l     Jn 


.'.  Un  = 


J n-- •Jn+m—l     J nJn+1-- •Jn+m—l      ('^ — J-)* 
1  1  \         1 


\JnJn+i  ••  •Jn+m,—2     Jn+i  ••  •Jn+m—i  jdijn —  ij 

.    ^  _^^[  1 1  \  1 

(/n— i/n." -/n+TO— 3     J nj n+i  •  • -J n-\-m—i.  j  0,\in      1^ 


etc.  =  etc. 


.'.,  adding,  and  denoting  the  sum  Mi+Wa  +  etc  +  ^n-i-f  w„  by  S^, 
we  have 

^^  _  f  1  1  )_1 

(/i/s'-'/to-i     fn+f^fn+m-1  )  (^{j^  —  1) 


205.  Ex.  Sum   to   n  terms   the   series   whose   nth   term  is 
1 


(4n^-l)(4n^-9) 

Let  Sn  denote  the  required  sum,  then  >S^„— ;S^„_i=the  «th  term 

_      _ 1 . 

~(2n-3)(2n-l)'(2n+l)(2n+3) 

1  1 


6(2n-l)(2n+l)(2n+3)^6C2?z-3)(2n-l)(2n+l) 

Assume  then  Sn=^  —  ciTct ttto — ,  t  x  /o — r"o \  +  C', 

"•         6(2«— l)(2n  +  l)  (2«+3)       ' 

where  C  is  the  same  whatever  number  of  terms  we  sum. 
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Put  J2=l,   then   —  7r-o-K  +  t'=  1st  term  = 

1 
8.5' 

1/1        \ 

o.0\       0          / 

1 

-~18' 

.:8..-     y      „.„       ^    ... 

18     6(2rt-l)(2n+l)(2»  +  3) 
The  Ohs.  in  Art.  201  applies  also  to  Art.  203,  205. 

206.  The  following  is  an  indication  of  the  manner  in  which 
some  series  may  be  solved,  by  breaking  them  up  into  two  or 
more  similar  to  that  in  Art.  203. 

Ex.  Sum  to  n  terms  the  series, 

1X7+377:9+  ^^''' 


The  ?ith  term 
1 

X2?z-l)(2«+3)(2n+5)' 

2;z+l 

X2?z-l)(2n+l)(2n+8)(2;z+5)' 
2n-l  +  2 

'(2n-l)(2n  +  l)(2n+3)(2n+5) ' 
1 


■(2»i+l)(2«  +  3)(2?z+5)^(2n-l)(2?2  +  l)(2?i+3)(2«+5) 
Hence  the  given  series  is  the  sum  of  two,  of  which  the  ??th 


terms  are 

1 


and 


(2n+l)(2M  +  3)(2n+5)         (2?z-l)(2«  +  l)(2n  +  3)(2?i+5) 
The  sum  of  the  first  is 

2.2(2n+3)(2n  +  5)^2.2.3.5 ' 
the  sum  of  the  second  is 


2.3(2«+l)(2w+3)(2n+5)^  3.1.3.5 
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The  required  sum  is  the  sum  of  these  two 

3(2m+1)+4  3+4 

~     12(2n+l)(2?2+3)(2n  +  5)+12.3.5 


6n  +  7  7 

■l2(2«+l)(2«+3)(2n+5)"^180" 


7 
The  sum  to  infinity  is  -r^  • 


EXAMPLES.— XLl. 


Sura  to  n  terms,  and  to  infinity,  the  following  sixteen  series ; 
+H^^+^^rT+  etc. 


1.2.3  '  2.3.4  '  3.4.5 

3-  2X6+4:678+6X10+  ^*''' 

4-  6:8+8X0+1012+  '*'• 

5-  lX7+4?7T0+  ^^''• 

.       1     ,1,1,     , 
^-  r5T9+5:9l3+9l3l7+  ''^''• 

1,1,1,. 
7-  1X3:4+2X4:5+3X5:6+  ^'^• 

^-  0+3^+5^  +  7^+ ^*^'. 

5-  1X5X7+3X7:9+ ^*^- 

^°-o+^+  ••  •  +,<X1X)+^^^- 
1    ,    1    ,    1    .   f 
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12.  1  o  K  +  o  «  /»+  etc.  4--? — roTT — rT\+  6*^. 
1.3.5     2.4.6  n(n-f  2)(?i+4) 

111 
'^'  1.3.4"^2.4.5"^3.5.6'^  *'*'^- 

3  5  7 

^''■'  1.2.3"^2.3.4"^  3.4.5'^ 

^5-  273:4+345+4X6+ "*'• 

A      1    j_    2     ,     3 
'^-  1:375+3.5.7+577:9+  ®^*'' 

17.  Sum  tlie  series  9  \  p"^^V^  +  4  T  S+  ^^'^■'  ^^  i'^fi'M.tum. 

18.  Sum  the  series         0  +  0  o     +  •  •  •  +- 


1.2.3^2.3.4^  •  •  ■  ^<n+l)(«+2) 

19.  Sum  the  series 

l(m+2)  2(m+3)  .i(!M:4)_ 

2.3...(m+l)  +  3.4...(m+2)+4.5...(n2  +  3)^  ''^''•'  '*'*  *''-^- 

1        |2^  |_3_ 

20.  Sum  to  infinity  j^+i-^+j^+2+  ^^''' 

21.  Sum  to  n  terms  the  series 


1.2.4.5^2  3.5.6^3.4.6.7  ' 

.     1.4  ,  2.5  ,  8.6  ,     , 
22.  Sum  to  n  terms  the  seiies  2^+3i:+T^^"  ^^^' 


207.  Prop.   2T>  find  the  sum  of  the  first  n  terms  of  the  series. 
Uo+Uix4-UoX=+  etc.  +UnX'i+  efc; 
wliere  Un  «s  a  positive  intecjral  function  q/'n,  a?2£Z  fAe  sa?n.e  171  form 
whatever  n  m^y  ie. 
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We    will    first    illustrate     the     method    by    the    following 
example. 
Let*S=l+x+3a;=  +  7.c^  +  13.«*  +  ...  +  («-l|'-n=i  +  l)a;«-i 

+  (7i=  — n  +  1).^;"; 
then     &=x+a;^  +  3a;3  +  7a;*+  .  .  .  +(«  — 2  |  "-n— 2+l)a;«-i 

+  (?i=  — 3?l  +  3)x"+(?z2  — ?2  +  l>»+i  ; 

.-.  ,S(l-a;)=l  +  2a;=+4a;'  +  6a;*  +  ...  +  (2«— 4>«-i4-(2n— 2>" 

—  (n-—n +!>"+!; 
.-.  5(1— x)x=x+0+2x5+4:^;^+...+(2w-4)a;'*+(2n-2)ic"+i 

—  (?i=  — ?z  +  l)ic"+-; 
.-.  /S'(l— a;)-=l— x+2.c-  +  2:c3+etc....+2x-"— (n=+?2  — l)a;"+^ 

+  (n2— n  +  l)a;«+-, 

=  1— a;+2x"--^-^^ (n-  +  n  — l).e"+i 

+  («=  — n+l);c"+=; 

Thus  by  successively  multiplying  by  a^  and  subtracting  (or, 
which  is  the  same  thing,  by  successively  multiplying  by  1— a*), 
we  have  obtained  a  series  forming  a  Gr.  P.,  with  two  terms  before 
and  two  terms  after  it. 

Ohs.  I.  It  can  be  seen  that  the  above  is  a  recurring  series,  of 
which  the  scale  of  relation  is  {X—xy. 

Obs.  2.  If  the  coefficient  of  a;"  had  been  a  function  of  n  of  the 
3rd  degree,  we  should  have  had  to  multiply  three  times  by  1— a*, 
and  should  have  had  three  terms  before,  and  three  after,  the 
G.  P.,  and  so  on  generally. 

Ohs.  3.  If  xbe  <1,  a;"  and  n-x"  are  endlessly  decreased  as  n  is 

.     .      1  2x"- 

endlessly  increased, and  thus  the  sum  to  infinity  is  -.  _   +/T3_^\3  • 
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EXAMPLES.— XLII. 

Sum  to  n   terms  the  following  nine  series,  and  to  infinity 
those  that  are  convergent  : 

1.  «  +  3a"  +  7a3+15a^+ etc. 

2.  l  +  3a;+7a;=4-13x-'+  .    •    •   +^^^"+  etc. 

3.  1.2x-+2.3.i;"-  +  3.4x-^+  etc. 

12      3 

4-  —  +  —  +-7+  etc. 

1,3,5,     ^ 

.     1,2,3,     , 

6.  3  +  3-.+  3-3+  etc. 

7.  1.64+3.16  +  5.4  +  7.1  +  9.i+etc. 

8.  2.8.9.<;-3.9.10a;^-+4.10.11a;"-5.11.12x*+  etc. 

1.2  ,  2.3  ,  3.4  ,     ^ 

9-  -2i-+^+ 2^+  ^''- 

10.  From  2  deduce  the  sum  of  the  first  n  terras  of  the  series 

l_3  +  7-13+  .  .  .    +(-l)"f£j+etc. 

Sum  to  n  terms  the  following  nine  series  : 

11.  2.5.6-4.7.8  +  6.9.10- etc. 

12.  1-3.2  +  5.2— 7.2^+ etc. 

13.  3-8.1  +  15-i- etc.  .  .   .   +(-l)'^-Mw+2)2^- 

14.  l+7x+26a;-+   -  .  .  +(n«-l)a;'^-i+ etc. 

15.  1  + 3a; +5x^  +  7x5+ etc. 

16.  l  +  |-+|,+-2,+  etc. 

17    l_l  +  4-^+etc. 

'  2      2^^     2 ' 
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18.  1.2  +  2.3.c+3.4x--+  .  .  .  +«(n+l)^-"-i. 

19.  l  +  (l+.a-)r+(l  +  x-+2a;-)r=  +  (l+ic+2x=  +  3a:3)r3  +  etc... 

+  (l+x'+2.c=+  .  .  .  +nx")/''^+  etc. 

208,  The  following  is  tlie  general  case  of  Art.  207. 
Let  S  denote  the  sum  u^-{-u-^x-\r  etc.  +Wn-ia;"~^     .     .     (i). 
Then 
,S(l—a-)=Wo  +  ("i  — «o>'+etc. +  (?(„_!  — ?/„_2>"-i  — ?<„_!»;"  (2). 
Let  zf^,  the  r+1  th  term  of  (i),  be  of  the  ??zth  degree,  say 

andM,_a=^™^^^]'»+yl^-ir-]  |™->+  .  .  .  ■\-A^r-\^A^. 
Then    ?<r— ^*r-i 


=^„,(r'^-r-l|™)+^^_i(r™-i-r-l|'^-i)+..+^i(r-r-l) 
=  ???-4ot,?'™~^+   terms  containing  lower  powers  of  r-\-A-^. 

Hence  for  any  power  of  x  in  (2),  except  x'^  and  a:",  the  co- 
eificient  is  a  positive  integral  function  of  the  index,  the  same  in 
form  whatever  power  we  consider,  and  also  its  degree  is  lower 
by  one  than  the  degree  of  the  coefficient  of  any  power  of  x 
in(i). 

If  now  we  multiply  again  by  1  — a:-,  a  similar  result  will  be 
obtained  for  all  the  terms  in  >S(1  — x)*  except  the  first  txoo 
and  the  last  two,  the  first  term  in  the  coefficient  of  x^  being 
m[m  —  V)Amr'^~''"i  and  so  on  for  each  successive  multiplica- 
tion. 

Hence  after  m  multiplications  the  coefficient  of  every  power  of 
X  between  a-"*  and  x^"'^  inclusive  reduces  to  Ay^w,  and  there- 
fore their  terms  form  a  G-.  P.,  viz.,  ^^[^.K^'-f  cc^+i-f-  ...-fx"-i), 
and  there  are  m  terms  before  and  m  after  it. 

CoR.  Any  such  series  is  a  rfcurring  series  whose  scale  of 
relation  is  (1  — a;)™+^ 

For  if  we  multiply  by  \—x  once  more,  or  in  other  words, 
multiply  the  whole  original  series  by  (1— a;)™+\  all  the  terms 
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after  the  first  w7+l  disappear.  This  shows  that  any  term 
(as  Uyje)  of  the  series,  after  the  first  m-\-\  terms,  is  equal  to  the 
sum  of  the  products  of  each  of  the  preceding  ni  +  1  multiplied  bv 

the  corresponding  term  of  the  series  m-\-\x ^o — x--\-  etc. 

By   corresponding  term  is  here  meant  that  term  which  will 
make  the  product  contain  x*"  exactly. 


209.   The   following   are   further    examples    of    the    method 

indicated  in  Art,  196. 

1.2       1.2.3 
Ex.  I.  Sum  the  series  ^+^+:f^f;:^i\^  •  ■  •  to i?  terms. 

The  pth  term 

■~»(?i  +  l)...(?«+i^-2)     3-?i t  n{n^l)...{n-\-p-1) 

IjL  ]    ■ 

n(n+l)...(«+i)-3)  i   ' 

.-.  we  can  put  ^-337/„(„+l)  .  .  .  („+^,_o)^^- 


Put  j;  =  2,  we  have 


,..  2 

L=4.c^5^  =  l+_; 


3  — n  n  '  n 


2  /  3 

•.  C=l+-  l-o 

71  V  O  — ?2 


"•^     3-n 


'  •  ^-337in(«  +  l)  .  .  .  {n+p-iy         3-n 
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Ex.  2.   Show  that 

1  '^  L  r(r—l) 


-—etc.  = 


p+1     Oj+l)(i>+2)^(iP+l)(j9+2)(i9+3)     "'^"-    i9+r+r 
when  r  is  a  positive  integer. 

Let  Sn  denote  the  sum  of  n  terms. 
Then  Sn—Sn-ii  =  nth  term 

■_.      ly...    <r-l)   .   .   .   {r-n  +  2) 
-^       ^      (i>+l)(i^+2)  .  .  .  {p+n) 

Assume  >^,=  (-1)»+m'^^!'~^^;  '  '  ^T'r^r^+<^; 

•    ('_lV'+i/t— ^ — ^^ — -  —  { IV' ^ ■ — - — 

■■\     ^)      ^    (j»+i)...(j,+„)        \     -^^  (^,+  i)...(^4.n_l)' 

_/     ixn-.7(^-l)  •  •  •  (>--w+2). 

(        j9  +  »l  J         J9  +  W 

Put  71  =  1  and  we  have 

\  T  1 

-+  c=- 


r+iJ+1  jj+l  jj+1 


p+l\     r+j)  +  l        j     /•+iJ  +  l 
_        ^(-l)«+i   r(r-l)   .   .   ■   (r-n+1)  1 

•     "     r+i^+1'     (iJ  +  1)    .   .   .   0;+n)    "*"^'+j,+l' 
If  r  be  a  positive  integer,  let  the  nth  be  the  last  term ; 
,'.  r— «  +  2  =  l,  and  r— n  +  l  =  0; 
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210.  Polygonal  Numbers. 

The  following  are  specimens  of  a  class  of  problems  with  which 
the  student  will  sometimes  meet. 

(i.)  To  find  the  number  of  cannon  balls,  which  can  be  laid  out, 
so  as  to  form  an  equilateral  triangle  having  n  balls  in  an  outside 
row. 

It  will  be  seen  from  the  diagram  that  each  ball  of  ^ 

any  one  row  is  to  fit  in  between  two  balls  of  the  next       #*#*-;? 
row ;  thus,  beginning  from  one  outside  row,  each  row 
will  contain  one  ball  less  than  the  preceding.     Hence  the  total 
number  of  balls  is 

^     ^     H.      nin-\-\'\ 

«  +  n-l  +  «-2+   .   .    .    +3  +  2  +  1  =  —^ 

(2.)  To  find  the  number  of  balls  which  can  be  placed  in 
pyramid,  in  which  the  base  is  an  equilateral  triangle  having  n 
balls  in  a  side.  It  is  evident  that  the  outside  row  of  any 
layer  contains  one  ball  less  than  the  outside  row  of  the  layer 
immediately  below. 

Hence  in  the  rth  layer,  counting  from  the  ground,  the  outside 
row   contains   n—r-\-l   balls,    and   the   whole  layer,   by  (i.), 

(n-r+l)(w-r+2)  _     ^ieMcc  the  total  number  of  balls  is 

2 

(n+l>  ,  n(n-V)  ^l^J^ 

2      "*"      2      "^■■■~^2'^2 

=  l(?i  +  2)(??  +  l)??,  by  Art.  199. 

(3.)  To  find  the  number  of  balls  in  a  complete  pile,  of  which 
the  base  is  a  rectangle  containing  m  balls  in  one  side  and  n  in 
another.     Suppose  m  not  greater  than  n. 

The  rth  layer,  counting  from  the  ground,  will  have  m—r-\-\ 
and  n—r-\-l  balls  in  its  sides,  and  therefore  will  contain 
(,„_r4-l)(n-r  +  l)  balls. 
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The  ?utli  layer  will  consist  of  a  single  row  containing  n—m-\-\ 
balls.     Hence  the  total  number  of  balls  is 

(?i-m+l)+2(n— m+2)  +  3(w-TO+3)+   .  .  .   +?»n 

=  (?z-j»)(l  +  2  +  3+   .  .  .   +??0+l  +  2^  +  3=+   .  .  .   -\-m"- 

_!/  w     .  -..  ,  »Km  +  l)(2;»  +  l) 

=!^^(^\3«-3m+2m  +  l) 
^^"('»+^)(3n-m+l). 

EXAMPLES.— XLIII. 

I .   The  sum  of  the  series 
4         9  16  25 

175+511+14:30+30:55+   ■  ■  ■  to  «  terms  is 

1-:  ^ 


(?^  +  l)(7^  +  2)(2?^  +  3)' 
the  last  factor  in  the  denominator  of  each  term  being  the  sum  of 
the  first  factor  and  the  numerator. 

2.  Find  the  sum  of  n  terms  of  the  series 

+/o^  ■  Q7.  I  .^„^^o„  I  .17,  ■  K-N+  etc. 


(a+2&+3c)(2a+3&+4c)  '  (2r7,+3&+4c)  (3a+46+5c) 

3.  Sum  to  n  terms  the  series 

].r+2(2^  +  l=)+3(3^  +  2^  +  P)+  etc. 

4.  Find  the  number  of  balls  in  an  incomplete  pyramid,  con- 
taining r  layers,  and  having  n  balls  in  the  side  of  the  lowest  layer, 
which  forms  an  equilateral  triangle. 

5.  Find  the  number  of  balls  in  an  incomplete  pyramid  of  5 
layers,  the  bottom  layer  being  a  rectangle  having  7  and  9  balls 
in  its  sides. 

6.  Find  the  number  of  balls  in  an  incomplete  rectangular  pile 
of  18  courses,  having  56  balls  in  the  length,  and  38  in  the 
breadth,  of  the  base. 
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7.  Find  the  number  of  balls  in  a  square  pile  having  20  in  a 
side  of  its  base, 

.       1    .     1-3     ,       1-3.5       ,     ^ 

8.  Sum  the  series  J^+i  2.3.4     172.3.4X6 

9.  Show  that  the  sum  of  the  series 

x-\-\ 
l4_2-  +  3+4=  +  5  +  6'+  .  .  .  toa;termsis -^^(2a;'^+a;+3), 

when  X  is  odd. 

10.  Sum  to  n  terms  the  series 

2.3.4^3.4.5^4.5.6^ 

^       ^      3  ,  3.5     3.5.7    ,     ^      ,    •  fl  •, 

11.  Sum  l-^+4-8~47812"^        '      ^^^^^^^y- 

12.  Find  the  sum  of  the  series 

13.  Show  that,  if  ^,„  =  l+^+-3  +  etc.  +—  ,  the  sum  of  v 

terms  of  the  series 

11,11..  ,      1  1 

2"^+ 35;53+  '*'•  •  •  •  +^^+i'S,A+i 

is  1  — :^ 

'J  71+1 

1        |2^         [3 

14.  Sum  to  infinity  the  series  i^+r„-qri  +  U+2+  ^*^-  *'  ^^"^ 

prove  that  ]^=j^--|2T^  +  [3J^-  ^''-  *«  ^  *«"^^«- 

15.  Sum  the  series 
„(„+3)+^„_l)(„4-4)x+(n-2)(n  +  5)a;=+  etc.  to  n  terms. 


XX 

Cljcorp  of  iRumber^* 

211.  In  this  chapter  we  shall  make  the  following  limitations 
as  to  the  terms  employed. 

(i.)  The  word  number  will  mean  a  positive  integral  number  only. 
(2,)         „  divisor         ,,         an   exact  divisor   only,    i.e.,    a 

factor,  see  [Art.  134,  Note]. 
(3.)  ,,  divisible        ,,  divisible  loithoxit  a  remainder. 

(4.)         „  divides         „         divides         ,,  „ 

212.  Def.  A  number,  which  is  divisible  by  no  other  except 
itself  and  unity  ;  is  called  a  prime  number,  or  simply,  a  prime. 

Def.  A  number,  which  is  divisible  by  some  other  besides  itself 
and  unity,  is  called  a  composite  number. 

Thus  6  is  a  composite  number,  being  divisible  by  2  and  3, 
and  can  be  expressed  by  the  product  2x3;  but  5  is  a  prime, 
and  can  only  be  expressed  by  a  product  thus,  1x5. 

And,  generally,  a  composite  number  can  be  expressed  by  the 
product  of  two,  or  more,  factors,  neither  of  which  is  the  number 
itself  or  unity ;  whilst  a  prime  cannot  be  expressed  as  the  pro- 
duct of  any  two  factors  besides  itself  and  unity. 

It  will  be  observed  that  1  is  a  prime  and  divides  every 
number. 

213.  Def.  Two  numbers,  which  have  no  common  factor 
except  unity,  are  said  to  he  prime  to  one  another,  and  each  is 
said  to  be  prime  to  the  other. 
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Thus  6  is  prime  to  25 ;  but  6  and  10  are  not  prime  to  one 
another,  having  the  common  factor  2. 

The  only  numbers,  to  which  a  prime  number  is  not  prime,  are 
its  multiples  and  unity.  Thus  7  is  prime  to  all  numbers  except 
1,  7,  14,  21,  28,  35,  etc.  In  other  words,  a  prime  number  is 
prime  to  all  except  those,  of  which  it  is  a  divisor,  and  unity. 

214.  Bef.  When  any  number  is  expressed  by  the  continued 
product  of  the  highest  powers  of  the  various  primes  which  will 
divide  it,  we  say  that  it  is  decomposed,  or  resolved,  into  its  simple 
factors. 

Thus  15435,  when  expressed  by  3^5. 7S  is  decomposed  into  its 
simple  factors.  For  3=. 5.7^  =  15435,  and  the  only  primes  which 
will  divide  15435  are  3,  5,  7,  and  3-,  5,  7^  are  the  highest 
powers  of  these  primes  which  will  do  so. 

Ex.  Resolve  22869  into  its  simple  factors, 
that 

22869  is  divisible  by  3, 

7623  „  3, 


On  trial  we  find 


22869 


2541 
847 
121 


3, 

11; 
22869=3^7.11-. 


3 

7 
11 


762^ 


2541 


847 


121 


11 


EXAMPLES.— XLIV. 

Resolve  the  following  into  their  simple  factors  :  — 
I.  225.  2.  1023.         3.  289.         4-  4095.  5.  504. 

6.  42237.  7.  2628.  8.  271469.  9-  5880. 

10.  1764.  II.  1665.  12.  5670.  13.  30527. 

14.484000.  15.  2880.  16.  16200.'  17.99225. 
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215.  Hence  any  number  N  can  be  expressed  thus, 
N=c^.b^.c^  •  •  •  5  where  a,  b,  c,  etc.  are  all  primes  and  all 
different,  and  a^,  5',  etc.  are  their  severally  highest  powers 
which  occur  in  N.     This  is  called  the  composition  of  N. 

We  now  proceed  to  prove  that  a  number  can  be  decomposed 
in  only  one  way,  or,  as  it  is  sometimes  expressed,  a  number  has 
only  one  composition. 

Thus  22869,  being  equal  to  3^7.11^,  cannot  be  equal  to  the 
product  of  any  other  powers  of  the  primes  3,  7,  11,  nor  to  a 
product  containing  any  other  primes  but  3,  7,  11,  i.e.,  22869 
cannot  be  equal  to  3^7M1^  or  33.5". 11,  etc. 

This  is  evident  in  each  individual  case ;  but  in  order  to  prove 
it  once  for  all,  for  all  numbers,  we  must  first  establish  two  pro- 
positions. Art.  216,  217. 


216.  In  the  following  Article  we  shall  require  the  process  of 
finding  the  G.  C.  F.  of  two  numbers. 

The  process  was  exhibited  in  [Art.  128]  as  far  as  3  steps. 
We  shall  now  draw  the  student's  attention  to  such  cases  as  may 
not  terminate  so  soon. 

Let  a  and  c  be  the  two  numbers,  and  suppose  a>c. 
Divide  a  by  c,  let  q-^  be  quotient  and  rj  remainder,  .-.  o  =  cgi  +  ?'j , 

»,      c   „  r,   „  (72  „  r^  „  c=rig2+rj. 

Now  at  the  next  step,  in  [Art.  128],  the  division  was  supposed 
to  be  exact,  but  if  it  is  not  so,  we  continue  as  follows  : — 
Divide^i  byrsjletg-gbe  quotientandrg  remainder,  .'.ri=^r„q^-\-r^ , 

and  we  should  carry  on  the  process  in  the  same  way,  till  we  ob- 
tained a  remainder  (r)  which  would  exactly  divide  the  preceding 
remainder,  and  then  r  can  be  shown,  as  d  was  in  [Art,  128], 
to  be  the  G.  C.  F.  of  a  and  c. 

Now  if  a  is  prime  to  c,  they  can  have  no  C.  F.  but  1,  i.e., 
their  G.  C.  F.  is  1,  and  .*.  the  last  remainder  (r)  must  be  1. 


<ln-l 

,  an, 

^n— 1  • 

,  1, 

•             (1), 

•       C-^), 

•         (3), 
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217.  Prop.  If  a  number  c  divides  ab,  the  'product  of  tioo 
numbers  a  and  b,  a7id  is  prime  to  a,  it  must  divide  b. 

Perform  the  operation  of  finding  the  G.  C.  F.  of  a  and  c,  then 
since  a  is  prime  to  e,  we  must  at  some  one  step  have  unity  for  a 
remainder. 

Let  a  be  >c,  let  the  quotients  be  qi,  q^,,  . 
and  the  remainders  rj ,  ?■„ ,   . 
then  a  =  cg'i +rj ;        .-.   hu=.hcqi-\-hr,^^ 
c  =  r.^q„-\-r„;  hc=briq„-\-hr2, 

^i=r^q3-\-r3;  hr^  =  br„qi-\-h\,       . 

etc.  =  etc.  etc.  =  etc. 

r„_2=r„_ig'„+l;    brn-2  =  brn-iqn  +  b,       .  .  •         («)• 

From  (1),  since  c  divides  ba  and  be,  it  divides  firj. 
„     (2)  „  be    „     bri,        „         5r2. 

„     (3)  „  br,   „     br„,        „         ftrj. 

Proceeding  in  this  way  we  can  show  that  c  divides  the  pro- 
duct of  b  into  each  remainder;  but  the  last  remainder  is  1 ;  .*. 
c  divides  &X  1,  or  b. 

The  same  result  would  follow  if  a  were  <  c. 

CoR.  I.  If  a,  be  a  prime,  aP^  is  divisible  by  no  prime  except  a. 
For  let  c  be  any  other  prime,  and  suppose  it  will  divide  a'\  i.e., 
it  divides  a.a"-i ;  .'. ,  being  prime  to  a,  by  the  Prop,  it  divides 
a'^"! ;  in  the  same  way  we  can  show  that  c  must  divide  each  of 
the  powers  of  a  down  to  a  itself  inclusive  ;  but,  being  prime  to  a, 
it  cannot  divide  a.  Hence  the  supposition  that  it  could  divide 
a"-  was  absurd. 

Cor.  2.  If  c  is  prime  to  a  and  to  b,  it  is  prime  to  a.b. 
For  suppose  c  has  a  factor,  which  will  divide  ab,  this  factor 
cannot  divide  a,  for  c,  being  prime  to  a,  has  no  factor  which 
will  divide  a;  .•.  by  the  Prop,  this  factor  must  divide  b\  but 
this  it  cannot  do,  since  c  is  prime  to  b.  Therefore  c  and  ah 
have  no  common  factor;  .'.  c  is  prime  to  ab. 

Obs.  This  of  course  includes  the  case  of  c  being  a  prime,  and 
dividing  neither  a  nor  b,  and  .•.  not  dividing  a.b. 
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218.  Prop.  A  Jtumber  can  he  decomposed  into  simple  factors 
in  only  one  tvay. 

Thus,  if  N=aF.h''.e  .  .  .  ,  (i),  and  also  N—a^.(iKy- ,  .  .  ,  (2), 
where  a,  b,  c,   .   .  .  are  all  primes,  and  all  different,  and 

",  AT)  •  •  •  -,      ^  „  ; 

then  a  must  be  equal  to  one  of  the  primes  a,  &,  c,  .  .   .  ,  say  a, 
and  then  x  must  be  equal  to  p. 

For  if  a  is  not  equal  to  one  of  the  primes  a,  &,  c,  .  .  .  ,  it  cannot 
divide  any  of  their  powers  aF,  &',...,  (Art.  217,  Cor.  i); 
,-.  it  cannot  divide  the  product  a^.l'^.  .   .  .  ,  (Art.  217,  Ohs.). 

But  from  (2)  a  divides  -A/,  and  .■.  from  (i)  it  divides  the 
product  a*'.  6*  .  .  . 

These  results  contradict  one  another ;  /.a  is  equal  to  one  of 
the  primes  a,  b,  c,  .  .  .  ,  let  a  =  a. 

Similarly  each  of  the  primes  (3,  y,  etc.  is  equal  to  one  of  the 
primes  b,  c,  etc.,  say  fi  =  b,  y=c,  etc. 

Further,  if  a;>j9,  we  have 

¥.0".  .  .  .    =a^''.by.c'  .  .   . 

Here  a  divides  the  right-hand  side ;  but,  since  it  is  prime 
to  b,  c,  etc.,  it  cannot  divide  the  left,  and  this  is  absurd; 
.'.  X  is  not  greater  than  p. 

Similarly  it  can  be  shown  that  p  is  not  greater  than  x\ 
.-.  x=p).     Similarly  2/  =  !2>  etc. 

219.  If  a  number  is  a  perfect  square,  it  is  the  product  of  two 
numbers  exactly  alike,  and  therefore  p^  q,  r,  etc.  are  all  even, 

V^    q    r  PIT. 

and  o}'b''c''  ...  is  the  product  of  a^Wc^  .   .  ,    XarPc^  .    .    . 
Also  N  is  not  a  square  unless  p,  q,  r,  etc.  are  all  even, 

220.  Ex.  Find  the  least  number  the  product  of  which  by 
2250  will  be  a  square  number. 

We  have  2250  =  5^.3".2,  and  5^3-.2x  5.2  =  5*.3^2^ 
Now  this  last  is  a  square  number,  since  all  its  indices  are 
even  ;  .".  the  required  number  is  5.2  =  10. 
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EXAMPLES.— XLV. 

1.  Fiud  the  least  number  the  product  of  which  with  1500  will 
be  a  perfect  square. 

2.  Find  the  least  number  the  product  of  which  with  1500  will 
be  a  perfect  cube. 

3.  Find  the  least  number  the  product  of  which  with  14175 
will  be  a  perfect  cube. 

4.  Find  the  least  number  the  product  of  which  with  1323 
will  be  a  perfect  fourth  power. 


221.  Prop.  To  find  the  various  divisors,  or  factors,  of  a 
numher. 

Denote  the  number  by  N,  and  its  composition  by  a^.lfl.c'' .  .  . 
As  in  Art.  218  it  is  easily  seen  that  no  number  can  divide  N 
unless  it  be  wholly  composed  of  two  or  more  of  the  following 
numbers, 

1,  a,  a",  a^,  .   .   .  ,  aF, 

1,  h,h\ ,   h", 

1,  c,  . J  c » 

etc., 
multiplied  together,  i.e.,  that  it  must  be  a  term  of  the  product, 
(l+a+a2+  .  .  .    _}_aP)(l  +  z,+  .  .  .   +&^)  .  .  .   ; 

and  that  every  term  of  this  product  is  a  factor  of  N. 

Cor.    I.   The   suvi  of  the  factors  of  N  is  this  product,  and 
_a^+^  —  l   6'+^— 1 
•*•  ~~^rri        1^1     •  ■  • 

Cor.  2.  The  numher  of  the  factors  of  N  is  the  number  of 
terms  in  this  product,  and  .*.  =(i^+l)(2'+l)  •   •   • 

If  N  be  not  a  square  number,  one  at  least  of  jj,  q,  r,  etc.  is 
odd,  and  one  of  the  factors  j;+l,  etc.  is  even,  and  therefore  the 
number  of  factors  of  N  is  even. 
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Cor.  3.  To  find  the  numler  of  ways  in  which  N  can  le  resolved 
into  tioo  factors. 

Each  of  the  factors  of  N  must  be  paired  with  another  factor, 
such  that  the  product  of  the  two  may  be  N ;  thus  we  have  one 
way  of  resolution  for  each  pair  of  factors.  Hence,  if  N  is  not  a 
square  number,  the  number  of  ways  required  is  half  the  number 
of  factors  of  iV,  and  .-.  =l{p+l)[q-\-l)  .  .  .. 

If,  however,  iV"  is  a  square  number,  one  way  is  formed  by 
repeating  one  of  the  factors,  viz.,  ^N,  and  multiplying  it  into 
itself,  hence  the  number  of  ways  required  is  half  the  number  of 
factors  oi  N increased  hy  unity,  and 

.   _(i^  +  l)(g+l)  .  .  .   +1 
2 

222.  Ex.  144  =  3-.2*. 

Its  factors  are  1,   2,       T,       2\      2*,      \ 

3,   3.2,   3.2^   3.2S   3.2s    I     .        .        {A), 
3^  3^2,  3=.2^  3^2^  3^2^  j 
and  their  number  is  (2  +  1)  (4  4-1)  =  !  5. 

The  ways  in  which  it  can  be  resolved  into  two  factors  are 
lx3^2\  2x3=.2S       2==x3^2s       2»x3=.2,        2^x3=, 

3x3.2S  3.2x3.2^  and  3.22x3.2% 

Thus  3.2^  has  to  be  multiplied  into  itself  to  make  up  144; 
hence  in  pairing  the  factors  together  we  bring  in  another,  3.2^, 
to  pair  with  the  one  we  have  already,  and  then  half  the  number 
of  factors  so  increased  is  the  number  required. 

223.  Required  the  numler  of  tuays  in  tvliich  a  numler  (N)  can 
he  resolved  into  two  factors,  so  that  one  factor  of  any  pair  is  prime 
to  the  other. 

Denote  the  composition  of  iVby  a^.l^.c''  .  .  . 

Now  in  each  pair  one  factor  must  contain  a'',  and  the  other 
factor  cannot  contain  a  at  all,  for  otherwise  the  factors  would 
not  be  prime  to  one  another ;  similarly  for  ft*,  etc.  Thus,  we 
shall  have  just  the  same  number  of  ways,  to  whatever  powers 
a,  b,  etc.  are  raised.     Hence  the  number  of  ways  required  is  the 

N 
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same  as  the  number  of  ways  in  which  the  number  a.h.c  .  .  .  can 

,      ,  .               .                 ,           (1  +  1)(1  +  1)  •  ••     ^ 
be  resolved  mto  two  factors,  and  /.  =^ ^ =  2"'~', 

n  being  the  number  of  the  primes  a,  h,  c,  etc. 


examples;— xLvi. 

Find  the  various  factors  of  each  of  the  numbers, 
I.  225.  2.  42237.  3.  1764.  4.  48400. 

See  Examples  XLiv.  i,  6,  10,  14. 

Find  also  their  number  and  sum,  and  the  number  of  ways  in 
which  each  of  the  above  integers  can  be  resolved  into  two 
factors,  and  into  two  prime  to  one  another. 

5.  Find  the  sum  of  all  numbers  less  than  a  number  and 
prime  to  it. 

224.  Let  a  be  a  given  number,  h  any  number. 

Divide  h  by  a,  let  q  be  the  quotient,  and  r  the  remainder  ; 

.•.  h=qa-\-rj  or  h—r=qa,  .         .         (i). 

If  b<a,  q=0  ;  if  6  be  a  multiple  of  a,  r  =  0. 

Hence  any  number  can  be  expressed  in  the  form  qa-\-r, 
where  q  is  zero  or  some  positive  integer,  and  r  is  zero  or  one 
of  the  integers  1,  2,  .  .  .  q—2,  q—1;  this  limitation  will 
always  be  supposed  to  be  placed  on  the  symbols  q  and  r,  or 
whatever  stand  in  their  places,  whenever  a  number  is  expressed 
in  this  form. 

225.  Foreign  writers  have  a  diflferent  phraseology  at  this 
point.     Instead  of  saying 

b  on  division  by  a  gives  a  remainder  r,  they  say 

b   to    modulus    a   is    congruent  to  r, 
and  instead  of  expressing  this  fact  algebraically,  as  in  (i),  they 
write 

&^r  (mod.  a),  or  b  —  r^O  (mod.  o),     .  (2), 

it  being  very  seldom  important  to  mention  the  quotient  q. 
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Each  of  the  modes  of  expression  in  (2)  is  called  a  congruence  ; 
and  all  numbers,  which  on  division  by  a  give  a  remainder  r, 
are  said  to  be  congruent  to  each  other  to  modulus  a. 

226.  Note.  4m+3  =  4(m+l)  — 1,  which  is  of  the  form  4w  — 1, 
Similarly,  if  r  exceeds  -^  ,  qa-\-r=a[q-\-l)  —  a  —  r. 

Anj  even  number  is  of  the  form  2n. 

Any  odd  „  2n-\-l. 

227.  Ex.  I.  Every  square  number  is  of  one  of  the  forms 
5m,  5?n±l. 

Every  number  is  of  one  of  the  forms  5n,  5??±1,  5ndz2. 
Now         (5w)"  =  5.(5n")  which  is  of  the  form  5.m, 

{bnziziy  =  5.{5n'±2n)  +  l  „  5.m  +  l, 

(5?i±2)'=  =  5.(57i-±4n+l)-l     ,,  5.m-l. 

Ex.  2.  If  n  is  an  odd  number,  (n-  +  3)(w''  +  7)  is  divisible 
by  32. 

Since  n  is  odd  it  is  of  the  form  2m-\-l ; 
.-.  (n-  +  3)(?r  +  7)  =  (4m"+4m  +  4)(4m-  +  4?n  +  8) 

=  lQ{m^  +  ?n  +  l)  (m'  -\-m  +  2). 
Now  m"-\-m-\-l,  m"-\-m-\-2  are  two  successive  numbers,  and 
.*.  one  or  other  must  be  even,  i.e.,  divisible  by  2 ; 
.•.  (n"  +  3)(?i^  +  7)  is  divisible  by  32, 
It  is  easily  seen  that  it  is  on- -\- 711 -{-2  which  is  even,  for  it 
=  m(m+l)  +  2.     Now  m(jn-{-l)  must  be   even,  since  ?n  and 
TO  +  1  are  successive  integers. 

Ex.  3.  Every  prime  greater  than  3  is  of  the  form  6w!±l. 
For  every  number  is  of  the  form  6m,  6?»rtl,  G/»±2,  and 
6»?  +  3. 

Now  Qm,  6m±2,  are  divisible  by  2,  and  6m-\-S  is  divisible 
by  3  ;  .•.  these  cannot  represent  primes;  .'.  primes  >3  can  only 
be  represented  by  6m±l. 
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EXAMPLES.— XLVII. 

1.  If  71  be  odd.  72(71°  — 1)  is  divisible  by  24. 

2.  The  diflference  between  any  number  and  its  square  is  even. 

3.  Prove  that  the  sum  and  diflFcrence  of  any  two  odd,  or  of 
any  two  even,  numbers  are  even. 

4.  The  sum  of  any  three  odd  numbers  is  odd. 

5.  Any  power  of  an  even  number  is  even,  and  of  any  odd 
number,  odd. 

6.  Every  prime  number  greater  than  2  is  of  the  form  4»±1. 

7.  Every  odd  square  number  is  of  the  form  4?i  +  l,  and  also 
of  the  form  8?i  +  l. 

8.  Every  even  square  number  is  of  the  form  4n. 

9.  The  sum  of  two  odd  squares  cannot  be  a  square. 

10.  The  difference  between  any  two  odd  squares  is  divisible 
by  8. 

11.  If  the  sum  of  two  squares  is  another  square,  one  of  the 
three  is  divisible  by  5. 

12.  Show  that  every  cube  number  is  of  one  of  the  forms  7?;, 
77i=hl. 

13.  Show  that  n*— 4?^*  +  57^-  — 2?i  is  divisible  by  12  for  all 
integral  values  of  n  above  2. 

14.  If  71  be  a  prime  greater  than  3,  then  either  7i"+7i  — 2  or 
rr  — ?i  — 2  is  divisible  by  18. 

15.  The  difference  of  the  squares  of  any  two  prime  numbers 
greater  than  3  is  divisible  by  24, 

1 6.  Show  that  to  modulus  6  every  number  is  congruent  to  its 
cube. 

17.  The  sum  of  the  cubes  of  two  whole  numbers,  one  nest 
greater  and  one  next  less  than  a  multiple  of  3,  is  divisible  by  36. 

18.  Find  the  form  of  r  in  order  r(7^— 1)  may,  when  divided  by 
7,  give  an  odd  quotient. 
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19.  Prove  that  n^  —  n  is  always  divisible  by  30,  and  if  n  is 
odd  by  120. 

20.  If  71—2,  m+2  be  both  prime  numbers  greater  than  5, 
prove  that  «,  when  divided  by  30,  will  leave  a  remainder  9,  15, 
or  21. 

21.  Find  a  series  of  square  numbers  which,  when  divided  by 
7,  leave  a  remainder  4. 

22.  If  ft  be  an  even  number,  in?-\-1^n  is  divisible  by  48. 

23.  Show  that  (2?i+l)2'^  — 1  is  divisible  by  8. 

24.  If  a  cube  be  divided  by  9,  the  remainder  is  0,  1,  or  8. 

25.  If  «-  +  ^'^  =  c-,  then  abc  is  divisible  by  60. 

26.  The  twelfth  power  of  a  number  is  of  the  form  13??,  or 
13«+1. 


228.  Prop.  If  a  is  prime  to  b,  and  if  the  same  remainder  is 
left  after  dividing,  hya,,  two  numbers  of  the  form  mb+k,  m'b+k, 
then  m  and  m'  differ  by  a  multiple  of  a. 

Let  r  be  the  remainder,  q,  q'  the  quotients ;   then 
mb-{-k  =  qa-\-r,     ')n'b-{-k  =  q'a-\-r; 
.-.  (m  —  m')b  =  (q—q')a. 
Hence  a  divides  (in  —  m')b  ;  but  it  is  prime  to  b;  .-.  it  divides 
m  —  ni  ;  in  other  words,  m  —  m'  is  a  multiple  of  a.  q.e.d. 

Cor.  I.  No  two  of  the  numbers  0,  1,  2  .  .  .  a— 1  differ  by 
a  multiple  of  a,  each  being  less  than  a  ;  .'.if  the  numbers 

h,  b  +  k,  ^b  +  Ic,  .  .  .  a—lb-{-h,  ,         (i), 

be  divided  by  a,  the  remainders  are  all  different,  and  their 
number  being  a,  and  each  less  than  a,  they  must  be  the  numbers 
0,  1,  2,  3,  .  .  .  ^^,  '^-L,  .  .  (2), 
though,  of  course,  not  necessarily  occurring  in  this  natural  order. 
Cor.  2.  Let  nb-^k  be  any  one  of  the  numbers  in  (i),  divide 
it  by  a,  let  r  be  the  remainder,  and  q  the  quotient;  so  that 
nb-{-k=qa+r. 

Now  if  r  and  a  have  a  common  factor  it  must  divide  7ib-{-k; 
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therefore  amongst  the   numbers  in  (i)  there  are   as  many  as 
amongst  those  in  (2),  which  have  a  factor  in  common  with  a. 

Hence  the  number  of  those  which  are  prime  to  a  in  (i)  and 
in  (2)  is  the  same,  or,  in  other  words,  the  number  of  integers  in 
(i)  which  are  prime  to  a,  is  the  same  as  the  number  of  integers 
less  than  a  and  prime  to  it. 

229.  We  use  the  symbol  P(a)  to  denote  the  number  of  integers 
(including  1)  less  than  a  and  prime  to  it. 

230.  Prop.  7/ a  and\)  are  two  numbers,  prime  to  one  another, 
required  P(a.b),  i.e.,  required  the  number  of  integers  less  than  the 
product  a.b  and  prime  to  it. 

The  first  db  numbers  can  be  arranged  thus  : — 

1,  2,  3,...  h,...  b, 


b+1,  b+2,  5  +  3,...  b+k,. 

26+1,  2b+2,  26+3,...        2b-{-k,. 


b+b, 
2b +  b, 


(a-l)6  +  l,  (a-l)6  +  2,  {a-l)b  +  S..{a-l)b  +  k..{a-l)b+b. 

We  will  now  examine  these  numbers,  and  reject  those  which 
have  a  factor  in  common  with  a  or  b. 

Consider  any  one  column,  e.g.,  the  ^th.  If  k  be  prime  to  b, 
each  number  in  the  column  is  prime  to  b ;  but  if  k  and  b  have  a 
common  factor  other  than  1,  it  must  divide  each  number  in  the 
column,  and,  therefore,  the  whole  column  must  be  rejected. 

Now  in  the  first  line  there  are  P{b)  numbers  prime  to  b. 

Hence  there  are  F(b)  columns  of  numbers  prime  to  b. 

Let  the  ^■th  be  one  of  these.  Then  (Art.  228,  CoR.  2)  the 
number  of  integers  in  it  prime  to  a  is  P{a). 

Hence  each  of  the  P{b)  columns  of  integers  prime  to  b  contains 
P(a)  which  are  prime  to  a. 

Hence  amongst  the  first  ab  natural  numbers  there  are 
P{a).P{.b)  which  are  prime  to  a.b; 

.:  P{a.b)=P{a).P{b). 
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Cor.  I.  Evidently  P(2)  =  l. 
Let  J/be  any  odd  number,  tben  2  is  prime  to  M\ 
.-.  P(2J/)=P(2).P(if) 
=P(i/). 
Cor.  2.  Let  «,  &,  c,  .  .  .  A,  fc  be  a  set  of  numbers  in  which 
each  is  prime  to  each,  and  therefore  to  the  product  of  any,  of  the 
others.     Then 

P^a.h.c  .  .  .  li.Tc)  =  P{a)P{h.c  .  .  .  l.Tc) 

Pih.c  .  .  .  h.k)  =  P{h)P{c  ....  Ji.k) 
etc.  =  etc. 
P(h.k)=P(h).P{k) 
.-.,  multiplying,  P{a.h.c .  .  .  h.Jc)  =  P(a).P(b).P(c)  .  .  .  P{h).P{h). 

231.  "We  will  apply  this  formula  to  prove  the  well-known 
Prop.  To  find  the  number  of  integers  less  than  a  given  number 
and  prime  to  it. 

Let  N  denote  the  given  number,  a^¥c^  ...  its  composition. 

Amongst  the  natural  numbers  1,  2,  3,  ...  a^—1,  a'',  the 
only  ones  not  prime  to  a  are  the  various  multiples  of  a  up  to  a^, 
or  a,  2a,  3«,  .  .  .  a^~^,  a^,  i.e.,  the  numbers  which  are  the  pro- 
ducts of  a  into  each  of  the  numbers  1,  2,  3  .  .  .  a^~^,  and 
.•.  their  number  is  aF~^; 


.-.  p{aP)  =  aP—aP-'^  —  ani  —  — 


Each  of  the  factors  a^,  h'^,  c'',  .  .   .  being  prime  to  each  of  the 
others,  we  have,  Art.  230,  CoR.  2, 
P{N)  =  P{oF).P{b'').P{c')  .... 

=.(i-l)..(i-l).4-l 
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Note. — Here  1  has  been  cousidered  as  a  number  prime  to  ah. 
If  not,  we  should  have  as  our  result 


EXAMPLES.  — XLVIII. 

1.  Find  the  number  of  integers  less  than  360  and  prime  to  it. 

2.  .,  „  1023 

3-  .  „  1764 

4-  „  „  1000 

5.  Show  that  if  any  number  of  square  numbers  be  divided  by 
a  given  number  il/,  the  greatest  possible  number  of  different 

remainders  is  -^-t-i. 

6.  The  sum  of  the  numbers  less  than  a  given  number  ^,  and 

N 
prime  to  it  =  -n"  X  the  number  of  numbers  less  than  N  and  prime 

to  it. 

232.  Prop.   Tfie  product  of  any  n  successive  integers  is  divisible 

%|_n. 

Let  m  be  the  greatest  of  the  integers. 

^,          m(m  — 1)   .   .  .   (m  —  n-\-l)        ,  i  n  ,  • 

Then     — ^^ . ^ =  the  number  or  combina- 

\n_ 

tions   of  in   things    taken   n   together,   and  is   .".   an  integer; 
.-.  m(m  — 1)  .   .  .  {m—n-\-l)  is  divisible  by  [  n. 

Cor.  If  m  is  a  prime  and  greater  than  ?i,  it  is  prime  to  each  of 
the  numbers  1,2,3,  .   .  .  n,  and  therefore  to  \n; 
.'.  \n  must  divide  {m—V)  .  .   .  (m— w+l),  Art.  217; 

(?n— 1)  .  .  .  (m— 71  +  1)  . 

.'.  -^^ j IS  an  integer, 

\n  °    ' 

,  m.(m  —  l)   .  .  .  (ni—n-\-V)  ,,.  ,      » 

an(j  — ^^ 1 ^^ ■ — -  a  multiple  of  m. 
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In  the  same  way,  if  we  recognise  any  expression,  in  the  form 
of  a  fraction,  to  be  the  sum  of  a  number  of  integers,  we  know 
that  its  numerator  is  divisible  by  its  denominator. 

exa:\iples.— xLix. 

1.  Show  that  ?z(n  +  l)(2rt4-l)  is  always  divisible  by  6. 

2.  Show  that  (j9  +  2)(2:'  +  o)  .  .  .  (j^  +  n)  is  divisible  by  |_n, 
if  j?+l  is  prime. 

3.  If  ?2,  J),    g   be   all   integers    and   w=j9+2',    prove   that 

T— T —  is  a  whole  number. 

4.  If  p  be  a  prime,  the  coefl&cients  of  (l+a:^)^"^  will  differ  from 
multiples  of  ^  by  1,  in  excess  or  defect  alternately. 

5.  \i  p  be  a  prime,  and  Jq;  ^d  -^a,  etc-  be  the  coefficients 
of  (1+ic)^--,  then  A^—\  ^i  +  2,  ^o  — 3,  ^3+4,  etc.  will  be 
multiples  Qij). 

233.  Fermat's  Theorem,  i/p  he  a  jjrime,  b  a  number  prime 
to  p,  tlien  h^~^ — 1  is  divisible  by  p. 

If  b,  2b,  .  .  .  (p-l)b,  .  .  (I.), 
be  divided  by  j:»,  the  remainders  must  be  the  numbers 
1,2,  ..  .  ip-l). 

(i.)  The  remainders  are  all  different.  For,  if  possible,  let  two 
of  the  numbers  in  (I.),  say  mb  and  7ib,  give  the  same  remainder 
r ;  denote  the  quotients  by  s  and  t ; 

.•.  ?726  =  SJ9  +  r, 

nb  =  tpr\-r ; 
.-.  (m  —  n)b=:{s—t)p; 
.-.  p  divides  {m  —  n)b,  but  is  prime  to  h,  and  therefore  divides 
m  —  n;  but  this  is  absurd,  since  m  and  n  are  both  less  than^; 
.•.  the  remainders  are  not  the  same. 

{2.)  No  remainder  is  0  since  j9  is  prime  to  each  factor  of  each 
dividend  and  .*.  cannot  divide  any  one  of  the  dividends. 
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(3.)  Hence  the  remainders  being  all  different  their  number 
must  be^ — 1,  and  since  each  must  be  <j)  and  >0,  they  must 
be  the  numbers  1,  2,  ,  .  .  p  —  l^  though  not  occurring  in  this 
natural  order,  and  the  numbers  in  (I.)  must  be  of  the  form, 

n^loArX  n,p+2,  .  .  .  77^_ij;4-j;  — 1 ; 
.*.  their  product  is  a  multiple  of  j?+]^9  — 1, 

i.e.,  \p—UP~'^=  a  multiple  of^+|^:)— 1 ; 
,•.  \p—l{I)^^^—l)  is  divisible  hy p. 
But^  is  prime  to  each  factor  of  the  product  |j:>— 1,  and  /.  to 
1^—1  itself; 

.-.  h^'^—1  is  divisible  bj  p. 


234.  Fermat's  Theorem.     Another  Proof. 

Ifn  he  a  prime  and  1^  prime  to  n,  then  N"~^  — 1  is  divisible  hy  n. 

We  have 

\n 
{a+b-\-c+  etc.)"=a"+S«+  etc.  +1,0^ a'^W  .  .  .  +etc. 

On  the  right  hand  of  this  equality  each  term,  -which  is  not  simply 
the  nth  power  of  one  of  the  symbols  a,  h,  etc.,  has  a  coefl&cient 

of  the  form  1 — j-^= ,  -which,  being  the  number  of  combinations 

|a|/i    .    .   .'  '  o 

of  n  things  taken  altogether,  a  being  alike,  /5  alike,  etc.,  is  a 

-whole  number.     But  n  being  a  prime  is  not  divisible  by  any 

j  n—1 
factor  in  la  1/3  .   .  .;.  •.  j — ,  n  1       is  an   integer,   and  the 

) —  ^-!—  I  a  I  p  I  y    .    .    .  ° 

term  is  a  multiple  of  n.     Hence  -we  may  put 

{a-\-h  +  G-{-  etc.)"  — (a'^+5'*+  etc.)=  a  multiple  of  n. 
Now  put  a—h=c=  etc.,  and  let  there  be  iVof  these  symbols , 
.-.  N"  —  N,  i.e.,  i\^(iV"-i  — 1)=  a  multiple  of  7i; 
but,  N  being  prime  to  n,  it  is  iV^-^  — 1  -which  is  divisible  by  n. 
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235.  Ex.  I.  If  n  is  >2,  it  is  odd;  .*.  n  — 1  is  even; 

n— 1  n—\ 

.:  we  may  put  N»-'  —  l  =  {N~  —  l){N~-\-l); 

«-l  n— 1 

.'.  N  '-^  —1,  or  N  '■'  +1,  must  be  divisible  by  n; 

n—l 

.-.  N  '■^    is  of  the  form  mndzl. 

Ex.  2.   If  cc  is  prime  to  91,  x'^-  —  l  is  divisible  by  91. 

For  since  x  is  prime  to  91,  it  is  to  13  (91  =  13.7),  and  13  is 
a  prime;  .*.  x^^  —  1  is  divisible  by  13. 

Also  x  is  prime  to  7,  and  7  is  a  prime;  .-.  x^  —  l  is  divisible 
by  7,  but  a;i«  — l  =  (x«  +  l)(a;«  — 1),  and  .-.  is  divisible  by  7. 
Now  7  and  13  are  prime  to  one  another ; 

.•.  x^-  —  \  is  divisible  by  their  product  91. 


EXAMPLES.— L. 

1.  If  iVbe  a  prime  greater  than  7,  N^  —  1  is  divisible  by  28. 

2.  If  ?i  be  a  prime  >N,  then -Z^"--  +  i^«-^4-  •  •  .,+-A^+l 
is  divisible  by  n. 

3.  If  jO  be  prime  and  N  prime  to  p,  7^1+2+ ... +p-i -j- 1  jg 
divisible  by  p^. 

4.  Prove  that  x^"-  —  y^'^  is  divisible  by  91,  if  x  and  y  be  prime 
to  91.  

5.  If  n  be  a  prime,  2"-i  +  3«-'+  .  .  .  +7i-l|"-i  +  2  is 
divisible  by  n. 

6.  If  J?  be  a  prime  not  a  sub-multiple  of  a,  then  the  sum  of 
the  remainders,  when  a,  a°,  .  .  .-  a^~'  are  divided  by  jj,  is  less 
by  1  than  a  multiple  oi  jp. 

7.  If  J?  be  a  prime,  a  and  a  —  \  integers  not  multiples  of 
p,  and  m  any  integer,  show  that  a'^-^'^-\-a'^+"-\-  .  .  .  -^-a^p 
is  divisible  by  p. 

8.  If  j^  be  a  prime  number  and  n  not  divisible  by^,  show 
that  w^+i)i'(p-i)_n^(p-i'  is  divisible  byi>^ 
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9.  If  n  be  a  prime  number  and  x  any  integer,  prove  tliat  the 

n-: 
remainder,  on  dividing  x^    by  n,  is  either  0,  1,  or  n—\. 

10.  If  n  be  a  prime  number  and  iV  be  not  divisible  by  n^ 
prove  that  ^"■•'-'I'-'—l  is  divisible  by  n*". 


236.  Wilson's  Theorem,     i/  p   ^'s  a  prime,  l+|p— 1 
divisible  hy  p. 


Let  h  be  one  of  the  numbers  2,  3,  .    .   .  i?— 2,  .  (i), 

then  h  is  prime  to  ^J,  and  therefore  if  the  numbers 

b,  %,  36,  .   .   .  {h-\)h,  h\  {h  +  l)h^  .   .   .   (p-l)b, 
be  divided  by  ^:>,  the  remainders  are  all  different  (Art.  233,  i) ; 
.-.  one  and  one  only  is  1. 

Also  1  is  not  the  remainder  from  the  division  of  b,  6*,  &(j;— 1) ; 
for  b  when  divided  by  j>  gives  b  for  remainder,  and  J(j9— 1), 
or  (b  —  l)20-{-2>—b,  gives  j9 — b  for  remainder,  and  if  P  gave  1  for 
remainder,  b'  —  l,  i.e.  {b—l){b -{-!),  would  be  divisible  by  p, 
but  this. cannot  be  (Art.  217,  Ohs.),  since  both  b  —  1  and 
6+1  are  prime  to^.  Hence  one,  and  only  one,  of  the  products 
2b,  35  .  .  .  b{b—l],  6(6  +  1)  .  .  ,  b{p—2)  gives  1  for  remainder 
when  divided  by  p.  Hence  for  each  of  the  numbers  in  (i)  we 
can  find  one  other  and  only  one,  such  that  the  product  of  the 
pair  is  of  the  form^n+1,  n  being  an  integer. 

But  the  product  of  any  number  of  integers  of  this  form  is  still 
of  the  same  form,  viz.,  1+  a  multiple  ofj);  .'.  2.3.4  .  .  .  p—2> 
is  of  this  form,  being  the  product  of  all  such  pairs  of  factors  as 
described  above ; 

.-.  2.3.4  .   .  .  p—2=p.m-\-l, 
m  being  an  integer.     Multiplying  by  j9— 1,  we  have 
I2?— I=i5.wi(2^— l)+i?— 1 ; 
.-,  \p—l-{-l=2j{m2)—m-{-l), 
and  .•.  is  divisible  by  p. 
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237.  Ex.  I.  If  i^  is  a  prime  and  >2,  ^       2~  (    +(~-^)  '" 
is  divisible  byj). 

For  j:»  is  of  the  form  2?z4-l,  where  n  is  an  integer; 
.-.  2«=jj— 1,  2n  — l=j;— 2,  .  .  .  ?i+2=jj— n— 1,  n4-l=^j— ?i ; 
.-.  2«(2?i— 1)  .  .  .  («+ 2)  (?i + 1)  is  a  multiple  of  jj> +(—!)'*  I  ?2; 
.-.  l  +  [jj-l  =  l  +  |2^  =  l  +  |n.(n  +  l)(w+2)  .  .  .   2?i  ~ 

=  1+  a  multiple  of^j+(— 1)"{|  ?i}= ; 
.-.  l  +  (  — l)«.{In_}^  and  .-.  (  — l)"+{|j2J^,  is  divisible  byj9. 

If ^9  is  of  the  form  4w-|-l,  ?2  =  2?n;  .*.  ( — 1)"  =  1,  and  jj  is 
a  factor  of  the  sum  of  two  scpares,  1  and  {|  %}". 

EXAMPLES.— LI. 

If  n  be  a  prime,  prove  that 

I.    2(n— 1)1  «— 3  — 1  is  divisible  by  n. 

1^2^3=.4lT  .  .  (n-5)(?2-4)(«-l)  +  l 


n 
3.     1  —  (  —  1)^1^;  —  1  I  n—j)  is  divisible  by  n. 


is  an  integer. 


4.     The  series  of  squares  1=,  2',  3%  .   .  .  (  ^'^—  j  leave  each 

a  different  positive  remainder  when  divided  by  a,  if  a  is  a  prime. 

238.  Prop.   To  find  the  highest  power  of  a  prime  a,  ivhich  is 
contained  in  the  product  \  m. 

Let  iVj  be  the  number  of  integers  not  >m  containing  a  but  not  a^, 
iVj  ,,  ,,  a'      ,,      a  , 

and  so  on. 

Hence   amongst  the  numbers  1,  2,  3,   .   .  .   m  we   have   a 
repeated  Ni  times ;  .'.  a^'-  is  a  factor  of  |  m. 

Also  we  have  a^  repeated  Nc,  times ;  .•.  a"^''  is  a  factor  of  |  m, 
and  „  a*  ,,  a'^''^^  „ 

and  so  on  ;    .*.  qA-,+2a-3+3a'3+  •  •  •  ig  a  factor  of  |  m, 

and  this  is  the  highest  power  of  a  in  |  m. 
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We  will  now  express  this  in  a  form  more  convenient  for 
application. 

Let  n,  denote  the  greatest  integer  m  —  , 

m 
««  »  ,,  ^' 

Mg  ,,  „  — ,  etc. 

Then  the  integers  not  >m,  containing  a,  are 
a,  2a,  3a  .  .  .  %ia ; 
.•.  there  are  n^  integers  which  contain  a,  including  those  which 
contain  a-,  a^  .  .  .  ; 

.-.  n,=N,+N,+N^+  etc. 
Similarly  there  are  «»  integers  which  contain  a^,  a^,  etc., 
))  *^3  1)  5)  a  ,  a  ,     ,, 

.-.  Ws=iV2+iV3+  etc. 
n,=N,  +  N^-\-  etc.; 
.:  ni  +  n.  +  7h+  etc.  =N'^-\-2N'^  +  SN3+  etc. 

239.  Induction  is  often  useful  in  problems  where  it  is  required 
to  prove  that  a  certain  form  is  divisible  by  a  given  number. 

Ex.  I.  The  integral  part  of  (3+  V5)"  +  l  is  divisible  by  2'', 
n  being  a  positive  integer. 

Let  I  denote  the  integral  part  of  (3+  ^5)",  F  its  fractional 
part; 

...  /+ir=(3+V5)- 
Now  3—  V^,  and  .'.  (3—  V^)"'  is  a  proper  fraction. 

Put         F'={Z-^5yK 
Therefore  I-{-F+F'  =  {S+  a/5) '^+(3-  ^5)" 
—  an  integer,  since  all  the  irrational  parts  disappear,  and  all 
the  coefl&cients  are  integers  (Art.  232) ; 

.-.  F-\-F'  is  an  integer,  and  .-.  =1  (see  Art.  103) ; 
.,  /+1  =  (3+  V5)"+(3-  ^5)^=Sn  say. 
When  n  =  l,  we  have  ,Si  =  6=2.3, 

«=2,       „       >S„  =  2(3^  +  5)=28=2-.7; 
.'.  the  theorem  is  true  when  7i  =  l,  and  ?2  =  2. 


THEORY  OF  NUMBERS.  193 

Suppose  it  to  be  true,  when  n  =  'm,  and  when  n  =  m-\-l,  say 

Now  >SWi  =  (3+  V5)™+^  +  (3- V^r+S 
andG  =  (3+ V5)+(3- V5); 

+  (3+  V5)(3-  V5){(3  +  V5)"+(3-  V5)-}. 

.-.  S„,+„  =  6.2™+i&-4.2™a=2™+^(3&-a); 

.-.,  by  Induction,  /S^+o  is  divisible  by  2"*+^ 

240.  Ex.  2.  To  prove  that  2-"— 3re— 1  is  divisible  by  9. 

Let/(?z)  =  2^«-3ft-l; 
.•./(n+l)  =  2=«+— 3(71+1)-! ; 
.•./(w+l)-/(n)  =  2=«+2-2="-3  =  3.2-«-3  =  3(22«— 1) 
=  3(2"-l)(2«+l). 
Now 

2"=(3~1)"  =  3^— ?z.3^-^+^^'!~   ^•3"-''— etc.±.n.3=fl 

=  a  multiple  of  3=pl ; 
.'.  either  2"'+l,  or  2"— 1,  is  always  divisible  by  3; 
.'.  f{n-^\)—f{n)  is  divisible  by  9; 
.-.  when/(?i)  is  divisible  by  9,/(w+l)  is  also. 
Now/(2)  =  16-6-l  =  9; 
.-.  y(3)  is  divisible  by  9  ;     .•.  /(4)  is  also,  and  so  on  generally. 

EXAMPLES.— LII. 

1 .  If  %  be  any  prime  number  except  2,  the  integral  part  of 
(^5_|_2)«— 2'*+!  is  divisible  by  20«. 

2.  Show  that,  if  x  be  any  prime. number  except  2,  the  integral 
part  of  (1  +  /v'  2)^  diminished  by  2  is  divisible  by  Ax. 

3.  Show  that  2-"+i  — 9w=  +  3n— 2  is  a  multiple  of  54. 

4.  Prove  that  7-"+16?i— 1  is  divisible  by  64,  if  w  be  a  positive 
integer. 

5.  Find  the  highest  powers  of  5  and  of  25  contained  in  |  30. 

6.  „         „  3    „     (j        „        iia 
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241.  Prop.   The  numher  of  primes  is  infinite. 

For  let  J)  be  a  prime;  then  the  continued  product 
1.2.3.5.7  ...  ^  of  all  the  primes  up  to  p  is  divisible  by  each 
of  them;  .-.  1.2.3.5  .  .  .  ^9  +  1  is  not  divisible  by  any  one  of 
them  except  1, 

Now  let  1.2  .  .  .  ^9+1  be  resolved  into  its  prime  factors. 
Since  it  is  not  divisible  by  any  number  so  small  as  p,  each 
of  its  prime  factors  must  be  greater  than  j:),  i.e.,  there  is  a  prime 
>p). 

Thus  we  have  shown  that  whatever  prime  p)  may  be,  there  is 
always  a  prime  greater  than  it.  Hence  the  number  of  primes  is 
infinite. 

242.  Any  prime  >3  is  of  the  form  Gmzbl,  Art.  227,  Ex.  3. 
But  every  number  of  the  form  6m  ±1  is  not  necessarily  a 

prime  ;  and  in  fact 

No  Algebraical  formula  can  represent  primes  only. 
For  let  a-\-hx-\-cx^-\-  etc.  be  an  Algebraical  expression  which 
represents  primes  for  some  values  of  x,  the  symbols  a,  h,  c,  etc. 
representing  constant  numbers. 

Let  a-\-l)X-\-cx'^-{'  etc.  =  a  prime ^;,  when  x=m. 
Put  x=-m-\-np,  then  the  expression  becomes 
a-\-h[m-\-npi)-\-c{7n-\-np)--{-  etc. 
=  a-\-hm-\-  cm^  -\-  etc.  +  a  multiple  of^ 
=j5+  a  multiple  of  jj. 
Hence  the  number  now  represented  by  the  expression  has^ 
for  a  factor,  and  therefore  is  not  a  prime. 

Therefore . the  expression  a-\-hx-\-cx^-\-  etc.  does  not  always 
represent  a  prime  for  every  value  of  x. 

For  further  information  on  the  subject  of  this  Chapter,  see 
Peacock's  Algebra^  Barlow's  Theory  of  Numbers,  Serret's  Algeire 
Superieure. 
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243.  In^  the  problems  we  are  about  to  discuss  the  chief 
diflSculty  is  in  understanding  the  ideas  involved,  and  the  terms 
employed  ;  the  Mathematics  necessary  for  their  solution  being  of 
a  very  simple  character. 

We  shall  therefore  venture,  by  way  of  introduction,  upon  a 
somewhat  lengthy  explanation,  for  which  we  beg  the  student's 
careful  attention. 

244.  We  commence  with  the  following  example. 

Ex.  A  record  has  often  been  kept  of  the  ages  of  all  persons 
who  have  dred  at  a  certain  place  through  a  long  sequence  of 
years. 

Now,  on  examining  such  a  record  up  to  the  end  of  each  year, 
suppose  we  find  the  numbers,  amongst  those  who  have  died  up 
to  that  instant  since  the  heginning  of  the  record,  (i)  of  those 
who  were  over  1  year  of  age  at  the  time  of  death,  (2)  of  those 
who  were  over  26.  These  numbers  would  continually  increase, 
of  course,  as  we  continued  to  take  in,  at  each  examination,  one 
more  year,  and  we  should  see  that  the  ratios  of  the  second  to  the 
first  differed  continually  less  and  less  from  some  one  ratio. 

As  a  matter  of  fact  it  was  found  at  one  place  that  this  ratio 
;vas  560  :  1000,  or  14  :  25. 

We  should  then  say  that  the  probability  of  any  person,  whose 
age  at  death  had  been  recorded,  au-d  whom  we  knew  to  be  over 
1  year  at  death,  being  also  over  26  years,  was  14  :  25. 

Here  we  considered  a  succession  of  persons,  each  possessing  one 
general  characteristic,  namely,  dying  at  this  place  after  reaching 
the  age  of  1  year.  This  characteristic  is  common  to  them  all, 
and  distinguishes  them  from  all  others  whose  deaths  are  recorded, 
BO  that  by  it  we  are  able  to  class  them  together. 

0 
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Further  iu  this  succession  we  considered  a  certain  particular 
section,  each  member  of  which,  besides  the  general  characteristic 
of  being  1  year  old,  or  over,  at  death,  possessed  an  additional 
characteristic  of  being  2G  years,  or  over,  at  death  ;  and  we  sought 
the  probability  of  any  one,  whom  we  are  told  belonged  to  the 
general  class,  belonging  also  to  the  particular  section. 

245.  The  following  is  a  general  definition  of  the  term 
Prohability. 

Suppose  that  we  have  a  succession  of  things  (or  events 
or  persons),  each  possessing  some  general  characteristics,  on 
account  of  which  they  can  be  classed  together,  and  that  amongst 
them  is  a  section,  each  member  of  which,  besides  the  general 
characteristics,  possesses  an  additional  attribute,  which  distin- 
guishes this  particular  section  from  all  the  other  things.  Then 
if,  on  taking  any  large  number  of  the  general  things,  we  find 
that  the  number  of  particular  things  amongst  them  tends  to 
bear  to  it  a  constant  ratio,  this  ratio  is  called  the  Prohalility 
of  any  one  of  the  general  being  also  one  of  the  particular  things. 

246.  Ex.  Thus  if,  by  taking  notice  of  a  large  number  of  ships, 
of  the  same  class,  and  sailing  under  the  same  circumstances,  we 
find  that  on  the  average  three  in  a  hundred  are  wrecked,  we  say 
that  the  probability  of  any  one  of  such  ships  being  wrecked  is 
3  :  100. 

247.  Of  course  this  ratio,  like  all  others,  is  represented  by  a 
fraction,  having  the  antecedent  and  consequent  as  numerator 
and  denominator.  Thus  in  Art.  246  the  algebraic  representative 
of  the  probability  is  ivo- 

248.  In  most  of  the  cases,  with  which  we  have  to  deal  iu 
practice,  it  is  only  when  we  take  large  numhers  of  the  general 
succession  that  we  find  that  the  ratio  is  constant.  At  first,  when 
small  numbers  are  taken,  the  ratios  have  large  differences,  but  if 
by  taking  more  and  more  of  the   succession  we   find  that  the 
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fractions  differ  by  less  and  less  from  some  one  fraction,  then  we 
say  that  this  is  their  limit  and  represents  the  probability  con- 
sidered. If  no  such  limit  exists,  then  there  is  no  definite 
probability  that  any  one  of  the  general  succession  is  also  one  of 
the  particular  class. 

The  reader  must  bear  in  mind  then,  that  it  is  only  when  large 
numbers  are  considered  that  the  results  of  our  investigations  can 
be  expected  to  correspond,  with  any  degree  of  accuracy,  to  the 
actual  state  of  things.  Thus  we  should  make  our  calculations 
as  if  3  wrecks  had  occurred  in  every  100  ships  that  had  sailed, 
whereas  actually  a  wreck  might  not  have  occurred  till  we  came  to 
the  500th  sailing.  Also  in  Art.  244  we  should  reason  as  if  14 
out  of  every  2.5,  who  were  more  than  one  year  of  age,  survived 
to  the  age  26 ;  but  it  would  be  only  when  we  worked  with  large 
numbers  that  our  results  would  agree  with  experience. 

249.  Ex.  Again,  suppose  that  a  ball  is  drawn  from  a  bag  and 
then  put  back,  and  this  repeated  for  a  great  number  of  trials, 
and  that  we  draw  white,  black,  and  red  balls,  and  no  others. 
If  now,  on  keeping  records  of  the  number  of  times  a  white, 
black,  and  red  ball  is  drawn,  it  is  found  that  the  ratios  of  the 
number  of  appearances  of  the  white,  black,  and  red  balls  to  the 
whole  number  of  drawings  tended  respectively  to  the  following 
ratios :— 27  :  100,  53  :  100,  20  :  100,  then  the  probabilities  that 
any  one  particular  drawing  had  produced  a  white,  black,  or  red 
ball  would  be  represented  by  ^'g,  y^^,  \. 

Also  it  would  be  said  that  it  was  27  to  73  for,  and  73  to  27 
against,  a  white  ball  having  appeared  at  any  one  drawing ;  and 
that  the  odds  were  80  to  20  {i.e.,  4  to  1)  in  favour  of,  and  1  to 
4  against,  a  white  or  a  black  ball  having  appeared  at  any  one 
drawing. 

250.  We  have  supposed  that  notice  has  been  taken  of  how 
many  only,  and  not  which,  of  the  general  succession  belonged 
also  to  the  particular  section.     That  is  to  say,  we  are  ignorant 
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of  the  particular  circumstances  of  each  individual  thing,  having 
a  knowledge  of  the  aggregate  only.  This  is  sufficient  to  enable 
us  to  settle  the  probability  required. 

251.  If  every  one  of  the  general  events  belongs  to  the  parti- 
cular section,  then  it  is  said  to  be  a  certainty  that  any  one  of 
the  general  events  belongs  to  the  particular  section.  Also  the 
number  of  those  belonging  to  the  particular  section  is  equal  to 
the  number  of  general  events.  Hence  the  probability  of  a  cer- 
tainty is  represented  by  1. 

252.  The  words  chance  and  prohahility  are  used  as  synonymous. 

253.  The  following  is  an  instance  of  the  use  we  can  make  of 
probabilities. 

In  many  cases,  when  we  have  actually  observed  only  a  certain 
portion  of  a  succession,  we  are  enabled  to  infer,  by  induction,  that 
the  probability,  found  to  exist  amongst  the  observed  members  of 
the  succession,  exists  also  amongst  those  which  have  not  been 
observed. 

Thus  we  should  conclude  that  3  :  100  is  the  probability  of 
any  ship  being  wrecked,  of  the  same  class,  and  sailing  under  the 
same  circuin.stances  as  those  in  Art.  246 ;  taking  no  account  of 
whether  it  is  a  ship  that  has  sailed  in  the  past  or  will  sail  in  the 
future  ;  and  that  ^  represents  the  probability  of  ajty  infant  of 
the  age  of  1  year  living  to  be  26,  if  the  circumstances  of  his 
life  do  not  differ  from  the  generality  of  those  of  which  a  record 
was  made. 

254.  We  add  some  more  examples. 

Ex.  I.  If,  on  the  average  1  man  in  10  is  under  5  ft.  6  in., 
and  3  in  40  have  red  hair,  what  is  the  probability  that  any  one 
man  is  both  red-haii-ed  and  vmder  5  ft.  6  in.,  it  being  assumed 
that  the  colour  of  a  man's  hair  has  no  effect  on  his  stature  ? 

Since  in  every  40  men  3  have  red  hair;  .•.  in  every  400  men 
30  have  red  hair. 
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Now  1  in  every  10  is  under  5  feet  6  inches;  .'.  amongst  the 
30  who  have  red  hair  there  are  3  who  are  under  5  feet  6  inches. 
Hence  in  every  400  men,  3  are  botli  red-haired  and  under  5 
feet  6  inches,  *.e.,  the  probability  required  is  3  :  400. 

Ex.  2.  If  one  man  in  30  is  6  feet  at  least,  and,  of  those  under 
6  feet,  1  in  40  is  5  feet  or  under,  what  is  the  probability  of  a 
man  being  between  5  and  6  feet? 

Since  1  man  in  30  is  6  feet  at  least,  29  in  30  are  under 
6  feet. 

Now  consider  1200  men.  Of  these  1160  are  under  6  feet  ; 
and,  since  39  in  40  are  over  5  feet,  .*.  of  the  1160  men  1131  are 
over  5  feet. 

Hence  of  1200  men,  1131  are  within  the  specified  limits,  or 
the  probability  required  is  1131  :  1200,  or  377  :  400. 

Ex.  3.  If  1  man  in  30  is  6  feet  or  over,  and  1  in  40  is  5  feet 
or  under,  what  is  the  chance  of  a  man  being  between  5  and  6 
feet? 

Out  of  1200  men,  40  are  over  6  feet,  and  30  are  5  feet  at 
most;  .*.  1200  —  70,  or  1130,  are  between  5  and  6  feet;  .•. 
the  required  chance  is  113  :  120. 

255.  In  a  large  number  of  cases  we  have  no  observations,  on 
any  portion  of  the  succession,  recorded,  but  are  expected  to  deter- 
mine what  the  aggregate  of  the  succession  will  be  from  a  priori 
considerations,  drawn  from  the  circumstances  under  which  it  is 
to  take  place. 

Thus,  if  we  have  3  white,  4  black,  and  11  red  balls  in  a  bag, 
we  determine  what  the  aggregate  will  be  from  the  assumption,  that, 
in  the  long  run,  out  of  every  18  times  that  a  ball  is  drawn  and  put 
back,  a  white  ball  will  be  drawn  3,  a  black  4,  and  a  red  11  times. 

Again,  if  a  coin  is  tossed,  it  may  be  fairly  assumed  that  it 
will  turn  up  heads  as  often  as  tails. 

Conversely,  if  we  knew  that  we  had  12  balls  in  a  bac,  and 
that  the  chance  of  drawing  a  white  ball  was  J,  we  should  con- 
clude that  there  were  4  white  balls. 
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256,  And  in  general,  if  there  are  h  ways  in  which  an  event 
may  happen,  and  there  is  no  a  friori  reason  why  one  should 
occur  rather  than  another  (or,  as  it  is  sometimes  expressed,  all 
the  ways  are  equally  likely),  and  if  a  is  the  number  of  ways  in 
which  the  event  may  occur,  so  as  to  be  of  a  particular  section, 
then  it  is  assumed  that,  in  the  long  run,  it  will  be  of  this  section 
a  out  of  every  6  times  that  it  happens.  Hence  the  probability 
of  its  thus  happening  is  a  :  &. 

This  is  the  same  as  assuming  that  this  known  numerical  ratio, 
existing  amongst  the  'possible^  or  equally  lihely,  ways,  is  a  cause 
so  much  more  efiScient  than  any  other  for  determining  the 
aggregate  of  the  succession,  that  the  effects  of  all  other  causes 
may  be  neglected  in  comparison. 

EXAMPLES LIII. 

1.  What  is  the  chance  of  an  ace  being  thrown  with  one  die? 
What  is  the  chance  of  an  ace  or  a  six  being  thrown  ? 

2.  What  is  the  chance  of  a  six  being  drawn  from  an  ordinary 
pack  of  cards  ? 

3.  Show  that  it  is  10  to  3  against  a  court  card  being  drawn 
from  a  pack. 

4.  What  are  the  odds  against  drawing  a  black  or  a  white  ball 
from  a  bag  containing  5  white,  6  black,  and  7  red  balls  ? 

5.  What  is  the  chance  of  drawing,  from  an  ordinary  pack  of 
cards,  a  court  card  of  the  club  suit  ? 

6.  A  bag  contains  20  sovereigns  and  30  shillings,  of  which  3 
in  every  10,  whether  sovereigns  or  shillings,  were  coined  in  the 
present  reign.  What  is  the  chance  of  drawing  a  Victorian 
sovereign,  supposing  that  I  cannot  tell  a  sovereign  from  a 
shilling  by  the  touch  ? 

7.  Two  bags  contain  the  same  number  of  balls,  the  chance  of 
drawing  a  red  ball  from  one  is  y^^,  and  from  the  other  is  -~^.  If 
all  the  balls  are  put  into  one  bag,  required  the  chance  of  drawing 
a  red  ball  from  it. 


PR  OBABILITIES. 


8.  A  bag  contains  white,  black,  and  red  balls,  12  in  all.  The 
chances  of  drawing  the  various  kinds  are  respectively  ^,  ^,  and  \. 
Find  the  number  of  each  kind. 

9.  A  bag  contains  white  and  black  balls  only,  and  the  odds 
against  a  white  ball  being  drawn  are  3  to  2.  What  is  the 
chance  of  a  white  ball  being  drawn  ?  What  is  the  chance  for  a 
black  ? 

10.  One  of  two  events  must  happen.  The  odds  against  one 
event  are  7  :  5.     What  is  its  chance  of  happening? 

11.  The  chance  of  drawing  a  white  ball  from  a  bag  is  |. 
Are  the  odds  for  or  against  such  a  ball  being  drawn,  and  what 
are  they? 

257.  In  working  out  such  problems  as  are  referred  to  in  Art. 
256,  the  difficulty  usually  consists  in  determining,  (i)  the 
number  (5)  of  different  ways  in  which  the  general  event  may 
happen,  and  (2)  the  number  (a)  of  these  ways  in  which  it  may 
happen  so  as  to  belong  to  the  particular  section. 

258.  Hx.  I.  What  is  the  chance  of  throwing  exactly  12  with 
3  dice  ? 

Here  the  general  event  is  the  throwing  3  dice,  and  the 
number  of  different  ways  in  which  this  may  be  done  is 
6x6  X  6  =  216  ;  and,  in  order  that  any  one  of  these  may  belong 
to  the  particular  section,  the  sum  of  the  numbers  turned  up  must 
be  12.  It  will  be  seen  that  the  following  25  throws  are  those 
which  give  12  : — 

651,  615,  561,  165,  516,  156, 
642,  624,  462,  264,  426,  246, 
633,  363,  336,  552,  525,  255, 
543,  534,  453,  354,  435,  345,  444. 
Hence  the  chance  of  throwing  12  is  ^3^. 

Ex.  2.  Find  the  probability  of  an  ace  being  thrown,  once  at 
least,  in  two  throws  with  a  die. 

To  make  any  one  of  the  double  throws,  any  one  of  the  faces 
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at  one  throw  may  be  followed  by  any  one  of  the  faces  at  the 
second  throw,  thus  we  have  36  possible  different  double  throws. 

Now  an  ace  may  occur  in  any  one  of  11  double  throws, 
namely,  an  ace  may  be  followed  by  an  ace  or  by  any  one  of  the 
other  5  faces,  or  an  ace  at  the  second  throw  may  be  preceded 
by  any  one  of  the  5  other  faces  at  the  first  throw,  and,  there 
being  no  cjeneral  reason  why  one  double  throw  should  occur  more 
often  than  another,  we  assume  that  an  ace  will  occur,  at  least 
once,  11  times  out  of  36,  i.e.  the  probability  of  its  occurring  is  ^. 

The  chance  that  an  ace  occurs  at  both  throws  is  ■^. 

The  chance  that  an  ace  occurs  at  the  second  throw,  and  not 
at  the  first,  is  7^ ;  and  that  it  occurs  ouce,  but  either  at  the  first 
or  at  the  second  throw,  is  ^=yV 

Ex.  3.  What  is  the  chance  of  two  white  balls  being  drawn  in 
succession  from  a  bag  containing  5  white  and  6  black ;  the  first 
ball  drawn  not  being  put  back  ? 

Here  the  general  event  is  the  drawing  two  balls  ;  and,  since 
any  one  ball  may  be  followed  by  each  of  the  others,  the 
number  of  different  ways  of  drawing  two  balls  is  11  X  10  =  110. 

The  drawings  in  which  two  whites  are  produced  form  the 
particular  section,  and  the  number  of  these  is  5x4  =  20.  For 
to  produce  such  a  drawing  any  one  of  the  5  whites  must  be 
followed  by  one  of  the  remaining  4. 

Hence  the  chance  required  =xy. 
-    So  the  chance  of  a  white  being  followed  by  a  black  is  xt^= 3^, 
,,  black  „  white  ^. 

,,  white   and  black    being   drawn   in   either 

order  =^. 

Ex.  4.  One  of  a  pack  of  52  cards  having  been  removed,  from 
the  remainder  of  the  pack  two  cards  are  drawn  and  found  to  be 
spades.     Find  the  chance  that  the  missing  card  is  a  spade. 

The  missing  card  may  be,  and  is  equally  likely  to  be,  any  one 
of  the  pack  except  the  two  drawn,  i.e.^  any  one  of  50  cards.  Also 
there  are  11  cards,  any  one  of  which  it  may  be  so  as  to  be  a 
spade.     Hence  the  probability  of  its  being  a  spade  is  \^. 


PROBABILITIES.  203 


EXAMPLES.— LIV. 

1.  A  ball  is  drawn  from  a  bag  containing  5  white  and  6  black, 
and  replaced,  and  then  another  drawing  made.  Find  the 
chances  (i)  that  both  balls  are  white,  (2)  that  a  black  ball  is 
followed  by  a  white,  (3)  that  a  black  and  a  white  ball  arc  drawn. 

2.  Compare  the  chance  of  throwing  10  with  that  of  throwing 
7  with  a  common  pair  of  dice. 

3.  A  throws  with  a  common  die,  B  with  one  in  which  5  is 
counted  as  a  blank.  What  is  the  chance  that  A  throws  higher 
than  I?? 

4.  A  and  B  play  with  3  dice,  and  the  highest  wins.  A  throws 
14;  what  are  the  chances  of  i5's  winning? 

5.  There  are  3  balls  in  a  bag,  and  each  of  them  may  with 
equal  probability  be  white,  black,  or  red.  A  person  puts  in  his 
hand  and  draws  a  ball ;  it  is  white  ;  it  is  then  replaced.  Find 
the  chance  of  all  the  balls  being  white. 

6.  A  bag  contains  5  white  and  6  black  balls.  What  is  the 
chance  of  drawing  two  white  balls  together  ?  What  is  the  chance 
that  a  black  and  a  white  ball  are  drawn  together  ? 

7.  In  3  throws  with  a  single  die,  find  the  chances  that  an  ace 
is  thrown  (i)  at  least  once,  (2)  only  once,  (3)  at  least  twice,  (4) 
only  twice. 

8.  What  are  the  chances  of  throwing  (1)8,  (2)10,  with  two  dice? 

9.  Out  of  a  heap  of  10  counters,  numbered  from  1  to  10,  a 
counter  is  drawn  and  replaced  4  times.  What  is  the  chance  that 
the  sum  of  the  numbers  drawn  is  33  ? 

10.  What  are  the  chances  of  throwing  with  3  dice  at  one  throw, 
(i)  10,  (2)  not  more  than  10  ? 

11.  In  three  throws  with  a  pair  of  dice,  what  is  the  proba- 
bility of  having  doublets  once  at  least  ? 

1 2.  A  man  is  known  to  have  in  his  pocket  half-a-crown  in  small 
silver.  A  coin  taken  from  it  at  random  is  found  to  be  a  shilling ; 
show  that  the  chance  of  his  haying  another  shilling  is  \. 
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13.  A  bag  contains  6  coins,  each  either  a  shilling  or  a 
sovereign ;  the  ci  'priori  probability  that  any  particular  coin  is  a 
sovereign  is  \.  Supposing  two  shillings  and  one  sovereign  have 
been  drawn  out  of  the  bag,  what  would  you  offer  for  the  remain- 
ing three  coins  ? 

14.  If  a  thousand  counters  be  numbered  from  1  to  1000,  find 
the  chance  of  drawing  a  number  prime  to  1000. 

15.  When  a  coin  is  tossed,  what  is  the  chance  that  it  falls  heads 
twice  running  ? 

16.  In  a  bag  are  3  white,  4  black,  and  5  red  balls.  If  two 
balls  arc  drawn,  what  are  the  chances  that  they  are  (i)  one  white 
and  the  other  black,  (2)  both  red,  (3)  one  at  least  red? 

17.  In  one  throw  with  a  pair  of  dice,  what  is  the  chance  that 
there  is  neither  a  six  nor  doublets  ? 

259.  The  results  of  Chapters  [xxxin.,  xxxiv.],  will  often  be 
found  useful  in  determining  a  and  h  (Art.  256).  In  fact,  solutions 
of  chance  problems  of  this  class  merely  consist  of  two  or  more 
applications  of  the  rules  for  Permutations  and  Combinations. 

Ex.  Seven  gentlemen  and  six  ladies  meet  at  a  croquet 
party,  at  which  the  game  consists  of  two  ladies  and  two  gentle- 
men on  each  side ;  find  the  chance  of  a  given  couple  playing  on 
the  same  side. 

1°  For  the  general  event. 

The  number  of  difierent  quartettes  of  gentlemen  possible 
_7.6.5.4_„^ 

The    number    of    difi"erent     quartettes    of    ladies    possible 
6.5.4.3_T. 

-i:2X4-^^- 

Now,  taking  any  one  quartette  of  gentlemen  playing  with  any 
one  quartette  of  ladies,  we  can  form  6  pairs  of  gentlemen  and  6 
pairs  of  ladies,  and  therefore  36  different  sides ;  but  we  must 
have  two  sides  in  each  game.     Hence  we  have  18  games  which 
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can  be  formed  by  the  same  set  of  8  ;  .•.in  all  we  have  35.15.18, 
or  7. 5". 3^. 2,  different  games. 

2°  For  the  particular  section. 

6  5  4 
There  are        \,  or  20,  different  quartettes  of  gentlemen,  in 
1.2.0 

•which  any  one  gentleman  plays,  and  10  different  quartettes  of 

ladies,  in  -which  any  one  lady  plays.     As  in  1°  we  can  form  18 

games  from  each  set  of  8  ;  .•.  there  are  3600  games  in  which 

any  one  couple  plays. 

Now  they   are   as   often    opposed    as   together.     Hence    the 

number    of  games    in    which    they    are    on    the   same    side   is 

1800  =  52.32.23. 

2-       4 
.•.  the  chance  required  =-^^  =  --. 
<.o     21 


EXAMPLES.— LV. 

1.  Four  white  and  3  black  balls  are  placed  in  a  line ;  what  is 
the  chance  that  the  end  balls  are  white  ?  What  are  the  odds 
against  both  end  balls  being  black  ? 

2.  What  is  the  chance  of  drawing  2  black  balls  and  1  white 
from  an  urn  containing  5  white,  4  black,  and  2  red  balls  ? 

3.  A  person  draws  3  coins  from  a  bag  containing  4  sovereigns 
and  4  shillings;  what  are  the  odds  against  them  being  all 
sovereigns  ? 

4.  From  a  bag  containing  1  white,  2  red,  and  3  black  balls, 
two  are  drawn ;  what  are  the  chances  that  they  are  both  (i)  red, 
(2)  black? 

5.  If  20  cards  are  drawn  from  a  pack,  what  are  the  chances 
that  they  contain  (i)  the  13  clubs,  (2)  the  4  kings,  (3)  the  13 
clubs  and  the  4  kings  ? 

6.  Eight  persons  are  to  play  at  croquet.  Four  of  them  wish 
to  play  on  the  same  side,  but  take  up  four  mallets  at  random. 
The  sides  are  decided  by  the  order  of  the  colours  on  the  stick. 
Find  the  probability  that  these  four  will  play  together. 
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7.  ^,  5,  G,  D,  E  take  a  four  oar,  determining  each  man's 
place  by  lot,  find  the  chance  that  A  and  B  are  the  stroke  side  oars. 

8.  What  is  the  chance  that  a  person  who  deals  at  whist  will 
have  four  trump  cards  and  no  more  ? 

9.  There  are  n  books  on  a  shelf  which  are  taken  down, 
dusted  and  returned.  If  all  the  ways  of  arranging  them  with 
their  backs  outwards  are  equally  likely  to  be  made  in  returning 
them,  find  the  chance  that  they  are  replaced  exactly  as  they 
were,  (i)  when  they  are  all  put  right  ends  upwards,  (2)  when 
right  ends  and  wrong  ends  upwards  are  equally  likely. 

10.  A  thief  in  a  dark  night  catches  four  birds  in  an  aviary, 
which  contained  altogether  five  canaries,  four  goldfinches,  three 
nightingales,  and  two  robins.  What  is  the  probability  of  his 
catching  one  of  each  kind  ? 

11.  Eight  people  sit  down  to  a  round  table.  Show  that  the 
number  of  ways  in  which  they  can  be  arranged  is  to  the  number 
of  arrangements  so  that  the  same  two  shall  sit  together  as  7  : 2. 

12.  Ten  people  sit  down  to  a  round  table.  Show  that  it  is  7 
to  2  against  any  two  given  people  sitting  next  one  another. 

13.  What  is  the  probability  of  drawing  4  aces  from  a  pack  in 
4  successive  trials  ? 

14.  If  the  House  of  Commons  consist  of  m  Tories  and  n 
Whigs,  and  a  committee  of  j>+2'  members  be  selected  by 
ballot,  what  is  the  chance  that  it  contain  j)  Tories  and  q  Whigs  ? 

15.  In  5  throws  with  a  single  die,  find  the  chance  that  an 
ace  will  be  thrown  at  least  twice. 

16.  An  urn  contains  3  white,  4  red,  and  5  black  balls;  what 
are  the  chances  of  drawing  ( i )  1  white  and  1  red  and  1  black  in 
3  successive  trials ;  (2)2  white  and  2  red  in  4  successive  trials ; 
(3)  1  white,  2  red,  3  black  in  6  trials  ? 

17.  At  a  game  of  whist,  what  is  the  chance  of  dealing  one 
ace  and  no  more,  (i)  to  a  specified  person,  (2)  to  each  person  ? 

18.  In  a  lottery  there  are  100  numbers,  of  which  5  are  drawn, 
what  is  the  chance  that  3,  and  only  3,  out  of  5  previously 
specified  numbers,  are  drawn  ? 
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19.  If  we  draw  4  cards  out  of  a  pack,  what  is  the  chance  that 
they  each  belong  to  a  different  suit  ? 

20.  An  urn  contains  20  balls,  namely,  6  white,  4  black, 
3  red,  and  7  blue,  what  is  the  chance  that,  in  9  drawn  at  one 
time,  we  shall  have  2  white,  3  black,  1  white,  and  3  blue  ? 

260.  We  shall  now  pass  on  to  some  more  general  theorems 
relating  to  probabilities. 

The  word  event  is  applied  not  only  to  the  general  thing,  as  in 
Art.  245,  but  sometimes  also  to  any  one  of  the  particular  ways, 
in  which  the  general  event  can  happen. 

Thus,  in  Art.  255,  the  drawing  of  each  ball  is  an  event ;  but 
also  we  talk  of  the  event  of  the  ball  when  drawn  being  red, 
white,  or  black. 

Single  Exclusive  Events. 

261.  Def.  Events  are  called  exclusive,  if,  when  one  of  them 
does,  no  other  one  can,  happen. 

Thus  the  drawing  of  single  white,  black,  or  red  balls,  in  Art. 
255,  would  be  exclusive  events. 

262.  i/p  and  q  le  the  respective  jjrohahilities  of  two  exclusive 
events  (call  them  A  and  B)  happening  on  any  one  of  a  succession 
of  occasions,  xvhen  one  or  other  must  happen,  then  p-|-q=l. 

Let     p=^-r'    Out  of  the  h  occasions  when  A  may  happen,  we 

have,a  ou  which ^  does  happen,  and  .*.  on  which 5  does  not  happen, 
h—a     „         „  not        „  „  „  happen; 

h  —  a  ,         , 

.-.  q=—jj-\  .•.p+q=l. 

CoR.  If  a  succession  of  trials  be  made  to  do  anything,  which 
must  either  succeed  or  fail,  then  if  p)  be  the  chance  of  any  one 
trial  succeeding,  1  —p)  is  the  chance  of  its  failing. 

If  the  chance  of  an  event  happening  is  |-,  the  chance  of  its  not 
happening  is  | ;  and  the  chances  of  its  happening,  and  not 
happening,  are  said  to  be  even;  or,  it  is  said  to  be  an  even 
chance  whether  it  happens  or  not. 
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263.  Prop.  If  there  he  n  exclusive  events,  K-^,  A,>,  ....  A^, 
a??cZ  pi,  P",  .  .  •  Pn  he  the  chances  of  their  respectively  happening 
on  any  one  of  a  succession  of  occasions,  on  which  one  must 
happen,  then  the  chance  that,  on  any  given  occasion,  one  of  the 
first  r  events  happens  is  ■p-^-\--p„-\-   .  .   .   +Pr- 

Let   2h=—,  i^2  =  — ,  •  .  •  Pn=— ;  so  that,  out  of  every  c 

occasions,  Ai  happens  on  «i,  and  Ao  on  Oo,  and  so  on. 

Since  no  two  can  happen  on  tlie  same  occasion,  therefore  on 
«i+«2+  •  •  •  +«r3  out  of  c,  occasions  one  or  other  of  the  first  r 
events  happens;  .'.  the  chance  of  some  one  of  them  happening 

.      «!+«''+  •  •  •  +''')• 

on  any  given  occasion  is  ' =^^1+7^2  +  -  •  •  -\-Pr- 

CoR.  If  JJ  be  the  chance  of  any  one  of  r  exclusive  events,  all 
equally  likely  to  happen,  then  77;  is  the  chance  of  some  one 
happening. 

Compound  Events,  Components  heing  Exclusive. 

264.  The  following  example  will  enable  the  student  to  under- 
stand more  easily  the  method  pursued  in  Art.  265. 

The  chance  that  a  white  ball  is  drawn  from  a  bag  is  -^,  and 
■^  that  a  black  is  drawn.  Knd  the  chance  that,  in  any 
sequence  of  0  drawings,  2  white  and  1  black  are  drawn,  each 
ball  being  put  back  after  it  is  drawn. 

Consider  1000  sequences  of  3  drawings  each. 

In  the  1000  drawings  which  begin  these  sequences  we  may 
calculate  that  a  white  ball  is  drawn  300  times  ;  i.e.  there  are  300 
of  the  sequences  which  begin  with  a  white  ball. 

Then  in  the  300  drawings  which  come  second  in  these 
sequences,  a  white  will  be  drawn  90  times;  i.e.  there  are  90 
sequences  having  a  white  ball  at  each  of  the  two  first  drawings. 

Then  in  the  90  drawings  at  the  end  of  these  sequences  a  black 
will  be  drawn  Go  times ;  i.e.  there  are  63  sequences  in  which  2 
white  are  drawn  first  and  then  1  black.     Similarly,  Go  is  the 
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number  of  sequences  in  which  2  white  and  1  black  occur  in  any 

|3 
given  order;  but  we  have    -—-(  =  3)  different  orders  of  arrange- 
ment of  2  white  and  1  black  balls;  .-.  there  are  3.63  (  =  189) 
sequences  out  of  1000,  in  which  2  white  and  1  black  occur ; 

189   .,       ,  .     , 

■*■  1000  ^®         chance  requu-ed. 


265.  Prop.  A  and  B  are  two  exclusive  events^  p  is  the  chance 
of  A,  and  q  of  B,  happeninrj  on  anij  one  of  a  siiccession  of 
occasions  ivhen  either  A  or  B  must  liappen.  To  find  the  chance 
that,  in  any  given  sequence  of  n  occasions,  A  will  happen  r  times 
and  B  n  —  r  times. 

a  b 

Since  p-{-q  =  l,  Art.  262,  put  p=  — ,(!=  —  ,  where  a-\-0=c. 

Consider  c"  sequences  of  n  occasions  each. 

Of  the  c"  occasions  coming  first  in  these  sequences,  A  will 
occur  on  ac'"'~'^  ;  so  that  there  are  ac''^'^  sequences  in  which  A 
occurs  on  the  first  occasion. 

Then  of  the  a&'-~'^  occasions  coming  second  in  these  sequences, 
A  will  occur  on  a-c'^~'^ ;  so  that  there  are  a-c"~^  sequences  in 
which  A  occurs  on  the  first  two  occasions. 

Similarly  there  are  a''c'^~^'  sequences  in  which  A  occurs  on 
the  first  r  occasions. 

Of  the  a'c""*"  occasions  coming  in  the  (r+l)th  place  in 
these  sequences,  B  will  occur  on  «''6c"~''~* ;  so  that  there  are 
a>-})c'i-r-\  sequences,  in  which,  A  occurs  on  the  first  r  occasions, 
and  then  B  on  the  next  occasion,  and  so  on  generally.  Hence 
we  have  a''b^~'^  sequences,  in  which,  A  occurs  on  the  first  r 
occasions,  and  then  B  on  the  remaining  n  —  r. 

And  in  the  same  way  we  can  show  that  there  is  the  same 
number  of  sequences,  in  which  A  and  B  occur,  r  and  n~r 
times  respectively,  in  any  given  order  of  arrangement. 
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But  there  are  \ — r= —  different  arranffements  of  n  tilings  in 
I  r  I  n  —  r  °  ^  ' 

■wHch  r  are  alike  and  ix  —  r  alike. 

Hence  out  of  c"  sequences  we  have  i — r a'Z/"~'',  m  which 

•'■  \r\n  —  r  ' 

A  occurs  r  times  and  Z>  m  —  r  times  in  some  order  or  other; 
•.  the  chance,  that,  in  any  given  sequence  of  n  occasions,  A  and 
B  so  occur,  is 


\r\n  —  r      c" 


-FT 


Putting  successively  r=?i,  «  — 1,  .  .   .  1,  0,  we  see  that  the 

chance,  in  auy  sequence, 

that  4  occurs  n  times  and  B  not  at  all.  isj)"; 

that  A  occurs  n  — 1  times  and  B  once,  is  np^~'^q; 

.       .    n(n—V) 
that  A  occurs  «— 2  times  and  B  twice,  is  — -.  t>     p^  "Q." ; 

etc.  etc.  etc. ;  and 

that  A  occurs  not  at  all  and  B  n  times,  is  q'^. 
CoR.  Out  of  c^  sequences  the  number,  in  which  A  occurs  at 
least  r  times,  is 

n(7i—l)  I" 

Hence  the  chance,  that,  in  any  sequence  of  n  occasions,  A  will 
occur  at  least  r  times,  is 

n(n—l)  i^ 


266.  The  student  will  notice  that  the  chances  of  the  various 
combinations  of  the  occurrences  of  A  and  B  are  the  terms  of  the 
expansion  of  Q^-l-^)''- 

Hence  the  most  likely  combination  is  that  for  which  the 
corresponding  term  of  the  expansion  of  (j^+q]'^  is  greatest. 
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267.  In  the  same  way  it  may  be  shown,  that  the  various  terms 
of  the  expansion  of  (i^ +2 +?•)'*  will  furnish  the  chances  of 
the  various  combinations  of  the  occurrences  of  three  exclusive 
events,  of  which  the  separate  chances  at  any  one  opportunity 
are  J),  ^,  r. 


268.  Ex.  I.  What  is  the  chance  of  at  least  one  ace  being 
thrown  at  every  one  of  3  throws  with  two  dice  ? 

The  chance  of  at  least  one  ace  at  any  one  throw  is  rrr  • 

The  chance  of  at  least  one  ace  at  every  one  of  3  throws  is  1 7777 

Ex.  2,  What  is  the  chance  of  two  aces  at  least  being  thrown 
in  3  throws  with  two  dice  ? 

This  is  the  same  as  throwing  6  times  with  one  die,  and  then, 

1  5 

at  any  one  throw,  the  chance  of  one  ace  is-rr ,  and  of  no  ace  is  -^  ; 

.'.  the  chance  of  an  ace  being  thrown  at  least  twice  is 

a-r+«(i)-(i)H-fi-(iKi)"-+fii{i)"(ir 

We  might  have  shortened  the  process  thus : 

The  chance  that  no  ace  is  thrown  in  6  times  is  (  -tt 


only  one  ace  „  ^•("aI 


6  ' 


5-^  +  6.5^     11.55 
••.  the  chance  that  2  are  not  thrown  is 77^ =    ^^    ,  Art. 263; 

11.55 
.•.  the  chance  that  2  aces  are  thrown  is  1 ^7-  ,  Art.  262. 
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Ex.  3.  How  many  throws  with  a  single  die  must  a  man  have, 

in  order  that  his  chance  of  throwing  an  ace  may  be  |-  ? 

Let  X  be  the  required  number  of  throws. 

.     5 
His  chance  of  not  throwing  an  ace  at  one  throw  is  -rr  I 

at  all  in  the  x  throws  is 


(ir 


-I 


But  his  throwing  an  ace  once  at  least  and  throwing  no  ace  at 
all  are  two  exclusive  events,  one  of  which  must  happen  ; 

.•.,  Art.  262,  his  chance  of  throwing  an  ace  is  1 — —     j 

1  Ar_i 

"2  '  •*•    61   ~2  ' 

,-.  a;(log  5— log  6)=— log  2;      .-.,  by  tables,  a;=3.8. 
This  shows  that  there  is  no  exact  number  of  throws  in  which 
his  chance  will  amount  to  i,  but,  if  he  throws  4  times,  his  chance 
will  be  a  little  greater  than  \. 

Ex.  4.  If  a  bag  contain  3  white  and  7  black  balls,  and  a  ball 
be  drawn  and  always  replaced,  show  that  the  most  likely  result 
in  10  trials  is  to  draw  3  white  and  7  black  balls. 

3 

The  chance  of  a  white  occurring  at  any  one  drawing  is  Tq  > 

7 
,,  black  „  „  Jq- 

Hence  we  have  to  find  the  greatest  term  in  the  expansion  of 
(3  +  7)i«,  Art.  266. 

Now  [Art.  421]  the  (r+l)th  is  greatest  when  r  is  the  integral 

part  of  ^  3  ,  Y     J  *'-6-  °f  XO  '  ■"■  ^~'^' 

Hence  the  eighth  term  is  the  greatest,  and  to  this  term  corre- 
sponds the  chance  of  a  combination  in  which  7  black  and  3 
white  balls  occur. 
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Ex.  5.  If  ^'s  skill  at  a  game  is  double  that  of  5,  what  is  the 
chance  that  he  wins  4  games  before  B  wins  2  ? 

By  -4's  skill  is  meant  his  chance  of  winning  any  single  game. 

2  1 

Hence  4's  skill  is  represented  by  -?r  ,  -B's  by  -k  • 

^'s  chance  of  winning  the  first  four  games  is  ( ^  I 
chance   of  winning    3   out  of  the   first   four  and   the    fifth   is 

3;3'3~3V3/ 
Also  these   are  the   only  two  ways,  in  which  A  can  win  4 
before  B  wins  two,  and  they  are  exclusive.     Hence,  Art.  263, 
2\Y.  .  4\     16x7     112 


2\* 

—  I  ,  and   his 


/  2  \4/  4  \ 

the  required  chance  ==(  "q  )  I  ■'^  +  '0"  )=' 


3^     ~243 


EXAMPLES. -LVI. 

1.  What  are  the  odds  against  throwing  heads  w  times  in 
succession  in  the  game  of  heads  and  tails  ? 

2.  What  is  the  chance  of  throwing  at  least  four  aces  with  a 
single  die  in  six  throws? 

3.  When  3  coins  are  tossed  up,  what  are  the  chances  that, 
(i)  two  only  turn  up  tail,  (2)  two  at  least  turn  up  tail? 

4.  A  bag  contains  5  black  and  4  white  balls ;  a  person  draws 
a  ball  and  replaces  it ;  what  is  the  chance  that  in  6  trials  he  will 
have  drawn  black  at  least  4  times  ? 

5.  If  on  an  average  1  ewe  out  of  3  yields  2  lambs,  find  the 
chance  that  3  ewes  bearing  young  will  yield  just  4  lambs. 

6.  In  sis  throws  with  a  single  die,  what  are  the  chances  of 
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throwing  a  six  (i)  four  times  exactly,  (2)  not  more  than  four 
times,  (3)  not  less  than  four  times? 

7.  ^yhat  are  the  odds  against  throwing  7  twice  at  least  in  3 
throws  with  2  dice  ? 

8.  Show  that  the  odds  are  in  favour  of  a  person  throwing  an 
ace  in  four  throws  with  a  die. 

9.  If  n  coins  are  tossed,  what  is  the  chance  that  there  is  one 
and  only  one  head  turned  up  ? 

10.  Find  the  chances  that  in  three  tosses  a  coin  will  turn  up 
one  tail  and  two  heads,  (i)  in  this  order,  (2)  in  any  order. 

11.  A  bag  contains  3  white  and  6  black  balls,  from  which  ^, 
.B,  C  draw  in  order.  Find  the  chances  that  they  draw  ( i )  each 
black,  [2)  A  and  B  black  and  G  white,  (3)  one  of  them  white 
and  the  other  two  black. 

12.  A  collection  of  7  letters  is  made  from  an  alphabet  con- 
taining 20  consonants  and  5  vowels.  Find  the  chance  that  it 
contains  exactly  3  vowels. 

13.  There  are  three  tickets  in  a  bag,  numbered  1,  2,  3,  and  a 
ticket  is  drawn  and  put  back.  If  this  be  done  four  times,  show 
that  it  is  41  to  40  that  the  sum  of  the  numbers  drawn  is  even. 

14.  A  coin  is  tossed  n  times,  what  is  the  chance  of  the  head 
turning  up  an  even  number  of  times  ? 

15.  If  two  coins  are  tossed  three  times,  what  are  the  chances 
that  there  will  be  two  heads  and  four  tails  ?  What  are  the  odds 
against  five  heads  exactly  turning  up  ? 

16.  Find  how  many  odd  numbers,  taken  at  random,  must  be 
multiplied  together,  that  there  may  be  at  least  an  even  chance 
of  the  last  figure  being  a  6.     (Given  log  io2  = -30103.) 

17.  J.  and  B  play  at  a  game  together,  A  wins  4,  and  B  3, 
out  of  every  7  games.  What  is  ^'s  chance  of  winning  at  least 
6  in  any  7  games  ? 

18.  J[  and  B  play  together,  ^'s  skill  is  to  .B's  as  3  to  5.  Find 
^'s  chance  of  winning  3  games  out  of  5. 
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Independent  Events. 

269.  Def.  Events  are  said  to  be  independent,  if  the  occurrence 
of  one  does  not  affect  the  occurrence  of  any  of  the  others. 

Thus  in  Ex.  i  of  Art.  254,  a  man's  being  of  a  certain  height, 
and  his  having  a  certain  colour  of  hair,  are  independent  events. 

270.  Prop.  If  \),  q  he  the  respective  chances  of  two  independent 
events  (A  and  B)  happening  on  any  one  of  a  succession  of  occasions, 
ivhen  one  or  both  must  happen,  then  the  chance  of  both  happening 
on  any  given  occasion  is  pq. 

Consider  hd  occasions,  of  these  A  will  occur  on  ad,  on  ac  of 
which  B  will  occur  ;  i.e.  out  of  bd  occasions,  A  and  B  concur  on 
ac ;  .  •.  the  chance  of  both  happening  on  the  same  occasion  is 
ac 

^=I>q.  Q.E.D. 

CoR.  I.  If^i,  Pi,  .  .  .  Pr  are  the  chances  of  r  independent 
events  happening  on  any  one  occasion,  i\i(in  i^^.p^  .  .  .  py  is  the 
chance  of  their  concurrence. 

For  jpi-Pi  is  the  chance  of  the  concurrence  of  the  first  and 
second ;  but  this  concurrence  is  independent  of  the  happening  of 
the  third;  .*.  the  chance  of  its  happening  on  the  same  occasion 
as  the  third  is  j;i.j:>2.p3 ;  and  so  on  for  any  number  of  events. 

CoK.  2.  If  the  chances  of  the  happening  of  r  independent 
events  are  each  p,  then  pf^  is  the  chance  of  their  concurrence. 

271.  Prop.  Also  the  chance  of  one,  but  not  both,  happening  is 
p-f  q— 2pq. 

For,  of  the  hd  occasions  considered,  A  occurs  on  ad,  on  ac  of 

which  B  will  occur;  .-.  A  occurs  alone  on  ad—ac;  similarly, 

B  occurs  alone  on  bc  —  ac ;  .-,  either  A  or  B  happens  alone  on 

ad-]rbc—2ac  occasions ;  .-.  the  chance  of  one  happening  alone  is 

ad-\-bc—2ac        ,        ^ 
-3 =pj^q-2p,q. 

oa  Q.E.D. 
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Til.  Ex.  The  chance  of  one  man  {A)  living  a  year  is 
^  ,  and  of  another  {B)  is  =r^r.  *     What  is  the  chance  that  they 

both  are  alive  in  a  year's  time  ? 

Consider  G8  people  under  the  same  circumstances  as  A^ 
and  120  „  „  5, 

Then  we  can  form  68  X 120  pairs  such  as  A  and  B  together, 
and  these  are  what  in  Art.  270  we  have  called  occasions. 

Now  67  X  11  of  these  are  pairs  of  which  both  members  live  for 
another  year. 

Hence  the  chance  that,  of  any  one  pair,  both  live  for  a  year,  is 
67x11  _  737 
68xl20~8160* 

273.  We  might  have  discussed  the  problem  in  Art.  271  as 
follows. 

(i)  The  chance  of  A  happening  is^:);  .•.  (2),  by  Art.  262,  the 
chance  of  it  not  happening  is  1  — p. 

(3)  The  chance  of  ^  happening  is  g ;  .•.  (4),  by  Art.  262,  the 
chance  of  it  not  happening  is  1  — f?. 

Now  (i)  and  (2)  are  independent  of  (3)  and  (4) ;  .•.,  Art.  270, 
the  chance  of  A  happening  and  B  not  is  i?(l  — 2)5  •  •  •  •  I- 
and  „         5  „  A       „       q{l-p),  .   .   .  .  IL 

But  I.  and  II.  are  exclusive;  .*. ,  Art.  263,  the  chance  of  one 
or  other  occurring  is^^(l  — 2')+2(l— j:*). 

274.  Many  of  the  problems  we  have  already  discussed  may 
be  treated  as  belonging  to  this  class. 

Thus,  from  a  bag  containing  3  red,  4  black,  and  2  white  balls, 
what  is  the  chance  of  drawing  first  a  red  and  then  a  white  ball, 
each  ball  being  put  back  after  it  is  drawn  ? 

Since  each  ball  is  put  back  after  being  drawn,  the  first  drawing 
does  not  affect  the  second. 

Hence  the  drawings  are  independent  events. 
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3        1 

Now  the  chance  of  a  red  ball  at  the  first  drawing  is  -g-  or  -^  , 

•      •    2 
and  the  chance  of  a  white  at  the  second  drawing  is  -g  ;    .-.   the 

.,.12      2 
chance  required  is  ~  •  77  =  07  * 

The  chance  of  a  red  at  the  first  drawing  and  a  red  or  black  at 

the  second  is  —  .-g-=—  . 

If  we  required  the  chance  of  a  red  and  white  in  either  order, 

2 
we  have  the  chance  of  a  red  and  then  a  white  as  -^ ,   similarly 

2 
„  „  white        „         red'        ^j ' 

and  these  tAvo  compound  events  being  exclusive  (Art.  263),  the 
required  chance  [i.e.  of  a  rpd  and  white,  or  a  white  and  red)  is 
2       2       4 

27+27^27* 


EXAMPLES.— LVII. 

Out  of  every  100,000  girls  who  attain  to  3  years  of  age, 
nearly  83,000  attain  to  28,  and  03,000  to  53. 

1.  What  are  the  chances  that,  of  two  girls,  aged  respectively 
3  and  28,  (i)  both  are  alive  in  25  years  time,  (2)  the  youngest 
only  is  alive,  (3)  the  eldest  only,  (4)  both  are  dead? 

2.  What  are  the  chances  that,  of  two  girls,  who  attain  the  age 
of  3,  (i)  both  live  to  be  28,  (2)  both  live  to  be  53? 

3.  What  are  the  chances  that,  of  two  girls,  who  attain  the  age 
of  28,  (i)  both  live  to  be  53,  (2)  one  only. 

4.  A  card  is  drawn  from  a  pack  and  put  back,  and  a  card 
drawn  again.  What  are  the  chances,  (i)  that  the  first  was  the 
queen  of  hearts,  (2)  that  the  second  was  the  king  of  hearts,  (3) 
that  the  first  was  the  queen  and  the  second  the  king  of  hearts, 
(4)  that  the  king  and  queen  of  hearts  were  drawn  ? 
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5.  What  is  the  chance  of  throwing  sixes  with  two  dice? 
What  is  the  chance  of  throwing  three  ? 

6.  From  a  bag  containing  4  white,  5  red,  and  3  black  balls, 
three  are  drawn,  eacli  as  it  is  draion  being  put  hack.  What  are  the 
chances  of  drawing  (i)  white,  red,  black  in  this  order,  (2)  white, 
red,  black  in  any  order,  (3)  a  white  and  then  two  reds? 

275.  We  can  now  give  a  shorter  proof  of  the  proposition  in 
Art.  265. 

Consider  each  of  the  sequences  of  n  occasions  as  a  single 
event. 

Now  the  way,  in  which  any  one  of  these  occasions  has 
happened,  does  not  affect  the  occurrence  of  any  other,  i.e.  they 
are  independent. 

Hence  the  chance  that,  in  any  one  sequence,  the  first  r  occa- 
sions should  give  A,  and  the  remaining  7i—r  should  give  B,  is 
{2).p  .  .  .  to  r  factors) (g.^'  ...  to  n—r  factors),  Art.  270,  Cor.  i, 

=2)":  g'*-''. 

In  the  same  way  we  can  show  that  ^?'".  2""*"  is  the  chance  of 
A  and  B  occurring  in  any  sequence,  on  r  and  n  —  r  occasions  re- 
spectively in  any  other  given  order  of  arrangement.     And  such 

arrangements  are  exclusive  and  . — p in  number ; 

o  I  r"  I  ?7  —  r 

\n        ~      "" 
.-.,  Art.  263,  CoR.,  i — 1~_   ifq^-'^  is  the  required  chance. 


CoR.  A  occurs  r  times  at  least  in  every  sequence,  in  which  it 
occurs  r,  r  +  l,  .  .  .  ?i  — 1  or  n  times.  Now  all  such  sequences 
are  exclusive,  and  .-.  the  chance  that  one  or  other  of  such 
sequences  should  occur  is,  Art.  263, 


This  then  is  the  chance  of  A  occurring  r  times  at  least  in  any 
sequence  of  n  occasions. 
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276.  By  working  with  the  fractional  notation  we  have,  up  to 
this  point,  been  able  to  exhibit  in  every  case  the  ratio  existing 
between  the  number  of  particular  events  and  the  number  of 
o-eneral  events  amongst  which  the  former  occur. 

Also,  by  starting  with  a  proper  number  of  the  general  events, 
we  have  been  able  to  give  exactly  the  number  of  them  which 
belonged  to  the  particular  class.  Thus,  in  Art.  270,  if  the 
number  of  occasions  we  first  considered  had  not  been  a  multiple 
of  f7,  such  as  hd.,  we  should  not  have  been  able  to  express  exactly 
the  number  of  occasions  in  which  B  occurred. 

For  the  future  we  shall  not  be  so  careful  to  exhibit  our  work 
in  this  form.  Thus,  when  the  chance  of  an  event  happening  is 
^,  we  shall  consider  m  occasions  on  which  it  may  happen ;  then 
the  number  of  them,  on  which  it  happens,  will  be  expressed  by 
'p.m. 

When  we  use  this  notation,  we  shall  assume  that  m  is  such 
that  any  product,  into  which  it  enters,  is  a  whole  number. 


Compound  events,  the  components  being  dependent. 

277.  Def.  Events  are  said  to  be  dependent  when  the  fact,  that 
one  has  happened,  aflfects,  but  does  not  exclude,  the  happening  of 
the  others.  That  is,  the  occurrence  of  any  one  event  does  not 
prevent  the  occurrence  of  any  of  the  other  events ;  but,  in  some 
way  or  other,  makes  the  likelihood  of  their  occurrences  different 
to  what  it  was  before. 

278.  Ex.  I.  There  are  5  white  and  7  red  balls  in  a  bag,  what 
is  the  chance  that  a  white  ball  is  drawn  and  then  a  red,  the  first 
ball  not  being  put  back  ? 

Let  there  be  m  pairs  of  drawings.     Out  of  the  m  drawings, 

5 
which  are  made  first  in  each  pair,  y^ '«  will  produce  a  white  ball. 
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Now,  a  -white  having  been  drawn,  there  are  11  balls  remaining,  of 

5 
which  7  are  red ;   .  •.  of  the  y^  m  drawings,  which  follow,  a  red 

will  be  drawn  at  yy  •  y:j  w. 

35 
Hence,  out  of  m  pairs  of  drawings,  there  are  -.  ._^  ?n,  at  which 

35 
a  white  is  followed  by  a  red  ;  .*.  the  chance  required  =Tq9* 

Ex.  2.  There  are  three  urns,  of  which,  one  contains  4  white 
and  2  red,  another  5  white  and  1  red,  the  third  3  white  and 
4  red,  balls ;  and  there  is  no  general  reason  why  one  urn  should 
be  selected  more  than  another,  or  one  ball  from  an  urn  more 
than  any  other  ball  from  that  urn.  Find  the  chance  of  a  red 
ball  being  drawn. 

Since  all  the  urns  are  equally  likely  to  be  drawn  from,  there- 
fore of  any  number  of  drawings  one-third  will  be  made  from  each 
of  the  urns. 

Let  there  be  m  drawings  ;  of  these  -q-  m  will  be  made  from  the 
first  urn. 

Now,  when  a  drawing  is  made  from  the  first  urn,  all  the 
balls  in  it  are  equally  likely  to  be  drawn ;  therefore,  of  these 

1  2    11.. 

-K  m  drawings  from  the  first  urn,  -^--^  m^  o''"  'o'  '">  will  give 

a  red  ball. 

Similarly  a  red  will  be  drawn  jk  m  times  from  the  second  urn, 

4 
and  -yT  m  from  the  third. 

114 
Hence,  out  of  m  drawings,  -k-  m  -f  ^^  m  -f;yy  m  will  give  red 

balls;    ,-.    the    chance    of    a    red    at    any    one    drawing    is 
9  "^18  "^21"       1L*6       "126     14 '• 
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279.  Pkop.  If  there  be  any  number  of  dependent  events,  such 
that  pi  is  the  chance  of  the  first  happening,  pa  the  chance  that  ivhen 
the  first  has  happened  the  second  will  folloiv,  pa  the  chance  that 
when  the  first  two  have  happened  the  third  ivill  foUoio,  and  so  on, 
then  the  chance  that  they  all  happen  in  this  order  is  P1P2P3  .  •   . 

Consider  m  occasions  on  which  the  first  may  happen,  then  it 
happens  on^im.  Of  these  j^jm  occasions,  the  second  follows  on 
PiPim,  and  so  on. 

Hence  out  of  m  occasions  on  which  the  first  may  happen  it  is 
followed  by  the  rest  in  the  given  order  on  PiP^.  •  •  •  m  occasions ; 
.•.  the  chance  of  this  sequence  happening  is  j^ij^ajj^g   .  .  . 


280.  The  reader  will  see  that  Art.  270  is  a  particular  case  of 
Art.  279.  For  q  being  the  chance  that  B  happens  on  any 
occasion,  it  is,  of  course,  the  chance  that  B  shall  happen  when 
A  happens;  .•.  the  chance,  by  Art.  279,  that  A  happens  and 
is  accompanied  by  B,  is  pq. 


281.  Ex.  I.  A  and  B  draw  from  a  bag  containing  2  white  and  3 

black  balls,  the  ball  being  put  back  after  each  drawing,  until  a 

white  is  drawn.     What  are  their  respective  chances  of  drawing 

a  white  ? 

2 
The  chance  that  A  draws  a  white  at  the  first  time  is  -?■  • 

The  chance  that  B  has  a  drawing  at  all  is  the  chance  that  A 

o 

draws  a  black  at  the  first  time,  i.e.  -r  • 

The  chance,  that,  having  a  drawing,  B  will  draw  a  white,  is 
o 
-^ ;  .•.,  Art.  279,  the  chance  of  his  drawing  a  white  at  the  second 

3    2 
drawing  is  -^  •  5-  • 
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The  chance  that  A  has  a  second  drawing  is  the  chance  that 
A  and  B  both  draw  black  balls,  which  is  ( —  I   ;  •'•  ^li6  chance 

—     ]      •   -^  . 

Hence  4's  various  chances  of  drawing  a  white  are 


9      /  3  \2  o 


3V    2 


and  his  drawing  a  white  at  any  one  time  excludes  the  possibility 
of  his  doing  so  at  any  other;  .-. ,  by  Art.  263,  his  chance  of  a 

2      /  3  \2    2      /  3  \*  2  5 

white  ball  is-^+(-^j  ■■5+('5)5'+  ^^c.,  adi  infinitum,  =-^  • 

3      9       /  g  \3     o  o 

Similarly  5's  chance  is  —  •  -^  +  —  j  .  -J  4-etc. ;  ad infin=-^  • 

This  result  shows  that,  if  a  large  number  of  such  games  be 
played,  then,  on  the  average,  5  out  of  8  will  be  won  by  the  player 
who  begins,  and  3  out  of  8  by  the  other. 

Here  each  game  constitutes  one  of  the  general  events,  and 
must  belong  to  one  er  other  of  two  particular  sections,  viz.,  those 
won  by  the  first  player,  and  those  won  by  the  second. 

Ex.  2.  What  would  be  their  respective  chances,  if  a  ball  when 
drawn  is  not  put  back  ? 

2 
The  chance  of  A  drawing  a  white  at  first  is  x  ' 

If  B  gets  a  drawing,  there  will  be  2  white  and  2  black  balls, 

hence  his  chance  tlien  will  be  -^ ', 

.  3    1 

.•.  7>'s  chance  of  a  white  at  his  first  drawing  is  -?-  •-:)"  * 

If  A  gets  another  drawing,  there  will  be  2  white  and  1  black, 

2 
hence  his  chance  then  will  be  ^  • 
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3     1 

But  bis  chance  of  getting  another  drawing  is  -f-  •■q-  > 

.*.  ^'s  chance  of  a  white  at  his  second  drawing  is  -r  • 

Similarly  B's  chance  of  a  white  at  his  second  drawing  is 

1  1   1-J_ 
5*2'  3~1U' 

Therefore    ^'s   chance    of    a    white   at   either   drawing   is 

2  1  _  3 

5  +  5  -"5  ' 

A  n^  3,142 

and  ij  s  ,,  „ =  — = — • 

"  "  10^10     10      6 


EXAMPLES.— LVIII. 

1.  There  are  8  parcels  of  books  in  another  room,  and  a  parti- 
cular book  is  in  one  of  them.  The  odds  that  it  is  in  one  parti- 
cular parcel  are  3  to  2;  but  if  not  in  that  one,  it  is  equally  likely 
to  be  in  either  of  the  others.  If  I  send  for  this  parcel,  giving  a 
description  of  it,  and  the  odds  that  I  get  the  one  I  describe  are 
2  : 1,  what  is  the  chance  of  getting  the  book  I  want  ? 

2.  A  certain  sum  is  to  be  won  by  the  first  person  who  throws 
head  with  a  penny.  If  there  be  ?h  throwers,  find  the  chance  of 
the  rth  person. 

3.  A  and  B  throw  for  a  certain  stake,  A  having  a  die  whose 
faces  are  marked  with  the  numbers  10,  13,  16,  20,  21,  25,  and 
B  a  die  whose  faces  are  marked  with  the  numbers  5,  10,  15,  20, 
25,  30.     The  highest  throw  to  win,  and  equal  throws  to  go  for 

...    17 

nothing.     Prove  that  .4's  chance  of  winning  is  qtt  * 

00 

4.  A  pack  of  cards  is  separated  into  four  packets,  viz.,  13 
hearts,  13  spades,  13  clubs,  13  diamonds.  What  is  the  chance 
of  drawing  the  ace  of  clubs  ? 
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5.  Four  persons  throw  a  die  in  succession  until  one  throws  an 
ace.  What  are  their  respective  chances  of  throwiog  an  ace 
(i)  in  the  first  round,  (2)  in  the  second  round,  (3)  at  all? 

6.  Of  two  urns  A  and  i?,  A  contains  3  white  balls,  and  B  3 
black  only.  A  ball  is  drawn  from  each  and  placed  in  the  other. 
What  is  now  the  chance  of  drawing  a  black  ball  from  A  ? 

If  this  interchange  of  balls  be  performed  three  times,  what 
are  the  chances  that  B  contains  (i)  3  white  balls,  (2)  2  black  and 
1  white? 

7.  Out  of  a  pack  of  13  cards,  numbered  1,  .  .  .  13,  what  is 
the  chance  of  drawing  first  the  1,  then  the  2,  and  thirdly 
the  3? 

8.  A  bag  contains  3  white  and  6  black  balls,  what  is  the 
chance  of  drawing  one  white  ball  at  least  in  three  trials ;  a  ball 
when  drawn  not  being  put  back  ?  What  is  the  chance  of  not 
drawing  a  white  ball  until  the  fourth  trial  ? 

9.  Two  bags  contain  each  3  white  and  5  black  balls,  a  ball 
is  drawn  from  one  bag,  and,  if  it  is  white,  it  is  put  into  the  second 
bag,  from  which  a  ball  is  then  drawn.  Find  the  chance  of  two 
white  balls  being  drawn. 

10.  A,  B,  C  throw  in  this  order  with  3  dice  together,  until 
one  of  them  throws  9  exactly  at  one  throw.  Find  their  respec- 
tive chances  of  being  the  last  to  throw. 

11.  One  urn  contains  5  white  and  9  black,  another  6  white  and 
8  black  balls.  A  ball  is  taken  from  one  and  placed  in  the  other. 
If  a  ball  be  now  drawn,  what  is  the  chance  of  its  being  white, 
it  being  understood  that  at  each  drawing  either  urn  is  as  likely 
to  be  drawn  from  as  the  other  ? 

12.  Two  persons,  A  and  B,  play  for  a  stake,  throwing  each 
alternately  two  dice,  A  commencing.  A  wins  if  he  throws  6, 
B  if  he  throws  7,  the  game  ceasing  so  soon  as  either  event 
happens.     Show  that  ^'s  chance  to  B's  chance  =30  :  31. 
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Inverse  Probabilities. 

282.  Ex.  There  are  3  bags, 

one  containing  2  white  and  3  red  balls, 
the  second       ,,5  ,,2         ,, 

the  third  ,,4  „  7         ,, 

and  all  the  bags  are  equally  likely  to  be  drawn  from. 

A  white  ball  has  been  drawn  ;  what  is  the  chance  that  it  was 
drawn  from  the  first  bag  ? 

Let  there  be  m  drawings,  of  these  q-  w  will  be  made  from  the 

2    1.. 

first  bacf,  and  of  these  -f-  —m  will  give  a  white  ball. 

5   1 

Similarly  •=-  -o-  m  will  be  the  number  of  occasions,  on  which  a 

4    1 

white  will  be  drawn  from  the  secorid  bag ;  and  yr  -^  m  will  be 

the  number  of  occasions,  on  which  a  white  is  drawn  from  third 

bag. 

^2   ,   5  ,   4\1        .      569 
Hence,  out  of  every  ( "5"  +  y+TT  '"o"  "''  *-^'  TT5H  "*  occasions, 

on  which  a   white  is  drawn,  it  will   be  from   the  first  bag  on 

2 

5-E  m  occasions. 

15 

Hence  the  chance  that,  a  white  ball  being  drawn,  it  comes 

2 

Ib'^  2        154 


from  the  first  bag  is  .^^-=-—.=^^ 


, ^^^  TO  __ 

1165  77 


Here  the  general  event  was  a  white  ball  being  drawn,  and  it 
could  belong  to  one  of  three  sections,  viz.,  being  drawn  from  the 
first  bag,  or  from  the  second,  or  from  the  third. 
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283.  Ex.  A  bag  contains  3  balls,  each  of  which  may  be 
either  white  or  black  ;  and  a  white  ball  is  drawn.  What  is  the 
chance  that  the  bag  contained  2  white  and  1  black  ? 

The  bag  may  either  contain  (i)  all  white,  or  (2)  2  white  and 
1  black,  or  (3)  1  white  and  2  black,  and  there  is  no  general 
a  priori  reason  for  supposing  one  assortment  to  exist  rather  than 
another ;  we  therefore  assume  them  all  three  to  be  equally  likely  ; 
by  this  we  mean  that  in  any  large  number  of  such  bags,  we 
should  find  as  many  which  contained  one  assortment,  as  those 
which  contained  another. 

Hence,  out  of  m  drawings  from  any  such  large  number  of  bags, 

-g-m  would  come  from  bags  of  the  first  class,  and  then  each 

drawing  would  give  a  white  ball ;  also  -q  m  would  come  from  bags 

2     1 
of  the  second  class,  and  then  -k-  •  —  "^  of  these  would  give  white 

o     o 

balls;  and  similarly  ■^•-^m  would  be  drawings  from  bags  of  the 

third  class  which  would  give  white  balls. 

1      /        2      1  \  2 

Hence,  out  of  -5-  wl  l+-^+ir  )  >  *•«•  -3  w,    drawings   which 

2 
give  white  balls,  -q-  m  come  from  bags  of  the  second  class. 

Hence  the  chance  that  a  bag,  which  yields  a  white  ball,  is  one 


of  the  second  class  is 


284.  Piiop.  7/"  Pj,  Ps,  .  .  .  Pn  l>e  tJie  'probabilities  of  the 
existence  of  n  causes,  such  that  any  one  may  hefolloioed  by  a  jMr- 
ticular  event,  and  Pi,  .  .  .  pn  the  probabilities  that,  when  the 
several  causes  respectively  exist,  they  will  be  followed  by  the  given 


0 

1 

0 

~3 
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event,  then  the  prohahility,  that  on  any  occasion,  when  the  event  has 
happened,  it  has  arisen  from  the  rth  cause,  is 

PrPr 

PlPl+P.2h+    .    ■    .    +PnPn' 

Consider  m  occasions,  on  which  any  one  of  the  causes  may 
exist,  then  the  1st  cause  exists  on  P-^m  of  these  occasions, 
and  ,,    2nd  ,,  P«m  ,, 

„    rth  „  Prm  „ 

and  so  on. 

Then  of  the  P^m  occasions,  on  which  the  first  cause  exists,  the 
event  follows  on.  p)\P-[.i'n,  and  of  the  P,.m  occasions,  on  which  the 
rth  cause  exists,  the  event  follows  on  jj^P^m. 

Hence  the  event  occurs  on  Pip-jn-\-PzPim-\-  .  .  .  -{-P^PriXii 
occasions  altogether,  and  of  these  it  arises  from  the  rth  cause  on 

PrPrfU: 

Hence  the  chance,  that  on  any  occasion,  on  which  it  occurs,  it 
has  arisen  from  the  rth  cause,  is 

PrPrfn  _  PrPr  PrPr 

{Prpi+  •    .    •    +PnPn)m~P^+T:T+P^O=  2(Pj;)  ' 

285.  The  values  of  the  chances  P^,  P^,  .  .  .  P„  were  obtained 

independently  of  the  occurrence   of  the  given   event,  and  are 

P  p 
called  d  priori  chances,  whilst  yv  p  v  is  called  the  a,  posteriori 

probability  of  the  rth  cause  having  existed. 

286.  To  apply  this  formula  to  Art.  283.     We  have 

P,  =  P,=.P,=j, 

Pi=l,  2h  =  ^,  P^  = 


Hence  the  chance  required  = 


3  '   ^^      3 

1   1 

3     3  1 

3^3    3^3     3 
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Also,  in  Art.  282,  P^  =  P.  =  P^—^  , 

2  5  4 


I>1= 

5  ' 

Pi 

~7 

,  2^ 
1 

2 

fequii 

ed= 

3" 

"5 

154 

1 

2^ 

1 

5  ,  1 

4  ■ 

"569 

3 

-5  + 

3' 

T+3 

11 

287.  Such  problems  as  the  above,  from  Art.  282,  are  often 
said  to  involve  inverse  probabilities ;  and  we  may  give  the 
following  as  the  general  statement  of  such  problems  : — "  An 
event  has  happened  such  as  might  have  arisen  from  different 
causes ;  what  is  the  probability  that  any  one  specified  cause 
did  produce  the  event,  to  the  exclusion  of  the  other  causes?" — 
De  Morgan.  Those  problems  which  we  considered  before  Art. 
282  are  said  to  involve  direct  probabilities. 

EXAMPLES.— LIX. 

1.  There  are  two  urns,  and  it  is  known  that  one  contains  8 
white  balls  and  4  black,  and  that  the  other  contains  12  black 
balls  and  4  white.  From  one  of  these,  but  it  is  not  known  from 
which,  a  ball  is  taken,  and  is  found  to  be  white.  Find  the 
chance  that  it  was  drawn  from  the  urn  containing  8  white  balls. 

2.  A  white  ball  has  been  drawn  from  one  of  two  urns  A  and 
B.  On  examination  after  the  drawing,  A  is  found  to  contain  m 
white  and  n  black  balls,  and  B  to  contain  ??i'  white  and  n'  black 
balls.  What  is  the  probability  that  the  ball  was  drawn  from 
the  urn  A  ? 

3.  A  bag  contains  4  balls,  each  of  which  may  be  either  black 
or  white. 

(i)  If  on  drawing  a  ball  it  prove  to  be  white,  what  is  the 
chance  that  the  rest  are  white  ? 

(2)  If  on  drawing  two  balls  at  once  they  prove  to  be  white, 
what  is  the  chance  of  the  remaining  two  being  white  ? 
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(3)  If  on  drawing  a  ball,  and,  when  it  is  put  back,  drawing 
another,  we  draw  white  both  times,  what  is  the  chance  that  all 
the  balls  are  white  ? 

4.  Into  a  bag  containing  either  4  black  balls,  or  4  white  balls, 
we  drop  a  fifth  which  is  white.  On  drawing  one  of  the  five  bails 
it  proves  to  be  white.  What  is  the  chance  that  they  are  all 
white  ? 

5.  Two  bags  each  contain  5  white  and  5  black.  Four  are 
taken  at  random  from  one  and  placed  in  the  other.  From  this 
latter  8  balls  are  drawn,  viz.,  5  white  and  3  black.  What  are  the 
chances  that  the  remainder  are  (^i)  all  black,  (2)  3  white  and  3 
black  ? 

6.  In  a  bag  are  7  balls,  of  which  2  are  white  and  3  black  for 
certain,  the  colour  of  each  of  the  remaining  two  is  unknown,  but 
it  must  be  either  black  or  white.  A  ball  is  drawn  and  turns 
out  to  be  white,  what  is  the  chance  that  three  white  balls  are 
left  in  the  bag  ?    . 

7.  There  are  two  bags,  one  containing  3  white  and  4  black, 
and  the  other  5  black  and  4  white,  and  the  first  is  twice  as  likely 
to  be  drawn  from  as  the  second. 

(i)  If  a  white  is  drawn,  what  is  the  chance  that  it  comes  from 
the  first  ? 

(2)  If  out  of  three  balls  drawn  from  the  same  bag,  two  are 
white,  what  is  the  chance  that  they  came  from  the  first  bag, 
(a)  when  each  ball  is  put  back  after  being  drawn,  (/?)  when  it  is 
not  put  back  ? 


288.  Oftentimes  a  problem  involves  both  inverse  and  direct 
probabilities,  as  in  the  following  : — 

A  bag  contains  five  coins  which  are  known  to  be  either 
sovereigns  or  shillings.  Two  coins  are  drawn  and  are  seen  to 
be  a  sovereign  and  a  shilling.  If  these  be  replaced  and  two 
again  drawn,  find  the  chance  that  they  will  be  a  sovereign  and 
a  shilling. 
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We  can  have  four  different  kinds  of  bags, 

(i)  containing  4  sovereigns  and  1  shilling, 

(2)  „  3  „  2      „ 

(3)  „  2  „  3      „ 

(4)  „  1  „       _       4       „    _      . 
TVe  assume  that  all  the  bags  are  d,  'priori  equally  likely. 
Now  the  chance  that  a  sovereign  and  a  shilling  come  at  any 

/I  A  A 

drawing,   from   (i)   is    ta  ,  from  (2)  is  ^tt  ,  from  (3)  is  ^tt  ,  from 

(4)  iB  ^- 

Hence   the   chance   that    the    bag   is   of  the   first   kind   is 

1  ± 

■X   (    A a a r~^-=-^?  of  the  second  kind  =-pr ,    of    the 

J^(^      6_      b^l       5'  10' 

4  (lO'^iO'^'lO'^lO  j 

3  1 

third  kind  ^t:  ,  of  the  fourth  -^  •  '' 

Hence,  Art.  279,  the  chance  that  the  bag  is  of  the  first  kind, 

.14      4 

and  that  a  sovereign  and  a  shilling  are  drawn  again  ="k  ■  Tn^'^ " 

And  the  chance  that  the  bag  is  of  the  second  kind,  and  that 

9 
a  sovereign  and  a  shilling  are  drawn  again  =tk  • 

And  the  chance  that  the  bag  is  of  the  third  kind,  and  that 

9 
a  sovereign  and  a  shilling  are  drawn  again  =Ta  • 

And  the  chance  that  the  bag  is  of  the  fourth  kind,  and  that 

.4 

a  sovereign  and  a  shilling  are  drawn  again  =  ^  • 

Also  these  events  are  exclusive.     Hence  the  required  chance 
_4+9  +  9+4_13 
""         50         ~25* 
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EXAMPLES.— LX. 

1.  From  an  urn,  containing  2  white,  and  2  black,  balls,  2  balls 
are  drawn  at  random  and  placed  in  a  bag.  From  the  bag  a  ball 
is  drawn  at  random  twice  successively,  and  replaced  after  each 
drawing ;  on  each  occasion  it  is  found  to  be  white.  Prove  that 
the  chance,  that  a  white  ball  will  come  at  the  third  drawing, 
is  5  :  6. 

2.  A  bag  contains  5  balls  of  unknown  colour,  one  was  twice 
drawn  and  replaced,  and  in  each  case  it  was  white.  If  two  balls 
be  now  drawn  together,  find  the  chance  of  both  being  white. 

3.  A  bag  contains  4  white,  and  4  black,  balls  ;  from  these  four 
are  drawn  at  random  and  placed  in  another  bag ;  three  draws 
are  made  from  the  latter,  the  ball  being  replaced  after  each,  and 
each  gives  white.  Prove  that  the  chance  of  another  drawing 
giving  a  black  ball  is  23  :  200. 

4.  In  a  bag  are  four  balls,  each  of  which  must  be  either  black 
or  white ;  a  white  ball  is  now  dropped  in,  and  a  ball  is  drawn, 
which  is  found  to  be  white,  and  put  back.  Find  the  chance  of 
now  drawing  a  white  ball. 

5.  It  is  known  that  of  two  purses,  one  contains  4  sovereigns 
and  the  other  4  shillings.  A  coin  (of  value  unknown)  is  taken 
from  one  and  put  into  the  other,  and  from  the  latter  a  coin  is 
drawn  and  is  found  to  be  a  sovereign.  What  is  the  chance  of 
drawing  a  sovereign  again  from  the  same  purse? 

6.  In  an  urn  are  three  balls,  of  which  the  colour  of  each  is 
black  or  white ;  a  ball  is  drawn  and  replaced  twice,  and  both 
times  it  is  white  ;  what  are  the  chances  of  drawing  (i)  two  white, 
(2)  two  black,  in  two  more  trials  ? 

7.  A  purse  contains  n  coins,  which  are  either  sovereigns  or 
shillings.  A  coin  is  drawn  and  turns  out  to  be  a  sovereign. 
What  are  the  odds  that  it  is  the  only  sovereign  ? 

8.  A  bag  contains  5  white,  and  7  black,  balls,  a  second  bag 
contains  6  white,  and  10  black,  balls.     Four  balls  are  taken  at 
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random  from  the  first,  and  6  from  the  second,  and  are  placed 
in  a  third  bag.  If  a  ball  be  now  drawn  from  this  bag,  show  that 
the  chance  that  it  will  be  white  is  47  :  120. 

289.  Explanation  of  the  term  "  Expectation." 

If  the  probability  of  drawing  a  white  ball  from  a  bag  is  2  : 5, 
and  if  I  am  to  receive  £1  every  time,  and  nothing  unless,  I  do 
so,  what  sum  ought  I  justly  to  pay,  so  as  ultimately  not  to  gain 
or  lose  in  the  long-run  by  the  transaction  ? 

Evidently  I  must  pay  £1  every  time  I  draw  a  white  ball.  If 
however,  I  draw  a  very  large  number  of  times,  out  of  every  five 
drawings,  two  will,  on  the  average,  give  white  balls.  Hence  I 
may  pay  £2  for  every  jive  drawings  that  I  have.  But  I  may 
wish  to  make  a  regular  payment  at  every  drawing,  and  this 
would  be  eight  shillings. 

Now  it  seems  (Venn's  Logic  of  Cliavce^  Ch.  3,  §  20)  that  this 
average  payment,  having  to  be  made  at  each  drawing,  came  to 
be  looked  upon,  instead  of  as  a  mere  way  of  paying  £2  for  every 
five  drawings,  as  the  actual  worth  of  each  particular  drawing ;  or 
that,  as  I  might  expect  £2  in  the  long  run  for  every  five  drawings, 
it  would  be  the  same  thing  to  say  that  I  expected  eight  shillings 
at  each  drawing.  This  average  payment  then  is  said  to  be  the 
expectation  at  each  drawing. 

290.  The  following  is  a  general  definition  of  the  term  Expec- 
tation. 

If  p  represent  the  chance  on  a  given  occasion  of  a  certain  event 
Jiajtpening,  m  the  sum  of  money  to  he  paid  if  it  happen,  then  the 
expectation  on  that  occasion  is  p.m.  It  is  always  understood  that 
nothing  is  paid  on  any  occasion  when  the  event  does  not  happen. 

For  example,  in  Art.  281,  Ex.  i,  if  ^  were  always  to  begin, 
and  the  winner  of  each  game  were  to  receive  £2  for  it,  A  must 
pay  £10,  and  B  £6,  for  every  eight  games  they  are  allowed  to 
play,  and,  it  would  be  the  same  thing,  if  they  paid  respectively 
50  and  30  shillings  for  every  game.      Thus  50  and  30  shillings 
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are  called  the  respective  expectations  of  A  and  B  at  the  begin- 
ning of  each  game. 

Ex.  X,  T,  Z  are  three  exclusive  events  ;  a,  &,  c  the  amounts 
I  receive,  when  they  happen,  respectively  ;  x,  y,  z  their  respec- 
tive chances  of  occurrence  on  any  occasion  when  one  of  them 
must  happen.  Then  my  expectation  on  each  such  occasion  is 
xa-^-yh-^-zc. 

For  consider  any  large  number  (w)  of  occasions ; 

Then  X  happens  on  xm  of  them,  and  on  each  of  these  I 
receive  a ;  therefore  I  receive  xma  altogether  on  the  occasions 
when  X  happens. 

Similarly  I  receive  ymh,  and  znc,  on  the  occasions  when  F, 
and  Z,  happen. 

Hence  altogether  on  the  m  occasions  I  receive  xma-\-y7nb-\-znc. 

And  this  is  the  same  as  if,  on  each  occasion,  I  received 

xma-\-ymh-\-zv}c    .  ,     7  ,  ,  .  ,    .      , 

,  I.e.  xa-{-yO-\-zc,  which  is  therefore  called  my 

expectation  on  each  occasion. 

EXAMPLES.— LXI. 

1.  A  purse  contains  three  sovereigns  and  one  shilling.  What 
should  be  paid  for  permission  to  draw  one  coin  from  it  ? 

2.  A  bag  contains  two  sovereigns  and  three  shillings.  What 
should  be  paid  for  permission  to  draw  two  coins  from  it  at  once  ? 

3.  What  is  the  worth  of  a  ticket  in  a  lottery  of  100  tickets, 
there  being  4  prizes  of  £50.  5  of  £40,  and  7  of  £30  ? 

4.  From  a  bag  containing  two  guineas,  three  sovereigns,  and 
five  shillings,  a  person  is  allowed  to  take  out  three  of  them  in- 
discriminately.    Determine  the  value  of  his  expectation. 

5.  Three  persons  throw  a  die  in  succession,  on  condition  that 
he  who  first  throws  an  ace  shall  receive  £1.  What  should  each 
pay  for  his  chance  ? 

6.  From  a  bag  containing  4  sovereigns  and  4  shillings,  4  coins 
are  drawn  at  random  and  placed   in   a  purse.     Two  coins  are 
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drawn  out  of  the  purse,  and  found  to  be  both  sovereigns.  Show 
that  the  probable  mean  value  of  the  coins  left  in  the  bag  is 
29J  shillings. 

7.  A  man  is  in  the  habit  of  playing  at  a  gaming-table  where 
the  odds  against  him  are  11  to  10.  He  plays  on  an  average  four 
nights  a  week,  and  stakes  a  hundred  guineas  in  the  course  of  the 
evening.  How  much  per  annum  is  his  amusement  likely  to  cost 
him? 

8.  A  bag  contains  six  shillings  and  two  sovereigns.  Find  the 
chances  of  a  person's  drawing  a  shilling  at  the  first,  second,  or 
third  time,  and  not  before.  What  is  the  value  of  his  expectation, 
if  he  is  allowed  to  draw  till  he  draws  a  sovereign  ? 

9.  Counters  [n)  marked  with  consecutive  numbers  are  placed 
in  a  bag,  from  which  a  number  of  counters  (m)  is  to  be  drawn 
out  at  random.  Show  that,  if  the  drawer  is  to  receive  in  £1 
the  sum  of  the  numbers  marked  on  the  counters,  the  value  of  his 
expectation  will  be  an  arithmetic  mean  between  the  greatest  and 
least  sums  which  can  be  indicated  by  the  number  of  counters  to 
be  drawn. 

10.  A  person  throws  n  coins,  and  is  to  take  all  those  that  turn 
up  head.  He  throws  again  those  that  turn  up  tail  the  first  time 
on  the  same  condition,  and  so  on  for  r  times.  Find  the  value  of 
his  expectation,  and  the  chance  that  all  will  have  turned  up  head 
in  r  throws  at  most. 

11.  A  die  with  m  faces,  marked  1,  2,  3,  .  .  .  etc.,  up  to  r/j,  is 
loaded,  so  that  the  chance  of  a  face  turning  up  is  proportional 
to  the  number  on  that  face.  A  person  is  to  receive  as  many 
shillings  as  the  number  on  the  face  he  throws.     Show  that  the 

value  of  his  expectation  for  one  throw  is   — ^ —  shillings. 

12.  A  man  is  to  receive  a  certain  number  of  shillings;  he 
knows  that  the  digits  of  the  number  are  1,  2,  3,  4,  5 ;  but  he  is 
ignorant  of  the  order  in  which  they  stand  ;  determine  the  value 
of  his  expectation. 

13.  A  and  B  draw  from  a  bag,  in  which  are  three  white  and 
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three  black  balls,  for  a  sum  of  £1  to  be  received  by  the  one  who 
first  draws  a  black  ball,  and  A  draws  first.  What  are  their 
expectations,  (i)  when  the  balls  are  replaced  as  they  are  drawn, 
(2)  when  they  are  not  replaced  ? 

14.  A  purse  contains  three  notes,  each  of  which  is  either  a 
<£5,  a  £10,  or  a  £20  note.  A  note  is  drawn  and  put  back  three 
times,  and  each  time  it  is  found  to  be  a  £5.  What  would  you 
give  for  the  contents  of  the  bag  ? 


291.  We  will  now  give  a  short  notice  of  the  manner,  in  which  an 
attempt  has  been  made,  to  establish  a  definite  probability  of  a 
person's  statements  being  true  or  false. 

It  is  sometimes  said  that  the  chance  of  a  person  speaking  the 

,1    •     tt 
truth  IS  —  • 
0 

This  means  that  we  conclude,  from  a  general  estimate  of  his 
character,  that,  out  of  every  h  of  his  statements,  a  are  true,  or, 
that,  by  making  observations  on  a  very  large  number  of  state- 
ments made  by  him,  or  by  some  other  means,  it  has  been  ascer- 
tained that,  on  the  average,  out  of  every  h  statements  observed, 
a  have  been  true. 

Now  it  is  very  unlikely  that  this  could  be  done,  and  even  if 
it  were,  the  particular  circumstances  of  the  case,  to  which  we 
might  apply  it,  might  differ  so  widely  from  those  under  which  he 
made  the  observed  statements,  that  this  experience  would  be  no 
safe  guide. 

Moreover,  probabilities  do  not  give  any  clue  to  one  particular 
iustance,  but  only  as  to  certain  proportions  existing  amongst  a 
large  number  of  instances ;  so  that  it  would  be  of  little  use 
applying  the  theory  of  probabilities  to  any  one  particular  state- 
ment, unless  we  were  able  to  apply  it  to  a  great  number. 

As,  however,  the  student  will  meet  with  questions  in  proba- 
bilities stated  under  this  form,  we  subjoin  a  few  examples. 
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292.  Independent  Testimony. 

Ex.  I .  A  speaks  the  truth  3  times  out  of  4,  5  4  times  out  of  5. 
Find  the  chance  that  they  will  agree  in  their  statements,  with 
regard  to  some  event  which  has  happened. 

3 

The  chance  of  A  asserting  that  it  happened  is  -r  > 

7?  i- 

11  ■'^  11  11  §  ' 

3 
„  both  „  „  -^,  Art.  270. 

The  chance  of  A  asserting  that  it  did  not  happen  is  -r  i 


B 


both  „  „  ^,  Art.  270. 

But  these  two  concurrences  are  exclusive ;  .'.  the  chance  of 
one  or  other  is  ^i    -^  —^^ 

"5  "'"20""  20' 

In  other  words,  out  of  every  20  occasions  on  which  they  both 
make  statements,  they  concur  13  times. 

Ex.  2.  If  they  both  assert  that  the  event  has  happened, 
required  the  chance  that  it  did  happen. 

Here,  the  general  events  are  the  various  occasions  on  which 
they  concur ;  and  the  particular  sections,  to  which  these  general 
events  may  belong,  are,  (i)  the  occasions  on  which  they  concur 
in  telling  the  truth,  and  (2)  those  on  which  they  concur  in  a 
falsehood.  Now  out  of  13  times  on  which  they  concur,  they  tell 
the  truth  12  times  ;  therefore  the  chance  required  is  12 :  13. 

293.   Traditionary  Testimony. 

If  a  man  makes  a  statement,  purporting  to  be  founded  on  what 
another  has  told  him,  he  is  said  to  have  reported  truly  if  he 
states  the  matter  as  it  was  told  him,  and  to  have  reported 
untruly  if  he  states  the  matter  differently. 
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Ex.  In  Art.  292,  if  B  report  on  the  statement  of  A  that  an 
event  has  happened,  required  the  chance  that  it  has  happened. 

Q 

Consider  m  times  that  the  report  is  made,  on  -^  A  has  spoken 

4    3m         3m      p  ,         „  , 

the  truth,  and  on  -^-'-j-  ,  or  -j- ,  01  these  B  reports  truly. 

Again,  on-j??z  A  has  lied,  and  on  -^  • -j??3  of  these,  ^'.e.  on^m, 

B  has  reported  untruly,  but  on  these  last  occasions,  as  well  as 
on  the  former,  B  has  spoken  according  to  the  fact. 

Hence  out  of  m  times  on  which  B  makes  a  report,  he  speaks 
3m      1         .  13m 

according  to  fact  on  ~£"  +  on  '"'  *-^'  ^^    on  ' 

Therefore  the  chance,  that  what  he  says  is  according  to  the 

fact,  is  13 

—  m 

20         13 

m    ~20" 

Here  the  general  event  is  B  making  a  report  on  hearsay  from 

A^  which  may  belong  to  one  of  two  particular  sections,  (i)  when 

it  is  according  to  the  fact,  and  (2)  when  it  is  not  according  to 

fact. 

294.  Ex.  A  bag  contains  3  balls,  2  white  and  1  black,  and  a 
ball  is  drawn  from  it.  The  two  persons  of  Art.  292  concur  in 
saying  it  is  black.     What  is  the  probability  of  its  being  black  ? 

2 

The  d.  priori  probability  of  the  ball  drawn  being  white  is  -q  , 

and  „  -       „  black  „  -g  • 

Also  the  probability  that,  if  the  ball  is  white,  they  concur  in 

.1 

denying  that  it  is  so,  is  jq  • 

And  the  probability  that,  if  the  ball  is  black,  they  concur  in 

.12 

saying  that  it  is  so,  is  yo  • 
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Hence,  Art.  284,  the  required  probability 
\   12 
3'13  12      6 

3"13"^3"13 
In  all  examples  it  is  always  supposed,  that  the  cL  priori  pro- 
babilities of  an  event  happening  and  not  happening  are  equal, 
unless  the  contrary  is  indicated. 


EXAMPLES. -LXII. 

1.  Four  judges  agree  on  a  verdict ;  it  is  known  that  two  are 
wrong  1  out  of  6  times,  a  third  2  out  of  11,  and  a  fourth  1  out 
of  12.     What  is  the  chance  that  the  verdict  is  right? 

2.  A  speaks  truly  3  out  of  7  times,  B  5  out  of  6,  C  7  out  of  8. 
What  is  the  chance  of  a  statement  being  true,  which  is  asserted 
by  A  and  B  and  denied  by  CI 

3.  A  speaks  the  truth  7  times  out  of  8,  i?  5  out  of  6.  What 
is  the  probability  for  an  event  which  (i)  they  both  assert,  (2)  A 
asserts  and  B  denies,  (3)  they  both  deny,  (4)  A  asserts  that  he 
heard  B  deny  ;  it  being  known  in  (4)  that  B  has  either  denied 
or  asserted  the  fact,  and  A  can  only  derive  information  relating 
to  the  event  from  B  ? 

3,6,4 

4.  J.'s  truthfulness  is  represented  by  -f-  ,  -S  s  by  -y ,  C  s  by  -q-  • 

What  is  the  probability  of  the  truth  of  a  statement  which  A 
and  B  assert  that  G  denied  ? 

5.  It  is  3  to  1  that  A  speaks  the  truth,  5  to  1  that  B  does. 
They  agree  in  asserting  that  a  white  ball  has  been  drawn  from 
a  bag  containing  2  white  and  3  red  and  no  others.  What  is  the 
probability  that  this  statement  is  true  ? 


XXII 

^ahU0  of  Sl^ortalit^,  etc* 

295.  Observations  have  been  made  on  the  number  of  persons 
living,  born,  and  dying  in  each  of  a  succession  of  years,  at  cer- 
tain places,  and  records  have  been  kept  of  the  results.  These 
records  are  called  Tables  of  Mortality. 

296.  We  give  below  extracts  from  the  Carlisle  Table  of 
Mortality,  which  was  formed  by  Mr.  Milne  from  observations 
made  at  Carlisle  by  Dr.  Heysham  in  the  years  1779-1787. 


Age. 

Living. 

Deer. 

Age. 

Li\^ng. 

Deer. 

Age. 

Living. 

Deer. 

0 

10000 

1539 

30 

5642 

57 

60 

3643 

122 

1 

8461 

682 

31 

5585 

57 

61 

3521 

126 

2 

7779 

505 

32 

5528 

56 

62 

3395 

127 

3 

7274 

276 

33 

5472 

65 

63 

3268 

125 

4 

6998 

201 

34 

5417 

55 

64 

3143 

125 

5 

6797 

121 

35 

5362 

55 

65 

3018 

124 

The  numbers  in  the  second  column  (headed  Living)  indicate 
how  many  persons,  on  the  average,  out  of  every  10,000  born, 
were  alive  at  the  ages  given,  in  the  same  horizontal  rows,  in  the 
first  column  (headed  Age). 

Thus  out  of  every  10,000  born,  5417  reached  the  age  of  34, 
and  of  these  3395  reached  the  age  of  62. 

The  numbers  in  the  third  column  (headed  Deer.,  for  Decre- 
ments), indicate  how  many,  out  of  every  10,000  born,  died  in  the 

239 
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course  of  the  next  years,  after  reaching  the  ages  given  in  the 
same  horizontal  rows  in  the  first  column. 

Thus  1539  died  in  their  first  year,  and  56  in  their  33rd. 

297.  In  the  same  way  the  Northampton  Table  was  formed 
from  observations  made  at  that  place  in  the  years  1741-1780. 

The  various  Life  Insurance  Offices  have  also  formed  similar 
tables,  founded  on  their  experiences  amongst  their  own  clients. 

298.  "We  will  now  give  some  examples  of  a  few  of  the 
principal  ways,  in  which  these  tables  can  be  employed. 

We  shall  assume  that  the  tables  hold  good,  for  people  living 
in  most  parts  of  England,  and  at  times  other  than  those  at  which 
the  observations  were  made. 

299.  Ex.  I.  Of  the  people  who  reach  33  years  of  age,  what 
proportion  reaches  60  ? 

This  proportion  is  denoted  by  07^33- 

Out  of  5172  living  at  33,  3643  survive  till  they  are  60. 

^  ,  .     ,  •      ■    •'^643 

Hence  the  required  proportion  is  FT79 ' 

Ex.  2.  What  is  the  chance  that  two  people,  now  alive,  both 
die  within  30  years,  one  being  30  and  the  other  32  years  of  age  ? 

This  chance  is  denoted  by  1 3023032 ;  *-e-  |  nflxy  denotes  the 
chance  of  two  people,  aged  x  and  y  years,  respectively,  both 
dying  within  n  years. 

Out  of  5642  people  reaching  30  years  of  age,  5642—3643,  or 
1999,  die  before  they  are  60,  that  is,  within  the  next  30  years ; 
and  of  5528  reaching  32  years,  2133  die  within  the  next  30 
years. 

Hence  the  chances  of  each  dying  within  30  years  are  respec- 

1999  2133 

tively  represented  by  ^^p  .^^  and  r^ijo  ■       Now   these    are   in- 
dependent events ;    therefore   the  chance   that  both  die  within 

OA  •  jt,     1^99     2133 

o\)  years  is  represented  by  ttmuJ  X  ■ETrTU" 


TABLES  OF  MORTALITY,  ETC.  241 

300.  The  mean,  or  average,  duration  of  life  beyond  a  given 
age,  or,  as  it  is  sometimes  called,  the  expectation  of  life  at  that 
age,  is  the  average  of  the  number  of  years  enjoyed  beyond  that 
age,  by  those  who  reach  it. 

Of  two  men,  who  are  alive  at  the  beginning  of  the  year,  sup- 
pose one  lives  3  and  the  other  9  mouths,  then  the  whole  time 
enjoyed  by  the  two  together  is  1  year,  and  the  mean  of  the  time 
is  ^-  year. 

301.  Let  Ijji  denote  the  number  of  persons  who  complete  their 
mth  year,  i.e.,  the  number  in  the  second  column  in  the  table,  on  a 
level  with  ni  in  the  first.  To  find  the  average  duration  of  life  of 
these  Im  persons. 

Now  Im—lm+i  denotes  the  number  of  those  who  die  in  their 
??i  +  lth  year,  i.e.,  the  number  in  the  third  column  on  the  same 
level. 

We  will  suppose  these  persons  to  die  so  that,  for  every  death 
at  any  distance  from  the  beginning  of  the  year,  there  is  one  at 
the  same  distance  fi*om  the  end. 

Then  the  time  enjoyed  in  that  year  by  each  pair,  who  die,  is  1 
year.  Art.  300 ;  hence  the  average  time  enjoyed  by  each  of  the 
Im—^m+i  persons  is  ^  year,  and  .•.  the  whole  time  enjoyed  by 

them  is  k:^  years. 

And  the  time  enjoyed  by  the  1^,+^   survivors  is  of  course 

?m+i  years.  

Hence  the  time  enjoyed  in  their  w  +  lth  year  by  the  Z,„,  who 

1  c  •     '"m      'm+i   ,   7  'm"r'm+i 

reach  m  years  01  age,  is ^  -     +1^+1,  or  ~^  years. 

In  the  same  way  we  can  show  that  the  times  enjoyed  by  them 
in  their  m+2th,  ??i+3rd,  etc.  years,  are  respectively 

9  >  2         '  ^ 

Let  the  (m-\-z)th.  be  the  greatest  age  given  in  the  table,  so 
that  l^^,+  ,  =  0, 
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Then  the  total  number  of  years  enjoyed  by  the  l^  persons  is 

'm~r'M+i   I   ^TO+i~r'ni.+2    |       i.         ,  ^ot+z— i  "T"  'm+z  |  ^w+z 

—2        I  2  •"         "^  2  '""2" ' 

^^"I^   I   'm  +  l  "T ';/i+2~r  •   •  •  ~r'm+2— 1  "r'm+Z' 

Hence  the  average  number  of  years  enjoyed  by  each  is 

1    I   'wt  +  l  ~r  ^m+2'T'    •     •     •     ~r'm+z -!"'"'?»+« 

This  average  duration  of  life  at  the  age  of  m  years  is  denoted 
by'e,„. 

302.  To  find  the  payment  (am)  that  must  he  made  to  an  office,  hy 
a  person  m  years  of  age,  to  ohtain  an  annuity  of  £\  per  annum,  for 
the  rest  of  his  life^  to  commence  a  year  after  the  payment  is  made. 

Let  each  of  the  /^  persons,  whom  the  table  represents  as  being 
alive  at  the  age  of  m  years,  enter  into  the  same  agreement  with 
the  office. 

Suppose  interest  to  be  paid  yearly  (see  Chap,  xiii.) 

At  the  end  of  1  year  the  office  must  pay  £^^^.1,  of  which  the 
present  value  is  Z„i.+i(l+?')~^ ; 

At  the  end  of  2  years  the  office  must  pay  £/„i+o,  of  which  the 
present  value  is  Zot+2(1+^)~'  ;  etc.,  etc. 

At  the  end  of  z  years  the  office  must  pay  £ljn-\-z,  of  which  the 
present  value  is  lm+zO--\-i")~'- 

Hence  the  present  value  of  the  debt  incurred  by  the  office  is 
Z„,+,(l+r)-i  +  4,+.(l  +  r)-='+   .  .    .    -\-lm+za+r)-^; 
and,  this  having  to  be  paid  for  equally  by  the  /,„  persons,  each 
must  pay 

^m+i(l+r)-^  +  W2(l+r)-^+    ■   •   •    +?^+z(l+^)-' 

^/^+,(l+r')-^^  +  W2(l  +  >-)-"^^+  ■   •  •    +?^+e(l+r)-^^ 

This  is  the  sum  to  be  paid  for  an  annuity  of  £1,  in  order  that 
the  office  in  the  long-run  may  neither  gain  nor  lose. 
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The  numerator  of  this  fraction  is  denoted  by  N^-^,  and  is  to  be 
found  by  multiplying  each  number  given  in  the  column  "  Living  " 
in  a  Table  of  Mortality,  with  the  number  in  the  corresponding 
place  of  a  table  of  present  values  of  £1  (see  Art.  132),  and 
adding  these  products  together,  from  that  corresponding  to  the 
greatest  age  given  in  the  Table  of  Mortality  down  to  the  product 
for  the  age  m-\-\  inclusive. 

A  table  has  been  formed  of  the  values  of  Nm.  for  all  values  of 
m  from  0  to  103,  and  for  various  rates  of  interest  from  3  to  10 
per  cent.     Jones  on  Annuities,  vol.  i..  Tables  xi.-xviii. 

303.  When  an  engagement  is  entered  into  to  secure  the  pay- 
ment of  a  stipulated  amount  upon  the  death  of  an  individual,  in 
consideration  for  a  single,  or  annual,  payment,  such  a  transaction 
is  called  an  assurance  on  the  life  of  the  individual. 

The  stipulated  amount  is  called  the  sum  assured,  and  the  single, 
or  annual,  payment  is  called  the  premium. 

304.  To  find  the  annual  prenmim  (w,n  or  P^)  to  he  paid,  for 
the  assurance  of  £1,  on  the  life  of  a  person,  ayed  m  years  ivhen 
tlie  first  premium  is  paid. 

Let  the  lives  of  each  of  I^,  persons  aged  m  years  be  assured 
at  the  same  office  for  £1,  and  suppose  that  each  assurance  is 
paid  off  at  the  end  of  the  year  in  which  the  person,  whose  life  is 
assured,  dies. 

Let  dm+i  denote  the  number  of  persons  who  attain  m  but  not 
m+1  years  of  age,  then  dm+i  =  lni  —  lm+i,  and  is  evidently  the 
number  placed  on  a  level  with  m  in  the  column  "  Deer."  of  a 
table  of  mortality.     Thus  d^.^  =  56. 

Then  the  office  would  have  to  pay  £dm.+  -i,  £dm.+-i,  ■  .  .  £dm+z+i 
at  the  end  of  1,  2,  3, ,  .  .  z+l  years  respectively,  hence,  as  in 
Art.  302,  the  present  value  of  the  debt  it  incurs  is  represented 
by  d^^,{l+r}~^+   .   .   .    +d^^,+,{l-^r)-^~\ 

And  this  has  to  be  met  by  an  annual  payment  of  £P^  by  each 

R 
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of  the  l^n  persons,  as  long  as  lie,  or  she,  shall  be  alive,  at  the  time 
for  the  annual  payment. 

Hence  the  office  receives 
PJ-m  at  once,  and  Pm^m+i,  PrJm+i-,  ■  ■  ■  PJm+z  at  the  end  of 
1,  2,  3,  .  .  .  z  years  respectively. 

The  present  value  of  all  these  sums  is 
AJJrr,+lm+i{l  +  r)-^  +  h^W^  +  r)-+   .  .  .   +?,„+,(!  + r)-^}  ; 
and  this,  in  order  that  the  office  may  neither  gain  nor  lose  in  the 
long-run,  must  be  equal  to  the  present  value  of  the  debt  incurred ; 
we  have,  therefore, 

p    ^<+i(l+r)-^+    •    •    •    +^4;t+z+i(l  +  r)-^ 

by  multiplying  each  term  of  the  numerator  and  denominator  by 
Call  this  last  numerator  M^i  and  we  have 

p    -"^m. 

The  values  of  Jf/^i  for  different  values  of  m,  are  calculated  in 
the  same  way  is  the  values  of  N^,  except  that  we  use  the  column 
Deer,  instead  of  the  column  Living. 

The  values  of  M^,  for  all  values  of  m  from  0  to  104,  and  for 
various  rates  of  interest  from  3  to  6,  are  given  in  vol.  i.  of  Jones's 
Treatise  on  Annuities,  Tables  xi.-xvi. 

See  also,  "  The  Mortality  Experience  of  Life  Assurance 
Companies,"  collected  by  the  Institute  of  Actuaries,  London, 
1869 ;  and  "  Tables  deduced  from  the  Mortality  Experience  of 
Life  Assurance  Companies,"  London,  1872. 

EXAMPLES.— LXIII. 

I.  The  present  value  of  an  annuity  of  £100  on  the  life  of  a 
person  aged  21  is,  by  the  Carlisle  Tables  of  Mortality,  reckoning 
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3  per  cent.,  £2150.  If,  out  of  every  10  children  born,  6  reach 
the  age  of  21,  what  sum  ought  to  be  paid  down  immediately  on 
the  birth  of  a  child  in  order  to  secure  it  an  annuity  of  £100  on 
its  reaching  21,  the  deposit  being  forfeited  if  the  child  dies  pre- 
viously ? 

2.  A  person  who  has  a  life  annuity  (a)  wishes  to  secure  to  his 
family  after  his  death  an  income  equal  to  his  present  expendi- 
ture. What  portion  of  his  income  must  bo  paid  in  the  way  of 
annual  premium  to  an  assurance  office  ? 

3.  Prove  by  general  reasoning,  or  otherwise,  that  the  present 
value  of  a  life  annuity  to  A  on  the  death  of  ^,  is  equal  to  the 
present  value  of  the  same  quantity  to  A  commencing  immediately, 
minus  the  present  value  of  the  same  to  continue  as  long  as  both 
live. 

4.  \i  Ap  denote  the  value  of  an  annuity  to  last  during  the 

joint  lives  of  ^  persons  of  the  same  age,  prove  that  the  value  of 

an  equal  annuity,  to  continue  so  long  as  there  is  a  survivor  out  of 

n  persons  of  that  age,  may  be  found  by  means  of  tables  giving 

the  values  of  A^,  from  the  formula 

«         n— 1  ,    ,       n  —  1  n  —  2  .  ^      \    a 

nAx  —  n-^Ai  +  ^i.—^ q— ^a— etc.  ±^„. 


XXIII 
2Determinant0* 

305.  If,  having  given  the  system  of  equations, 

we  solve  for  a?,  we  obtain 

=  Ji(i2f3— 6300)+  etc.  (-^PP-  Art.  1-3.) 

The  expression,  which  here  appears  as  the  coefficient  of  x^  (call 

it  -4)  occurs  very  frequently  in  mathematical  investigations,  as 

well  as  many  others  of  greater  length,  but  of  a  similar  character. 

We  shall  therefore  explain  a  system  of  notation,  by  which  such 

expressions  can  be  represented  in  a  more  compact  form. 

306.  It  will  be  seen  that  A  consists  of  the  algebraic  sum  of 
all  the  terms,  which  can  be  obtained  from  the  square 

«!  Z*!  Ci 
«2  ^2  <^2 
«3    ^3    ^3, 

by  observing  the  following  rules  : — 

1°  Pick  out  three  symbols  (such  as  Oi),  so  that  each  comes  from 
a  different  horizontal  row  and  vertical  column  to  either  of  the 
other  two,  and  multiply  them  together. 

Thus  flJo,  ^81  Ci  are  three  symbols  which  will  be  taken  together. 

2°  Prefix  the  sign  +  or  —  to  each  product,  according  as  it 
can  be  obtained  froui  the  product  a^  b^  c^  by  an  even  or  odd 
number  of  interchanges  of  the  suffixes. 

Thus  to  obtain  a^  bg  Ci  from  ai  b«  C3,  we  interchange  the  2 
and  3  under  b  and  c,  producing  a-i  63  Cj,  and  now  interchange 
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the  1  and  2  underneath  the  a  and  c,  producing  a«,  b^  Ci ;  thus 
we  have  had  tico  interchanges,  and  .'.  we  prefix  the  sign  +. 
So  also  the  product  «i  b^  c^  would  have  —  prefixed. 

307.  Hence  the  square  has  been  subjected  to  the  following 
definite  series  of  operations  : — 

I.  Multiply  together  every  set  of  three  symbols  picked  out 

as  in  1°, 
II.  Prefix  the  sign  +  or  —  according  to  rule  in  2°, 
III.  Add  all  such  products  together, 

When  such  a  square  has  to  be  subjected  to  these  operations, 
we  indicate  the  fact  by  placing  a  bar  on  each  side  of  it. 
Thus,  «!,  bi,  Cj, 

aa,  ^3,^2,  .         .         .         (B). 

f^SJ     t?3  ,     C3  , 

Any  expression,  which  is  capable  of  being  written  down  in  this 
manner,  is  called  a  Determinant. 

A  and  B  are  said  to  be  different  forms  of  the  same  deter- 
minant. 

Each  of  the  symbols  «i,  etc.,  is  called  a  constituent  of  the 
determinant. 

Each  of  the  products,  with  the  proper  sign  prefixed,  is  called 
an  element  of  the  determinant. 

Since,  from  the  diagonal  element  +^1  b^  Cg  we  obtain  all  the 
others  by  proper  interchanges  of  suffixes,  it  is  called  the 
principal  element^  and  the  determinant  is  often  indicated  thus, 
^(±a,b,c,),  .  .  .  (G), 
this  being  a  form  which  takes  up  much  less  room  in  writing  and 
printing. 

Such  a  determinant  as  we  have  been  considering  is  said  to  be 
of  the  third  order,  there  being  three  factors  in  each  element. 

The  forms  of  a  determinant  of  the  second  order,  corresponding 
to  A,  B,  C,  are 
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308,  If  we  interchange  two  columns  of  a  determinant  (of  the 
third  order),  we  obtain  another  differing  from  it  in  sign  only. 
For 

&1     «!     Ci 

Jo     «2     ^2       =Z'l(«iC3  — 03C2)+&„(«3Ci— aiC8)+53(aiC2  — doCi) 

j  0^  a^  C3 

=  — {ai(Z)2C3— 53Ci)4-a2(Z*3Ci  — OiC3)+a3(&iC2  — &2C1)} 
«i  5i  c-i 

«2      ^2     ^2 

03  ^'3  C3 
Similarly  2(±aiC2&3)  =  — ^(dzai&oPs)- 
CoR.  2(±5iC„a3)  =  —  2(±&ia2C3)  =  2(±«i52^3)) 
and        2(±Cia2&3)  =  — 2(ztaiC2Z^3)  =  2(±ai62C3). 


309.  It  will  be  observed  that  we  may  express  the  solution  of 
the  equations  in  Art.  305  thus, 

2(±5iC2«3)  2(dbcia2&8) 

2(rbaiC?2C3)  _2(±MiZ)2<^3) 


2(ztai62C3 


y= 


^{dzuiboCi) ' 


2(±ai62C8) 


310.  Again 

«!     Z'l     Ci 

aj  &2  C2 
««   &S  c. 


=ai{h„Cs—h^c„)-\-a.{biCi  —  biC^)-^0;{biCi  —  b.Ci) 


&2     C2 

Js      Co 


+  «3 


&1    Ci 

Z^„   Co 


Thus  a  determinant  of  the  third  order  is  the  sum  of  the  pro- 
ducts of  each  constituent  of  its  first  column  into  the  minor 
determinant,  formed  by. omitting  the  row  and  column  in  which 
that  constituent  occurs,  the  sign  -j-  or  —  being  23laced  before 
each  product  according  as  the  constituent  in  it  from  the  first 
column  comes  from  an  odd  or  even  horizontal  row. 
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311,  This  will  be  useful  in  finding  the  value  of  any  given 
determinant.     Thus 
12  5 


2  4  2 

3  3  3 


312.  We  have 


=  1 


4  2 
3  3 


2 


2  5 

3  3 


+  3 


2  5 
4  2 


=:l(12_6)-2(6-15)+3(4-20) 

=6+18-48 

=  -24. 


10    0 

0  Ui  hi 

_1    «i   hi 

0    ^3     &2 

a^  hi 

_    «i  ^1 
^2  ho 

• 

0    0 


+0 


0    0 
«1  ^1 


Thus  a  determinant  of  the  second  order  can  be  written  down 
in  the  form  of  a  determinant  of  the  third  order. 


313.  A 

gain 

mcii  hi  Ci 

mcu  ?>2  C2    - 
mcia  ha  C3 

ho  C.J. 

hs   C3 

&1  Ci      ,              hi  Ci 
/          +ma3 

&3     C3                                     62     Co 

f          ho  Co                hi  Ci 
\          hs  c,                ha  Ca 

,          hi  ci     \ 

ai  hi  Ci 

=  m 

Go        ho,        Co, 

^8     '-'9     ^3 

• 

Thus 

4  15 
6  2  6 

8  3  4 

=  2 

3  2  6    -2I2    ^^-3    ^^MA    ^  ^ 

434  --^r  34    '34+^26 

} 

=2 

[2(8-18)-3(4-15)+4(6-10)} 

=  2{-20  +  33-lG} 

=  — 

-6. 
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We  have  dwelt  thus  at  length  on  determinants  of  the  third 
order,  for  the  purpose  of  familiarizing  the  student  with  the 
notation  and  nomenclature  of  the  subject.  For  the  same  pur- 
pose we  subjoin  the  following  examples. 


EXAMPLES.— LXIV. 


: .  Find  the  numerical  values  of  the  following  : — 


(0 

(4) 


1  2  I 

14  5 
0  12 
3  5  4 


(2) 
(5) 


1  2 
3  4 

2  2 

3  1 

4  2 


(3) 
(6) 


1 

2 

3 

0 

0 

2 

3 

5 

0 

4 

3 

1 

0 

2.   Show  that 


«1 

fl!o 

«3 

l\ 

I. 

h 

Ci 

Co 

C3 

or,  in  other  words,  that  the  value  of  a  determinant  is  not  altered 
by  changing  columns  into  rows,  and  vice  versa. 

It  will  be  observed  that  this  justifies  the  notation  (C)  in  Art. 
307,  for  by  that  both  the  above  determinants  are  represented 
by  2(±  ai&oCa). 


Prove  that 

«!      &i  Ci 

flo         bo  Co 

«3      bs  Co 


+ 


bi   Ci 

«i+«i, 

bi   c. 

bo   c. 

= 

a,-^a,, 

b,      Co 

bi   C3 

«3  +  a3, 

ba    C3 

In  other  words,  if  each  term  of  the  first  column  be  resolved 
into  the  sum  of  two  others,  the  determinant  can  be  resolved  into 
the  sum  of  two  others. 

4.  Prove  that,  if  each  term  of  a  column  or  row  be  resolved 
into  two  others,  the  determinant  can  be  resolved  into  the  sum  of 
two  others. 

5.  Prove  that,  if  any  two  columns,  or  two  rows,  be  the  same, 
the  determinant  vanishes. 
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6.  Show  that 


«2     ^2     I        I    «2     A    I        |«ia2  +  ^lP2j      aoag  +  Z'o/^g 


7.  Prove  that 

1,  ai  +  ao,  flTjao 

1>      ^1+^2,      C1C2 


+  (a„  — Zyi)(&2— ci)(ca  — ai) 


8.  Find  the  numerical  values  of 


4  15 

2  3  0 

,  and 

6  2  1 

6 

1 

0 

0 

2 

5 

10 

3 

1 

9.  Prove  that 

«!  m&i  Cj  «!  h-^  Ci 

flg  «i&2  C2  =  rii    a.,  &o  C2 

a.  mb,  c,  «3  ^3  <^3 


G!l         ^1        Ci 

mOo  «i'&2  ""^^2 

«3  ^3  C3 


10.  Find  the  numerical  values  of  the  followina; : — 


) 

14  0 

(2) 

2  4  6 

(3) 

2  4  2 

(4) 

18  2 

2  6  5 

5  2  1 

8  3  0 

2  6  8 

3  2  1 

13  2 

6  0  5 

5  9  4 

II.  Prove     A  B  D 
BOB 


=ACF+2EDB-AE^-CD"'-FB-. 


D  E  F 

The  above  is  called  a  symmetrical  determinant. 


12.  Prove  that 


I  -x.  Prove  that 


0 

z 

y 

z 

0 

X 

y 

X 

0 

=  Ixyz. 


(h-\-cY      a^  a" 

Ir      (c  +  a)"       ¥ 
c'  c-       {a-\-h)- 


=  2ak(G+&+c)^ 
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314.  We  shall  now  give  more  general  detiuiLiuus  and 
theorems. 

Let  there  be  n^  symbols,  arranged  in  a  square  of  n  vertical 
columns  and  n  horizontal  rows. 

Each  of  these  n"-  symbols  is  called  a  constituent. 

Thus, 


<^l)l      ^1J2      ^1J8 
^2)1      <^2  7  2      <^2  J  3 


SO  that  Opq  denotes  the  constituent  belonging  to  the  pi\\  xq-tj  and 
q\h.  column. 

Then  we  give  the  name  of  determinant  to  the  algebraic  sum 
of  all  possible  products  of  n  constituents,  one  of  which  is  taken 
from  each  row  and  each  column,  the  sign  -{•  ov  —  being  pre- 
fixed to  each  product,  according  as  it  can  be  derived  from  the 
diagonal  product  «i,i«2) 2^^353  •  •  •  ^njn  by  an  even  or  odd 
number  of  interchanges  amongst  the  suffixes  indicating  the 
columns,  i.e.  in  this  case  the  second  suffixes. 


315.  "We  denote  the  determinant  thus. 


<^ljl     <^H  2     ^l?3 
flto  5l     ^2  1  2     0^2  1  8 


^ni\   '■^ntz  <^n)S 


,  or  thus,  2±aii  a^^ 


316.  Each  term  of  a  determinant  is  called  an  element,  and  if 
n  be  the  number  of  rows,  or  of  columns,  and  .'.  also  of  con- 
stituents multiplied  together  to  make  an  element,  the  determinant 
is  said  to  be  of  the  ?ith  order. 
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317.  The    diagonal  element  an  Ooo 
principal  element,  or  term. 


Cnn   is   called  the 


[N.B. — A  determinant  of  the  first  order  consists  of  only  one 
element,  thus  |  an  |  ,  and  .'.  is  =aii.] 


318.  Instead  of  the  notation  for  constituents  given  above,  a 
shorter  form  is  more  frequently  adopted ;  thus  the  constituent 
of  the  pth.  row,  and  gth  column  is  denoted  by  (jp,  q),  and  the 
determinant  then  appears  in  either  of  the  forms, 


{1,1)(1,2)(1,3) 
(2,1)(2,2)(2,3) 


•  (1,  n) 

•  (2,  n) 


{n,  n) 


(n,l)(n,2)(«,3)(»,4) 
or2±(l,l)(2,2)(3,3)  .  .  .  {n,n). 

In  the  symbols  Opq  and  (p,  q),  for  shortness,  we  speak  of  p  as 
the  horizontal  index  and  of  q  as  the  vertical  index. 


319.  The  constituents  (p,  q)  and  (q,  p)  are  said  to  be  con- 
jugate to  one  another,  and,  if  (p,  q)  =  {q-i  p)  for  all  values  of  p 
and  q,  the   determinant   is   said   to  be  symmetrical ;  see  Ex. 

LXIV.  11. 


320.  Any  determinant  formed  by  omitting  any  r  rows  and 
any  r  columns  is  called  an  rth  minor  of  the  original  determinant. 


Examples. 


(2,2)(2,3) 
(3,2)(3,3) 


(«,2)(«,8) 


{2,n) 
(3,n) 


{n,n) 


omitting  toe  first  row 
and  first  column, 
call  it  -4i,i, 
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(1,1)(1,2)(1,3)(1,5) 
(3,1)(3,2)(3,3)(3,5) 
(4,1)(4,2)(4,3)(4,5) 
(5,1)(5,2)(5,3)(5,5) 


K  1) 

are  first  minors  ;  and 

(1,  1)  (1,  2) 

(3,1)  (3,2) 

(4, 1)  (4,  2) 

(5, 1)  (5,  2) 


(1,  n) 
(3,  n) 
(4,  n) 
(5,  n) 


(71,  n) 


omitting  the  2nd 
row  and  fourth 
column,  call  it 


(1,4) 
(3,4) 
(4,4) 
(5,4) 


(1,0) 
(3,6) 
(4,6) 
(5,6) 


(1,") 
(3,  n) 
(4,  n) 
(5,  n) 


t.  318. 


n) 


omitting 
the  2ud 
and  nth 
rows,  and 
the  3rd 
and  5th 
columns, 


[n-\,  l)(n-l,  2)f%-l,  4)(n-l,  6) 
is  a  second  minor,  of  the  determinant  in  Ari 

In  general,  Ap^  will  denote  the  first  minor  formed  by  omitting 
the  pth  row  and  (j'th  column.     Its  principal  element  is 
(1,  l)...(p-l,  i:>-l){p+l,  p)(p+2,  p  +  1)... 

...{%q-l){<l  +  l,q  +  l)...{n,n), 
or  (1,  1)...(2-1,  2-l)(2^  2+l)(2+l,  2+2)... 

...(p-1,  p)(p  +  l,  p  +  l)...{n,  n), 
according  asp  is  <,  or  >,  q. 

For  whenp<g',  the  pth  row  being  absent,  the  (p  +  l)th  takes 
its  place,  and  the  (p-{-2)th.  takes  the  former  place  of  the 
(2)  +  l)th,  and  so  on;  hence  the  suffix  for  the  row  is  one  in 
advance  of  the  suffix  for  the  column,  which  cuts  it  on  the 
diagonal,  until  the  g'th  column  being  absent,  the  (g'4-l)th  takes 
its  place,  and  cuts  the  diagonal  on  the  same  constituent  as  the 
original  (2'  +  l)th  row. 

Similarly  the  student  will  understand  the  correctness  of  the 
form,  which  we  have  written  down,  for  the  principal  element  of 
Ap„,  wheu_p>(7. 
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321.  Prop.  i.  If  from  a  given  determinant  we  form  another^ 
of  which  each  row  is  the  same  as  the  corresponding  column  of  the 
first,  and  vice  versa,  the  two  determinants  are  equal. 


Or 


^1)1     <^1J2     <^!?3 
«3,1  • 


1,1    "rl)2    "«5  8 


•    •    •    (^i^n 

•    •    •    ^2  in 

.    .    . 

= 

•   •    •    ftrejn 

^1 }  71  tt^in  ^^3)11 


For  their  principal  elements  are  the  same. 

Now  in  the  first  determinant  suppose  that  we  obtain  from  the 
principal  element,  by  a  certain  series  of  interchanges  of  second 
sufiixes,  the  element  «i,a«2,3  •  •  •  <^'n,v 

In  the  second  determinant  it  is  the  first  suffixes  which  mark 
the  columns,  .'.  they  must  be  interchanged.  Write  the  principal 
element  of  the  second  determinant  thus,  fla.a^ft^  •  •  •  f^v.v,  *-^- 
alter  the  order  in  which  the  constituent  factors  of  the  principal 
element  are  written  down.     Interchange  the  first  suffixes  till  we 

arrive  at  aj,a«2  5P  •  -  •  ^nyv 

It  will  be  seen  that  we  have  gone  through  the  same  series  of 
interchanges,  as  in  the  case  of  the  first  determinant,  only  in  the 
reverse  order.  For  in  the  first  case  we  interchanged  the  suffixes 
1,  2,  3,  .  .  .  n  till  we  arrived  at  a,  />',  .  .  .  v;  in  the  second 
case  we  interchanged  the  suffixes  a,  (3,  ...  v  till  we  arrived  at 
1,  2,  ...  n. 

Hence  the  numbel*  of  interchanges  is  the  same  in  both  cases. 

Therefore  in  one  determinant  the  elements  are  the  same,  in 
form  and  sign,  as  in  the  other  determinant. 

Hence  the  two  determinants  are  identically  equal. 

This  proposition  is  generally  stated  thus :  ''  The  vahie  of  a 
determinant  is  not  altered,  if  the  roivs  are  changed  into  corre- 
sponding columns,  and  vice  versa." 
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322.  Prop,  2.  If  from  a  given  determinant  (D),  we  form 
another  (D'),  hy  interchanging  two  columns  {or  two  rows),  then 
D'=-D. 

Leti)^S±(l,l)(2,2)(3,3)  .  .  .  {n,n). 

Let  the  pth  and  qth.  columns  be  interchanged,  and  let  q>p, 
then 

B'^  2±(1,  1)(2,  2)  .  .  .  (p,  q)...  (q,  p)...  {n,  n)  ; 
,•.  the  prmcipal  element  of  D'  can  be  obtained  from  the  prin- 
cipal element  of  D  by  the   single  interchange  of  the  second 
suffixes^  and  q. 

Hence  each  element  in  D'  occurs  in  D,  but  can  be  obtained 
from  its  principal  by  one  more  interchange  than  when  it  occurs 
in  D,  namely,  by  passing  from  the  principal  element  of  D' 
through  that  of  D. 

Hence  D  and  D'  are  the  same,  element  for  element,  only  with 
opposite  signs. 

By  Prop.  I.  the  same  is  true  when  rows  are  interchanged 
instead  of  columns. 

This  proposition  is  often  stated  thus  :  If  tivo  roios,  or  tiuo 
columns,  of  a  determinant  are  interchanged,  the  sign  of  the  deter- 
minant is  changed. 

CoR.  I.  If  from  a  determinant  D  we  form  another  D',  by  x 
interchanges  amongst  the  rows  or  columns,  then  Z)'  =  (  — 1)*-D. 

For  at  each  interchange  we  obtain  a  new  determinant  exactly 
the  same  as  D,  except  that  the  sign  of  the  whole  is  altered  at 
each  interchange. 

Cor.  2.  If  two  rows,  or  two  columns,  are  the  same,  the  deter- 
minant vanishes. 

For  if  D  be  the  determinant,  on  iuterchanging  the  two  rows, 
or  columns,  we  obtain  —  Z>  by  the  Prop. 

But  this  interchange  of  two  things  identically  the  same  can- 
not affect  the  value  of  the  determinant , 

.-.  D=-D,     or  Z)=0. 
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Cor.  3. 

(1,  l)(l,2)...(l,i>-l)(l,iJ). 
(2,1) (2,p-l)(2,p). 


1,«) 


=  (-!)"- 


(l,iJ)(l,l)- 

(2,p)(2.1). 


(1,^-1)...(1,7* 

(2,p-l)...(2,7i 


(«,  1) (7?.,j3-l)(/l,  ?>)..,(n,  m)  («,2?)(w,  l)...KiJ-l)...(B,W 

For  to  obtain  the  right-hand  determinant  from  the  left-hauc 
one,  we  must  interchange,  in  succession,  the  original  ^th  column 
with  the  (j3  — l)th,  .  .  .  ,  the  second,  and  the  first,  making 
in  allp  — 1  interchanges; 

.-.  the  final  determinant  =(  — 1)p-^X  original  determinant, 
or    „    original       „  =(  — 1)^-^X  final  „ 

323.  Prop.  3.  To  multiply  every  constituent  of  any  one  roio 
(or  column)  hy  the  same  factor^  is  the  same  thing  as  to  multiply 
the  whole  determinant  by  that  factor. 

For  in  every  element  we  have  one  constituent  from  any  one 
particular  row.  Hence,  if  every  constituent  of  that  row  is 
multiplied  by  the  same  factor,  each  element,  and  .•.  the  whole 
expression,  is  multiplied  by  the  same  factor. 

The  same  is,  of  course,  true  for  a  column,  instead  of  a  row. 
For  examples,  see  Art.  313. 


324.  Prop.  4.  If  each  constituent  of  a  row  {or  column)  is 
resolvable  into  the  sum  of  two  parts,  the  determinant  is  resolvable 
into  two  determinants. 

For  suppose  each  constituent  of  the  pth  row  is  resolvable  into 
the  sum  of  two  parts,  thus  suppose 

tnen  any  element  in  which  a^^  appears  can  be  resolved  into 
the  sum  of  two  parts  differing  from  it  only  in  having  Xpq  in  one. 
and  ^pj  in  the  other,  as  a  factor  instead  of  a^ ;  and  since  each 
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element  contaius  a  factor  from  the  jrjth  row,  all  the  elements  can 
be  similarly  resolved ; 
.-.  :SdzOiia2o...a^^...a«» 

=  2±«,ia22...ajpp...a;i„+2dbfriia„2...,7^...a„„. 

The  same  is  true  for  columns. 

Cor.  It  is  evident  by  proceeding  in  the  same  way,  that,  if 
each  constituent  of  a  row  (or  column)  is  resolvable  into  the  sum 
of  any  number  of  parts,  the  determinant  is  resolvable  into  the 
same  number  of  determinants  differing  from  the  original  deter- 
minant only  in  having  in  each  one  part,  instead  of  the  whole 
constituent,  in  that  row  or  column. 


325.  By  means  of  these  propositions  we  can  often  reduce  a 
determinant  to  an  equivalent  with  smaller  constituents. 


Example. 


3,  1,  2,  3 

4,  0,  2,  1 

6,  4,  1,  2 

7,  3,  0,  1 

2  12  3 

4  0  2  1 
2  4  12 

4  3  0  1 


+ 


2+1,  1,  2,  3 

4+0,  0,  2,  1 

2  +  4,  4,  1,  2 
4  +  3,  3,  0,  1 

112  3 
0  0  2  1 
4  4  12 

3  3  0  1 


Now  the  second  of  these  determinants  has  two  columns 
identical,  and  therefore  vanishes.  We  thus  see  that  we  can 
subtract  one  roiu  (or  column)  Jrom  another,  without  altering  the 
value  of  the  deter mina^it. 

The  first  of  these  determinants  has  two  as  a  factor  of  each 
constituent  of  its  first  column,  and 

112  3 
2  0  2  1 
14  12 
2  3  0  1 


.•.,  Art.  323,  =2 
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EXAMPLES. -LXV. 


Show  that 


2.  Show  that 


3.  Show  that 


4.  Show  that 


5  4     3  6 
3  0  15  4 

2  1  18  2 
5  8     6  6 

16  3  4 

3  6  0  1 
7  3  7  2 
2  0  6  2 


=  6 


14  13 

3  0  5  2 
116  1 
2  3  2  3 

12  3  4 
3  2  0  1 
5  110 
10  3  1 


2  1 

3  3 

7  2 
2  1 


2  2  0  3 

12  4  1 

0 

3  3  2  1 

4  6  2  0 

=6 


0  2  0  3 
3  2  0  1 
5  110 
10  3  1 


0  10  0 
0  2  0  3 
0  3  5  2 
1111 


0     2  0  3 

0-1  3  1 
0     3  2  1 

=  2 

-13  10 

0 

2 

0  3 

0- 

-1 

3  1 

0 

4- 

-1  0 

1 

3 

1  0 

326.  Prop.  5.  In  the  determinant  ^±(1, 1)(2,  2)  .  .  .  (n,  «), 
the  coefficient  of  {p,  q)  is  {  —  If-^Aj,^^  (see  Art.  320). 

1°  In  each  element  in  which  {jt,  q)  occurs,  its  coefficient  is 
one  of  the  products  of  w — 1  constituents,  of  which  one  comes 
from  each  row  and  each  column,  with  the  exception  of  the  pth. 
row  and  ^th  column,  and  may  therefore  be  obtained  from  the 
coefficient  of  (p,  q)  in  any  other  element  containing  (p,  q),  by 
interchanges  of  second  suffixes,  taking  care  to  change  the  sign 
of  the  product  once  for  every  interchange,  according  to  Art. 
314.  The  whole  coefficient  required  is  the  sum  of  all  such 
products. 
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2°  We  must  then  obtain  some  one  element  in  which  (p,  q) 
occurs.  Let  'p>q^.  If,  starting  from  the  principal  element,  we 
make  successive  interchanges  amongst  the  second  suffixes,  thus 
q  and  q-\-\  then  q  and  2  +  2,  and  so  on,  till  we  have  inter- 
changed 2  with  p,  we  obtain  the  product 

(-l)-^(l,l)...(2-l,2-l)(2,g+l) 

...(_p— l,p)(p,  g)(p  +  l,_p  +  l)...(?i,w). 

3°  Now  in  this,  the  coefficient  of  (j),  q)  is  the  principal 
element  of  A^^^  multiplied  by  (  — l)**"*. 

Hence  by  i"  the  coefficient  required  is  (— 1)^~*  multiplied 
by  the  sum  of  all  the  products,  which  can  be  obtained  from  the 
principal  element  oi  A^,^  by  interchanges  of  the  second  suffixes, 
prefixing  +  or  —  to  each  product,  according  as,  to  obtain  it,  we 
have  had  to  make  an  even  or  odd  number  of  interchanges. 

But  this  sum  is  A^^g^  (Art.  314) ;  .'.  the  required  coefficient  of 

(p,2)is(-irM^,;. 

Similarly,  if  p  <  2,  we  can  show  that  the  coefficient  of  (p,  q)  is 

Cor.  2±(l,l)(2,2)...(w,n) 

=  (l,l)^,„-(l,2Mi,2...  +  (-l)«-Xl'«Mi>n, 
also   =(l,l)^i„-(2,l).4„,...  +  (-l)-H«,lM„,x. 


327.  Ex.  I.  Continuing  the  reduction  of  the  determinant  in 
Art.  325,  we  have 


—  9 


0,  2,  1 
4,  1,  2 
3,  0,  1 


_  o 


12    3 

4,  1,  2 
3,  0,  1 


0,  2,  1 

1,  2,  1 

1,  1,  1 

-4 

4,  1,  1 

3,  0,  1 

3,  0,  1 

+ 


+  2 


12    3 

0    2    1 
3,  0,  1 


1,  2,  3 

0,  2,  1 
4    12 


1,  0,  2 

1,  0,  2 

0,  2,  1 

-4 

0,  2,  1 

3,  0,  1 

4,  1,  2 

subtracting  the  3rd  row  from  the  2nd  in  the  last  determinant, 
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—  o 


0,  2,  1 

0,  2,  1 

1,  0,  2 

1,  1,  1 

-4 

1,  1,  0 

+  2 

0,  2,  1 

3,  0,  1 

2,  0,  1 

3,  0,  1 

I  1,  0,  2 

4    0,  2,  1 

I  3,  1,  0 


subtracting  the  3rd  column  from  the  1st,  and  the  3rd  row  from 
the  2nd  in  the  second  det.,  and  the  1st  row  from  the  3rd  in  the 
last, 


r  2  1 
+2|    '^' 


2,  1 
1,  1 


}-{- 


0,  2 

0, 1  r  "1 2, 1 

:2{-2+3(2-l)}~4{-2 


-4 


2,  1 

0,  1 

2,  1 

1,  0 


4-2 


+  3 


WW 


•2]  +2{2-12]  -4{-l-12}  =  50 


Ex.  2. 

a^  l"-  e 

a    h    c 

= 

111 

a^  —  h^  53  c^  —  h^ 

a—b    b      c—b 

0    1  0 


■■{a-b){c-b) 


..(^a-b){c-b) 


=  {a—h){c—b){a—c) 


a^-Yab-\-b"  l^  c-+cb-\-b' 
1            &             1 

0           10 

a-  +  ab  —  c"'  —  cb  b^  c'^  +  cb-^-b'' 
0                 hi 

0                 10 

-c) 

a+c+6  h^  c^-\-cb-\-b^ 
Ob            1 

0        1           0 

=3(a_j)(c_&)(a_c)(a+^+5)|  \  J  | 

=  {a-b){c-b){a-c){a+c  +  b)[-l) 
=  —{a—b){b—c){c—a){a+b  +  c). 

It  was  evident  at  starting  that  a — b  is  a  factor  of  the  deter- 
minant. For  put  a=&,  and  we  get  a  determinant  with  two 
columns  identical,  and  .•.  =0.     Similarly  for  b  —  c  and  c—a. 


262 


DETERMINANTS. 


EXAMPLES.— LXVI. 


I.  Find  the  values  of  tte  determinants  in  Ex.  lxv. 
Calculate  the  values  of  the  determinants, 


1,  3,  1,  7 

2,  2,  0,  8 
4,  5,  3,  5 
1,  6,  4,  4 

Expand  the  following : — 

^^,  w' ,    v',  I 

w\     V,   u\  m 

v\    u\    u\  n 

I,    m,    n,  0 

6.  Prove  the  following  equation, 
a  A  X 


1,  3,  0,  5 

2,  6,  0,  4 
1,  0,  1,  3 
5,  3,  0,  3 

0,  ab-,  a& 
ha?,  0,  W 
ca\    cb\      0 


A  A  c 


■l+^a-ic+jT^+o-^)' 


7- 


=  0. 


(a- A)  (6— A)  (c- A) 

Prove  that 

Im  +  n  —  7j-\-z,  —y+z—l,  —y-\-z—l 

—z-\-x—m,  n-\-l—z-\-x,  —z-\-x—m 

—x+7/—n,  -x-\-i/—n,  l+m—x+y 

8.  Show  that  if  in  any  determinant,  which  is  a  function  of  x,  i 
n  columns  become  the  same  when  x  is  put  equal  to  o,  then  the  { 
determinant  is  divisible  by  {x—a)'^~^.  ' 

Q.  Prove  that  I 


/5+r, 

r +«, 

«+A 

«,  P,   7 

/3'  +  7', 

7'  +  «', 

a'  +  /5', 

—  2 

0.',  P\  7' 

ft'+y", 

/7   1       n 

7  +0-, 

a"+f3'\ 

«",  iS",  / 
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10.  Find  the  value  of  the  determinant 

\  a  a^  a?-\-hcd 
Ih  h""  h^+acd 
1  c  c^  c^+abd 
1  d  d-  d^-\-ahc 

11.  If  (I)  be  an  imaginary  cube  root  of  unity,  what  is  the  value 


of 


0, 
-1, 

—  w, 

—  0)^ 


0,  —m\  o> 
i0\  0,-1 
u),  1,        0 


12.  Show  that  the  determinant 


0, 

tts  — «n 

etc., 


0, 
aj— as, 
etc., 


as  — «3, 
0, 

etc., 
etc., 


etc., 
etc., 
etc., 

etc., 


«!  — a, 
as— a 


IS  zero,  except  when  ?i=2. 


13.  Prove  that 


0 

a 

& 

c 

a 

0 

7 

/5 

h 

7 

0 

a 

c 

/3 

a 

0 

=  {aa+bP—cyY-iaia(3. 


14.  Prove  that 

0,    1,    ] 

,  1 

1,    0,  z 

,  f- 

1,  z\    C 

,  x^ 

1,  f-,  X 

\    0 

15.  Show  that 

1, 

-7, 

(i, 

1 

x-y'^z'^ 


7) 

-/5 

1, 

a 

a, 

1 

0,       ic,       y,       2 

^,  a:;?/2",        0,  x'^yz 
z,  xy-z,  x'yz,        0 
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328.  Prop.  6.   To  show  that  the  product 
2±aii  Ooo  •  •  •  o^KnX2±?Jii  l)o«  .  .  .  bnn  "is  equal  to 


021^11  +  022^12  +  «236l3  +  &C. ,   021&21  +  fl22&22  +  &C., 


dnlhl  +  OW2&12  +  anS&lS  +  &C. ,   0,ilZ;21  +  an2622  +  < 


anhni  +  oi2h„>i+  &c. 
an  bni  +  022  hjiz  +  &c 


Onl&nl  +  0»2Z'n3  +  &C 


Call  these  cletermiuants  A,  B,  G  respectively. 

We  shall  use  the  term  partial  column  to  denote  any  one  of  the 
n  columns  into  which  each  of  the  columns  of  C  is  divided  (Art. 
324).     Thus  the  rth  partial  column  of  the  pth.  column  of  G  is 


air 

bpr 

«2r 

bpr 

(^nr 

bpr 

Thus  G  is  the  sum  of  the  to"  partial  determinants,  each  of  which 
is  formed  by  taking  a  partial  column  from  each  of  O's  columns 
(Art.  324) ;  and  bpr  being  a  factor  of  every  constituent  in 
the  above  column,  we  should  write  bpr  outside  any  partial 
determinant     in     which     it     occurred,     leaving     the     column 


"/  inside,  as  the  rth  column. 


It  will  be  observed  that  this  rth  column  is  the  same,  from 
whichever  of  C's  columns  it  is  taken.  Hence,  if  in  forming  any 
partial  determinant,  we  took  the  rth  column  from  two  of  C's 
columns,  we  should  obtain  two  columns  identical,  and  therefore 
that  partial  determinant  would  vanish. 

Therefore  all  the  partial  determinants,  which  do  not  vanish, 
must  be  made  up  by  taking  a  partial  column  of  a  different 
position  from  each  of  C's  columns.  Hence  each  of  these  deter- 
minants must  be  of  the  form 
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biab^^bsy 


1, 


^na;  ^n^)   •    •    •   ^r; 

where    a,  /?,  y,  .  .  .  v  is  some  arrangement  of  the  numbers 
1,  2,  ...  n. 

In  this  expression  the  determinant  is  merely  A  with  its 
columns  arranged  differently,  and  .*.  =it  J.. 

Also,  suppose  the  arrangement  a,  /3,  y,  .  .  .  v  to  be  obtain- 
able from  1,  2,  3,  ...  n  by  a;  interchanges,  then  the  above 
determinant  =(— 1)^J^  (Art.  322,  Cor.  i), 

and  I=A(—iyhiap2^  ■  •  •  ^w 

So  that  A  is  a  factor  of  each  of  these  terms,  of  which  C  is  the 
sum; 

.-.  C=A^(-iyb^J),p  .  .  .  bn.},  which  is  A.B, 
since   the   product   Jia&2j3    .    .    .    b^v   is   obtainable,   from   the 
principal  element  of  B,  by  x  interchanges  amongst  the  second 
sufl&xes. 

The  student  will  observe  that  G  can  be  written  down  by  the 
following  rule  : — 

The  Z:th  row  of  the  Zth  column  of  C  is  formed  by  multiplying 
together  the  ^th  and  Zth  rows  of  A  and  B  respectively,  con- 
stituent by  constituent. 


EXAMPLES.— LXVII. 

I.  Write  down  the  products  of  the  following  pairs  of  deter- 
minants : — 

(I) 

(2) 


«,    b 
c,  d 

X 

a,   /3 

7,  « 

I  a  b    c 

a    V   c 

a  P   y 

X 

a    (B   y 

X  y 

z 

X    y   z 
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2.  Express 


iCl 

yi 

Zx 

Xi 

y-i 

Z-i 

x.^ 

yz 

Zi 

in  the  form  of  a  determinant. 


3.  Show  that 
a'-\-V'-\-c-^  aa-\-b[3-\-cy 

Xi    ?/i    Zi 

X.,  y.  z., 

^3  yi  ^3 


h,  c 


4- 


c,  a 

7,  a 


+ 


a,  b 
a,   /3 


4.  Express 

5.  If  in 


a  b 


XI  "  n\in  the  form  of  a  determinant. 


prove 


that 


«1 

Oa    «3 

^'1 

^2      63 

Ci 

Cg        C3 

1 

i?,,   5 

«1 

Co,  c 

Aj,  be  the  minor  of  a^ , 

i?3  the  minor  of  ^3,  and  so  on, 


=  the  original  determinant. 


6.  The  square  of  a  determinant  is  a  symmetrical  determinant. 


329.  We  will  now  give  an  instance  of  the  use  of  determinants 
in  the  solution  of  equations,  and  in  elimination. 
To  solve  the  n  equations, 

axx+biy+ciz+ etc.  .  .  .  =Wi,   .         .         (i), 

aiX+hy+  etc =^2,    •         •         (2), 

etc.  =etc. 

anX+b,^+  etc ='««,  •         •         (")• 

Consider  the  determinant 

«i    bi 

a^   bi 

etc. 


etc. 


denote  it  by  D. 

Multiply  (i)  by  the  minor  of  «!,  (2)  by  the  minor  of  a^,  with 
the  negative  sign  prefixed,  and,  generally,  the  equation  {h)  by  the 
minor  of  a„  with  the  symbol  (  — 1)''~^  prefixed,  and  then  add  all 
the  results  tofether.     The  coefficient  of  x  will  be  D  (Art.  326). 
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The  coefficient  of  y  will  be  what  D  becomes  when  Z^i,  &.,  etc. 

are  written  for  «i,  a.,^,  etc.,  *.e.,  it  will  be  a  determinant  with 

two  identical  columns,  and  therefore  will  vanish.     For   similar 

reasons  the  coefficients  of  z,  etc.  all  vanish. 

Also  on  the  right  hand  we  have  what  D  becomes  when  ???i ,  ???2, 

etc.    are     written     for    «i,    a.^,    etc.,     z.e.,    the    determinant 

2:±??ii&2C8  .  .  . ; 

_2zbmi&2C3  '  •  • 

Srt^i&a  .... 

c,.    .,    ,  SdbaimoCo  .   .  . 

bimilarly    y=^y_ — = ;  2=  etc.;  etc. 

^-Cd-^Ot^     .... 

Cor.  If  m-^=7n^=  etc.  =0,  we  can  eliminate  x,  y,  etc.,  and 
the  result  is  'Edza^b.  .  .  .  =0. 


EXAMPLES.— LX  VIII. 

Solve,  by  using  determinants,  the  equations  : — 
I.  2x+7j+Bz=2  2.  x+  7/+  z=0 

ic+22       =4  {b+c)x+(c-i-a)y+{a+h)z=0 

Si/+z         =5.  bcx-{-        cay-{-        abz=l 

3.       x+2y+nic         =5  4.  2x+Sy+  z  =     3 

—  y^z-^u           =3  x-\-z-\-u=      0 

^+22— li +2.c=4  ^+22+3m=     4 

a;+ 2           -3i4=l.  -                32-2«  =  -2. 

5.  Eliminate  x,  y,  z  from  the  equations 

ax-\-hy  -\-fz—  I  =0 

lix -{-by  -{■  ez  —  m=^0 

fx-{-  ey  +  c0 —  ?«  =  0 

lx-{-'niy-\-nz         =0. 
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6.  Eliminate  x,  y^  z  from  the  equations 
n-        h^         r^ 

al      hm  _.cn_ 


X 


aV      hm       a, 

~~7-\ ~'\ ■ 

X-       y"'        z 


=  0. 


If  L-=ax-\-  hy-^-dz 
31=  bx-\-  cy-\-ez 
N=dx+  ey-\-fz 
P=  lx-\-my-\-nz, 


and  —H- 


a 

b 

d 

h 

c 

e 

d 

e 

f 

Prove  that 


0  I  m  n 
La  h  d 
M  bee 
N  d    e  f 


=P.H. 


8.  Prove  that 


2(a  +  &  +  c)aic. 


{a-\-b)-,       he,  ac 

be,        {a-\-cY,       ab 

ac,  ab,        {b-\-c) 

g.  Show  that  {x-\-y-\-z)[x—y  —  z){y—z—x){z—x—y) 

0  x  y  z 

xO  z  y 

y  z  0  X 

z  y  x  0 

I    If         r    n         II 

XT ,  yy ,  zz 

.7  V  ft 

X  X,    y  ?/,    z  z 
X  x',  y  ;-/.  z  z 


TO.  Prove  that 


y'z' 
y"z" 


zx,  xy, 

Z'X,  X7j\ 

II    II  ^11   It 

z  X  ,  X  y 


XXIV 
jfmite  HDiffcrenc00. 

330.  In  this  Chapter  we  shall  discuss  some  problems  leading 
to  what  really  are  particular  cases  of  equations  in  a  branch  of 
higher  Mathematics  called  Finite  Differences. 

The  methods  therefore  will  be  best  explained  by  giving  several 
eocamjples. 

331.  Ex.  I.  Obtain  the  nth  term  of  the  recurring  series, 

Uf^-\-u■^x-\^u.2x"' -\-  etc., 
the  scale  of  relation  being  l—px—qx'''-=Q. 

We  have,  then,  to  find  such  a  form  for  the  function  tin  as  will 
satisfy  the  relation,     ?^„— ^z%_i  — (/m„_2  =  0.         .  .  (i). 

Now  -4a"'  is  such  a  form,  when  A  is  any  constant,  and  a  a  root 
of  the  equation,  a'^—pa—q=Q.        .         .         .         (2). 

This  the  student  will  see  at  once  by  substituting,  in  (i),  Aa^ 
for  M„,  Aa'^-'^  for  Un-n  Aa"^-^  for  Un-i- 

Let  a,  p  be  the  roots  of  (2),  and  A,  B  two  constants  {i.e. 
symbols  which  do  not  change  when  n  is  changed  from  one  value 
to  another,  differing  from  the  former  by  an  integer) ;  then  not 
only  AaP'  and  i>^",  but  Aa!^-\-B(i^^  are  forms  of  w^  which 
satisfy  (i).  The  latter  form  is  the  most  general  solution  of  (i), 
and  therefore  the  most  general  form  which  can  be  found  for  the 
nth  term  of  any  series,  in  which  the  scale  of  relation  is  that 
given  above. 

We  have  still  to  determine  A  and  B,  so  that  it  may  be  the 
Tith  term  of  the  particular  given  series. 

Putting  n=0,  and  1,  successively,  we  have 
A-\-B  =  Uq 
Aa-\-Bf^  =  Ui ; 
two  equations  which  determine  A  and  B. 
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332.  We  have  stated  that  Acl<^-\-B^^  is  the  most  general 
solution  of  (i).  This  we  cannot  prove 'here,  but  the  student 
will  find  that  no  other  functions,  except  such  as  are  particular  cases 
of  the  above,  will  satisfy  (i),  if  a  and  /8  are  different.     If,  how- 

V 
ever,  4^'=  — p^,   a=/3=-^'      In  this  case,  the  general  form  of. 

Wrt  is  {C'-{-Dn)d^,  G  and  D  being  constants. 

This  the  student  can  easily  verify  for  himself  by  sub- 
stituting, in  (i),  (C-}-D7i)an  for  w„,  (C+£»rt— l)a'i-i  for  u^-i, 


(C-\-Dn  —  2)a^~^    for   Un-2,  and   remembering  that  2=~"T) 

P 

Then  C  and  D  can  be  determined  from  the  equations, 
C=:Uq,     putting  n  =  0, 
and  (C-{-D)a=Ui  „         ?z=l. 

If  the  scale  of  relation  were  1 — px—qx^ — ra;^=0,  and 
a,  ^,  y  the  roots  oi  a^  —  qa'^—pa  —  r=0,  the  general  form  of  w„ 
would  be 

Aa>^-]-B[3'^+Cy'^,  when  a,  ^,  y  are  all  different, 
Aa>^^{B-\-Cn)l3'\     „     /?  =  y,  and  a  is  diflferent, 
{A-{-Bn  +  C>i-)a'',      „      a=/3  =  7; 
J.,  ^,  C  in  each  case  being  constants,  such  as  we  had  in  Art. 
331,  and  so  on,  for  other  scales  of  relation. 


EXAMPLES.— LXIX. 

Determine  the  general  term  of  each  of  the  following  recurring 
series  : — 

1.  l  +  3x+4x2-f7a;'  +  llx*+18x5+ etc. 

2.  S  +  6x-\-Ux"-  +  SQx'  +  9Sx'  +  276x'-\-  etc. 

3.  S  +  llx+Slx"--\-95x'+2Sdx'+  etc. 

4.  3  +  15.c+63.c-  +  243x3+  etc. 
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5.  2+4x+6x=  — 54a;*—  etc. 

6.  l  +  2.c+3x-  +  5a;'  +  7:c*+9a;5+  etc. 

7.  Show  that  the  (r4-l)th  term  of  the  recurring  series, 
2-5+29-89+ etc.,  is 

l{3'-+i  +  11.2=='-(-l)'-}. 

8.  If  Wa;  be   the   coefl&cient   of  V^   in    the   development   of 

1  — 2^  — 2!!3 
■.,,.,..  .3 ,  show  that  «a+3+t<a:+2+^'a;+i+«a;=0  ;  and  hence 

find  Ux. 

9.  A  recurring  series  is  such  that  each  term  is  the  sum  of 
the  two  preceding.  Find  the  limiting  ratio  of  the  wth  to  the 
(n  — l)th  term,  when  n  is  infinite. 


333.  Ex.  2.  Find  the  nth  convergent  of  the  continued  fraction, 

a       a       a      , 

— ; ^1 r-  etc. 

a+  a+  «+ 

Let  —  denote  the  nth  convergent ;  then  the  form  for  pn  must 

satisfy  the  equation /?„=n'pn-i  +  '^/'n-2 5  •  •  •  (i)- 
Hence,  as  in  Art.  331,  if  h,  k  be  the  roots  of  the  equation, 
a;^=az+a,  Ah^^-\-Bk'^  is  the  most  general  form  forp„;  and  also 
for  qnt  since  the  function  for  q^  must  satisfy  the  equation 
g„=a2„_i  +  a2n-2,  which  is  the  same  in  form  as  (i). 
To  determine  A  and  B.     The  first  two  convergents  are 


a  '  a*  +  a 

Hence,   considering   numerators,   and  putting  n  =  l,   and  2, 
successively,  we  have 

Ah  -{-Bk  =a, 
Ah^-\-Bk-  =  aa, 
two  equations  from  which  the  values  of  A  and  B  for  p^  can  be 
obtained. 
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Similarly,  considering  denominators,  we  have 
Ah  +Bk  =a 
Ah--\-Bk"=a"+a. 

Obs.    If  a=— —  J  7i:=Jc,  and  the  general  form  for  pn,  and  for 

qn,  is  (C-{-Dn)h^,  and  C  and  D  can  be  determined  from  the 
equations, 

and  {C+D)h  =  a 


/n  \  c,Ti\i".       "  I       r  for  denominators. 
{U-\-lD)li  =^a  -\-a 


EXAMPLES.— LXX. 

1.  Find  the  value  to  n  terms  of  the  continued  fraction, 

2      2      2. 
1+1+1+  ^'''• 

2.  Find  the  nth  convergent  of, 

,  ,     4      4      4  .   ^ 

(2)4+4+4+^'°-' 
.  ,     5      5      5     ^ 
(3)  53  5-  5-^*"- 

3.  The  nth  convergent  to  the  continued  fraction, 

^^8+  8+  8+  •  •  •' 
is  twice  the  nth  convergent  to  the  continued  fraction, 

^4+  4+  4+   •  •  • 

n  1       1      1  ,        ,    . 

4.  Show  that  -TTi  =9  ~  oZl  "9  "  *  ' '  ^         being  n  quotients 

of  2. 
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5.  If  —  be  the  72th  convergent  to  V^^'  +  l,  prove  that 

9'n 


P 


^=:V^H1 


(«+ V  a' +  l)"+(«-V«!+l)! 


(In  ^     (a+Va'  +  l)"-(«-Va'  +  l)» 


334.  Ex.  3.  Find'^,  the  nth  convergent  of 

l+l+l+l+^t«- 
First,  let  n  be  odd  and  =2m+l ; 

^2m      =i^2m-i4"'*P2m— 2} 
i'2m— 1  =P2m— 2  "T  ^P2m— 3  • 

Eliminating  ^am;  ^2m-2)  *-6.,  the  numerators  of  even  rank, 
we  have  P2„j+i  =  8p2m-i  — l-P2m-3- 

Put  /?„„i+i=-4a;-'"'+i,  where  A  is  constant,  as  in  Art.  331; 
then  a;*  =  8a;-  — 12. 

The  roots  of  this  equation  are  zfc  V^,  ±  ^2;  .'.  the  general 
form  for  ^0,^+1  is 

^(V6}^'^+^  +5(-  V6)^"^+^  +  C(  V2)=™+^  +Z)(- V2)2™+i 

2j«+1  2m+l 

=  (^-^)6^   +((7-Z>)2  2  . 
Nowj9i  =  3;  .-.     (^-5)V6+  (C-D)V2=  3 

and       P3  =  12;  •••  6(4-5)V6+2(C-i>)V2=12 

.-.  (^_5)V6=|-,  (C-Z),V2=-|- 
.-.  jP2m+i=|-(6™+2™)=3.2— H3--+-1) ; 
.-,  _p2m-i  =  3.2— =(3'«-i+l). 

Also  P2m=P2m+i  — 3j52w-i 

=  3.2"'--(3''^-l). 
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Again,  the  general  form  for  q^  being  the  same  as  forp„,  we 
have  for  denominators,  since  g'i  =  l,  $3=8, 

(^-5)V6+  (C-Z>)V2  =  1, 
^{A-B)  V6+2(C-Z))  V2=8 ; 

...  (^_5)V6=|,    (a-i))V2=-4- 

Whence  vre  find,  in  the  same  way  as  for  p2m+i  ^^^  Pim-u 
Therefore    P-^^'=^^^^^^^^=S.^,,^, 

n— 1 

Hence,  if  n  be  odd,  —  =  3 .  —^^ 

^^         3"^-l 

A     -^       ^.  P-    ^    ^''-^ 

and,    if  n   be   even,    —=^--^ 


335.  Ex.  4.  Find  the  nth  convergent  of  the  continued  fraction 

J_  A  J_  A  ^ 

3_  3_  3-  3-  ^'^•■• 
First,  let  n  be  odd  and  =-1m-\-\  ; 

Pirn  ^^  ^Piin—i  —  ^Pim—i  > 

Pim—i  ^  "2'2m— 2      Pim—i  • 

Eliminating  psOT  andj^o^-j,  we  have 

/>2m  +  l  =4;>2m-i  — 4p2m-3- 

Putp2w+i=-4.c^'"'*"S  ^  being  a  constant; 
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This  equation  has  two  roots  each  equal  to  //2,  and  two  others 
each  equal  to  —  >y^2  ; 

2>n+l  2m+l 

.•.;.,„,+,  =  {^+^{2/n+l)}2  ^   _{a+D(2m+l)}2  ^ 

2»»+l  2m+l 

=  (^_(7+5-D)2  2  "+2;n(B-i))2  "  . 
Now  ;;i  =  l;       .-.  (^-C+^-i*)  V2  =  l, 

^^3  =  8;       .-.  2(^-C+i?-i))V2+4(5--Z>)V2  =  8; 

•  •  P2m+i  —  ^    -t-07?tz    . 
Also     J92m=-3(i'27ft+l+i?2m-l)=3"?2'"-l. 

Also,  the  general  form  for  qn  being  the  same  as  for  pn ,  we 
have  for  denominators,  since  g'i  =  3,  ^3=12, 
(A-C+B-n)  ^2  =  3, 
2(^-a+i?-Z))  V2+4{5-Z>)  V2  =  12; 
...  (^_(74.i?_Z))  =  A,  (B_i))  =  ___  . 

.*.  g2m+i  =  3.2'"+3m2'»=3(m+l)2™ 
and5„;„=(3m+2)2»^-^ 
mu      f       p2^+i_2™+3m2«_  l  +  3wi_ 

'  ^;;;;,-3(m+i)2--3(m+i)' 


;?2^_     3m.  2"^-^     _    3m 
^  ~"  (3m + 2)2™-i  ~  3m + 2 ' 


7)„      3n— 1  - 

Hence,  if  n  be  odd,  — =07 — rT\ 

'  '  qn     3(n+l) 

and,  if  «  be  even, --3^^^- 
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EX  AMPLES. — LXXI. 
Find  the  Titli  convergents  of  the  following : — 

^-  2+  3+  2+  3+   • 

2   2   2   2 
^'  1~  3+1-  3+^*''• 
2   3   2   3  , 
3-1+2+T+-2T'*'- 

9   1   9__1_ 

-+•  2+  -2+  2+  -2+  ^  ^' 


5-  T+ -31+1+31+ '*^- 

6  i^^^^^^etc. 
1+  1+  1+  1+ 


336.  In  the  following  class  of  examples  the  principal  difficulty 
is  similar  to  that  in  Artt.  196,  199,  203. 

TT  Gu       .1.  .    1      3      5      ,     2n-l     3^+1 

Ex.  5.  Show  that  4^  g^  g-  etc.  2^2=3;S+i ' 

2-|2  1^\n 

where  6'^-j-i^+   .   .   .    +,0    71  • 
|o  |2w+l 

Let  —  denote  the  nth  convergent,  then  the  relation  between 

9'n 

Vni  Pn—ij  Pn—2  ^S 

Pn=i2n+2)pn-^-{2n-l)pn-,    .         .         .         (i) 
=  (2n+ l)^„_i  +pn-i  —  {2n—l)pn-i; 

.'.  pn—{2n  +  l)pn-i=pn-i  —  {'^n  —  l)pn-n,  ■  (2). 

That  is,  we  have  transformed  (i)  into  an  equivalent  equation 
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(2),  of  which  one  side  is  the  same  function  of  w,  that  the  other 
is  of  w— 1 ; 

.'.   p„-(2/i+l)^„_i=^,     \ 

etc.  =etc.    C         '         '         ^^'' 

Pi—^pi  =A,     ) 

where  A  is  some  constant,  i.e.  a  symbol  which  does  not  change 
in  value,  when  n  is  changed  by  an  integer. 

We  shall  now  transform  these  into  equivalent  equations,  in 
each  of  which  the  left-hand  side  will  consist  of  the  difference  of 
two  terms,  which  will  be  respectively  the  same  functions  of  con- 
secutive integers. 

Divide  the  first  by  1.3.7  .  .  .  (2«— l)(2?i+l),  the  second  by 
1.3.7  .  .  .  (2w— 1),  etc.,  and  the  last  by  1.3.5. 

We  have 

Pn Pn-\  _  A 

1.3.7. ..(2;i+l)     1.3.7...  (2;i-l)     1.3.7...  (2w-l)(2«+l)' 

Pn-i Pn-i ^ 

1.3.7... (2/2-1)     1.3.7. ..(2;2-3)~1.3.7...(2?z-l) ' 
etc.         —  etc.  =  etc. 

_^2_  _  El  —  ^    . 

1.3.5  1.3  ~         1.3.5' 

1  2'»|n 

..,  addmg  and  remembering   that   17377— 72^^:pi\  =  j-2^^' 

=AS. 
Now  pi  =  ^j  ^2  =  6; 

.*.,  from  the  last  equation  of  (3),  .4  =  6—5=1; 
^    Pn2^  \n_l 
"    |2«+1.~3"'"'^- 
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For  denominators.     Since  the  equation  for  qn  corresponding 
to  (i)  is  of  identically  the  same  form,  we  have 

and   q„  —  bq-i^=.A. 

Now  52  =  21,  2'i  =  4; 

.-.  ^  =  21-20=1. 

qr,1-\n        4  ;,,     1  +  3^ 

Therefore     J^^  =  '^+S.    Thus  -=4q:3^- 

337.  Ex.  6.  Find  the  ?ith  convergent  of  the  continued  fraction 

3__      8  15  n^-l 

_1+  _l+  _l+  ^*^-  31+  ^*''- 

rp,       ,,         X-     4.  •   (>i+l)'-  — 1     «-+2n 
The  «th  quotient  is  ^ — — '- =  — -^ — 

Here  then  p„  =  —pn-i  +  «("  +  2)i5„_o       .         .         .         { i ), 

■  (-l)"i'.  ,  (n  +  l)(-l)"-^p»-i 
••    |n-f2   "^"  |«  +  2 

-     h,+l     ^  hi+1  -^' 


where  ^4  is  a  symbol  which  does  not  change  with  n ; 

.-.  ,.^^_^=(-lW(n  +  2), 
|n+l      |_«_      ^       /      V    T^    /' 

andf^-,i^  =  (-l)'-M{7i+l), 
I  n        \n  —  \ 

etc.   —  etc.   =  etc. 

|3      |2~^*^' 
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.*.,  adding 

-^=1+^(4-5+  .  .  .  +(_l)-.(«+l)  +  (_l)n(«+2)} 


=^r —  A     ^    ,  it  n  be  odd, 

1     P^  s    a( i  \  ^*  — 2\     Pi  ,     .ri+6  .. 
aDd  =  :^+^(4-| — ^1=-^+^    o    )  II  wbe  even 

Hence,  putting  ?i  =  2,  we  have  ^1  =  — (^_^  |     . 

4\6       2; 


(2). 
(3). 


A";ain,  -^^ 


p^       ?>      p,  3  -3 


Hence,  /or  numerators,  A  =  —\-^ —  ]■■ 

'  ^  '  4  \  6        2) 


q,      -1'  q,      -1  +  8        9 
1 
1/-3     3\         1 

2  ' 

.-,  if  n  be  odd,  ,-^  =1  .  'll^^^HiS 
'  |w+l      2^4  4    ' 

and,  if  n  be  even,  ,-'"'=: ^- =; 

'In  +  l      2         4  4 

For  denominators.     Since  the  equation  for  q^  corresponding 
to  (i)  is  of  identically  the  same  form  we  have,  as  in  (2), 

In         q-L        .«  — 1    -f      ,        ,j 
1 rT=Tr  — ^— :^— .  II  «*  be  odd, 

|w+l      2  2 

and  ==^-|-^— ^,  if  n  be  even; 
and,  as  in  (3),  ^=^|^|_|j. 

•    if  n  be  odd       ^'^    -~^      In-l         n+1 


and,ifnbeeven,|^=^+^!i+6^!L+J. 

TT            Pn          "  +  5                    a  ..  .       -,-, 

nence,  —  _ ~-     or — r  according  as  n  is  odd  or  even. 
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338.  Ex.  7.  Prove  that  h  — ^  T-r  etc.  = — -^• 
'  2+  0+  4+  e— 2 

If  —  be  the  ?zth  convergent,  we  have 

i'«=("  +  l>n-i+«Pn-2,     •  •  •  .  (l); 

•.   (w+2K=(n  +  l)(n  +  2>„_i  +  («  +  2)n;7„_, 

=  (?2+l)(n+3K_i-(?i  +  lK_i  +  (n+2>25„-2; 
(?i  +  2K-(n  +  l)(rz  +  3K_i  =  -(n  +  l)p„_i  +  ("  +  2)??p„_o; 
(_l)n(„  +  2)p„+(_l)n-i(,,4.1)(^+3)p^_^ 

=  (-l)"-i(n+lK_,  +  (-l)«-=n(n+2K_,; 
(_l)r>(„  +  2)p„  +  (_l)«-i(n  +  l)(n  +  3K.i  =  J,aconst.(2); 

...  (n+2K-(«+l)(^+3K-i=^(-l)'^; 

n  +  2            «  +  l  ^(-1)"  \ 

^-  — "-   -=  —  - To    » 


■  ■  h+3 

|n+2 
etc 


P^ 


_j_2Pn-i  — 


Pn-l 


-Pn-2  = 


_^(-l)^-^ 


?i+2 


etc.        =        etc 
4  3  A 

[5^^-|4-^^  =15; 

n+2 


(3) 


n  + 


2  3        ,    ,    f  1       1    ,  ,  (-1)") 


Now  jOi  =  l,  po  =  3; 

.,  from  the  last  of  equations  (3), 

[5    L4"Lo '  ■  ' 

■  |^^P«-|4      •^\\^     |J3_+    •  •  ■    ^172  +  3^  j 

_       l4.ofl        I4.I         1,1         1,1 


etc. 


•     h?+3  / 
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For  denominators,  we  have  the  same  general  equation  for  q^ 
as  for  p„. 

Now  g'i=2,  ^3  =  8; 

.*.,  from  the  last  of  equations  (3), 

48     ^_A_ 

|_5_     |4-|5  '  •*•  ^-^' 

.Zi±2^_S:2       |1       1  ,(-l)n 

••[^+3g»-|4+^)|5~|6+    •  •   •    "^|_«+3  j 

,__„     -l+3{l-l+^-...-|^}      _^^3^_^ 

^     n        ^12        •   •  •        |n+3  I 

= ^  ,  when  n  is  indefinitely  increased. 


I.  Prove  that 


EXAMPLES.— LXXII. 
2      11  1        1        2S" 


1+1+1+  _2_+    2-1-^' 


where    -5"=^-.-^^+  .  .  .  +(-1)"+^   ,     .  -..- 
1.2     2.6  ^       '      n(n  +  l) 

Hence  find  the  value  of  the  continued  fraction   when  n  is 
infinite. 

-1  fc")  Q 

2.  If  —  be  the  nth  convergent  to  the  fraction,  Y~r  o~7~  o~r  ^^c., 
gn  'l+'^+o  + 

prove  that^:)^+2'n=I  n+1. 
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12      3,  ,    .  ^  1 

3.  Show     that     1—-  o-r  k-t  ^^c.,    arf    zw/.    = :r 

"■  1+  -+  0+  e— 1 


and 


4.  Prove  that  ^^-^^^  etc.  ^^.^^ 


Hi 


2^  (_2)« 

+  0-T5+     •     •    •     +- 


3  |_3_^    ■    ■   ■    ^(n  +  l)|n+l 

5.  If  —  be  the  nth  convergent  to  the  continued  fraction, 
2»i 


1^  +  1 


2=  +  l 


^   ^4=+  etc. 
show  that  j9„-(n=  +  l)j>„_i  =  (-1)"+^ 

3      4      5 

6.  Prove  that  ^-^  j^  -^3  etc.,  ad  inf.  =  2. 

7.  Sum  the  series 
1.2.3.  .  n 


io~rioc~riQci7"r    • 


T:3'^1.3.5"^1.3.5.7"^   '   *   "  ^1.3.5  .  .  .  {2n+l) 

8.  Prove  that 

1       1       r+1       r  +  2^  1,1  etc 

9.  Prove  that 
1  r  2r  nr 


=  1  + 


2r+l-  3r+l-    *   ■  •    (?i+l)r+l- 


10.  Let  there  be  a  scries  of  pairs  of  quantities,  «i,  ii ;  a.,  b. ; 
as,  &3;  .  .  .  ««,  bn]  any  pair  being  formed  from  the  preceding 
pair  in  the  following  manner  : — 

.    .  ™  .      «»i     v5~l 
prove   that  when  ?i  is  mfinite  t-— — s — * 
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II.  There  are  two  vases  of  equal  capacity.  One,  A^  is  full  of 
water,  and  the  other,  i>,  is  half-full  of  wine.  B  is  filled  up  by 
pouring  into  it  part  of  the  contents  of  A^  and  then  A  is  re- 
plenished by  pouring  back  into  it  part  of  the  contents  of  B. 
After  this  double  operation  has  been  performed  n  times,  prove 
that  the  proportion  of  the  quantity  of  water  in  the  vase  A  to  the 


original  quantity  is  ^— 3(^) 


12.  Two  numbers,  a  and  &,  being  given,  two  others,  «i,  ^i,  are 
formed    from    them   by   the   formula   «i=— q — j    ^i  =  — q~  > 

and  two  more,  ag,  &2>  are  formed  from  these  in  the  same  way, 
and  so  on  continually.  Find  the  limits  to  which  a„  and  6„ 
continually  tend  as  n  increases  without  limit,  and  prove  that 
they  are  equal. 


MISCELLANEOUS    EXAMPLES. 


1.  If  (5/^2 -t-7)"'  be  expanded  by  the  Binomial  Theorem 
in  powers  of  tJ2,  prove  that  the  square  of  the  sum  of  the 
irrational  terms  differs  from  the  square  of  some  integer  by 
unity. 

2.  A  series  osi,  ij,  a^^  bn,  .  .  .  is  formed  according  to  the 
following  law : — a„  is  an  arithmetic  mean  between  aj  and 
bn-i,  and  bn  is  an  harmonic  mean  between  bi  and  «„_!.  Show 
that  anbn'=(fibi  • 

3.  Prove  that  3'-"+-  — 8«— 9  is  divisible  by  64  for  all  positive 
integral  values  of  n. 

4.  Solve  the  equations, 

(i)  x*=4(;c— 1)(1— a;— a;-); 

(2)  2x*-4x+l  =  0; 

(3)  (^-2i/)-  =  ?/-^ 

3^(4x-15)=<3x+l). 

5.  Find  the  condition  that  the  equations, 

Ix-  +  wi?/"  +  nz-  =  0 

ax-\-by-]rcz    =0, 
may  lead  to  only  one  set  of  values  for  the  ratios  x  -.y.z ;  and 

.      Ix     my     nz 
show  that,  if  this  condition  hold,  — ~~Y~'c  ' 


6.  Prove  that 


X    X-  x^ 
x^  x^  .   . 


=  — cc«(a;"-l)'^*. 


X^  X    X-   .    .    .   x 
7.   Sum  to  n  terms  the  following  series, 
1.1.1 


(^)   r^+1 


1.^+  etc. 


1.5.9  •  5.9.13^9.13.17 
{2)    3  +  31  +  235  +  1575+  etc., 


'2)  being  recurring. 
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8.  Show  that  a  recurring  series,  whose  scale  of  relation  is 
1  —  'px  —  jx*,  will  be  convergent  or  divergent,  according  as  x  is 
less  or  greater  than  the  numerically  least  root  of  the  equation 
1 — j)x — 5x^  =  0. 

9.  If  Sr  is  equal  to  the  sum  of  the  products,  r  together,  of 
1,  a?,  a;^,   .  .  .  x"~^,  prove  that 

(7i-l)  («-2r) 

10.  If  Oi,  Co,  «3,  .  .   .  an  be  in  H.P.,  prove  that 

(n—2) 
and  «ia3  +  a2a4+  .  .  .  +a„_2a,j= — ^ — («i^m-i  +  «2<^w)- 

11.  Prove  that  (a?— (ow)«=Z— wF  )     ,  ^ 

„  ,       ^       „^^  >  where  oi^  =  l, 
[X — (a"7/)'"=X. — o)"!   ) 

X  and  Y  being  rational  functions  of  x  and  y. 

Thence  prove  that 
{x"--[-xi/-\-7/^Y-  can  be  put  into  the  form  X-+XY+Y^,  n  being 
integral. 

If?z  =  2,      X=x"'—y\  Y=1xy-\-y^; 

72  =  3,      X=x-'  —  My--7f,     Y=^xy[x-\-y). 

12.  The  equations,  a;^+?/^+2'  — 3j'?/-=a' 

«;+?/+-  =c, 

cannot  be  simultaneously  true,  unless  c'  — a'  =  3c&^;  and  if 
this  holds,  they  are  true  for  an  infinite  number  of  values  of 
X,  y,  z. 

13.  Prove  that  the  first  l  +  ?n-  terms  of  the  expansion  for 

(V—x)  '",  according  to  ascending  powers  of  a;,  can  be  made 
greater  than  any  assignable  quantity  by  taking  m  large  enough, 
if  a;— 1  be  positive  and  not  a  function  of  m. 
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14.  Prove  that  the  equation, 

Kfz 

(a;-l)(a;-2)  .   .  .  {x—\m-\-1) 


1     (a.-l)(x-2)     (a;-l)(^-2)(^-3)(x-4) 
2.3         "^  2.3.4.5 


2.3  ..  .  4m-l  ""*^' 

is  satisfied  by  x=— 1,  and  by  a:;=4?2,  where  n  may  have  any 
integral  value  from  1  up  to  m  inclusive. 

15-  If  7(1)1  ■^  =  «,7(2)I"-  =  a+/(l),   .  .  .  Mf^  =  a+/(»-l), 
where  /(n)  is  positive,  whatever  integer  n  be,  prove  that 


l  +  Vl+4a-2/(n+l) 


< 


l4-Vl+4a/' 


l  +  Vl+4a-2/(l) 
and  is  positive. 

16.  If  the  square  of  the  sum  of  n  real  quantities  be  equal  to 

In 

— Y  times  the  sum   of  their   products,  taken   two  and   two 

I'^ogether,  the  n  quantities  are  all  equal  to  one  another. 

17.  Solve  the  equations, 

fa)  a;^-3x+2  =  0,       (^)  Va;^+4.c+3'+v'x^  +  2x-3=a;+3. 
t8.  Prove  that  the  coefficient  of  ic-"  in  the  expansion  of 
1  .      (n  +  l)(4M^  +  lln+6) 


(l-a:)(l+x)*  6 

{9.  Given  yz-^zx-\-xxj^\^  show  that 

a;  2/  2     _  ^xyz 


X—x'^^l—y-'^X-z''     (l-a;-)(l-^=)(l-z») 

20.  Given  ?/-  —  x^-=ay — /?j?,  4xi/  =  ax-\-j3>/,  and  a:^4-i'*  =  l, 
eliminate  a;  and  y,  and  show  that  (a-\-f:i)-\-(a—/3)=2. 

21.  Show  that 


22.  Prove  that 


9  13  17  4 

18  28  33  8 

30  40  54  13 

24  37  46  11 


=  -15. 
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23.  If    {by—cxY  =  {b-  —  ac){y"  —  cz)^    prove    that    {bx  —  ay)- 
=  {h-  —  ca){x-  —  az). 

Also  if  (|+|!)g+|;-3)=^  ,  show  that 

(S4-){(S4-j-"}(:-i4)-(i4)- 

24.  Show  that  the   s\im  of  all  the  products   of  the  first   n 
natural  numbers,  three  together,  is 

48 

25.  Investigate  whether  the  following  series  be  convergent  or 
divergent : — 

1      2^     3* 

(2)l+T^+^+^+   .  .  .  adinf, 

26.  Solve  the  equations, 

(i.)  a;^  +  i=W2V^^-i; 

'^  ■'^    i(a;*-a^)(3/''-^'^)=n(6x-a^)*. 

27.  If  in  the  scale  12  a  square  number  ends  with  a  single 
cypher,  the  preceding  digit  is  3,  and  the  cube  of  the  square  root 
ends  with  60. 

28.  Find    the    sums    of    every   fourth    terms    of  the    series, 

l+x+nT+r-5-+  etc.  ad  inf.,  commencing  respectively  at  the 

[A.   i_ 

first,  second,  third,  and  fourth  terms. 

29.  Show  that  the  series, 

22p  3^P        ,  ,  ,     rf^ 

(i:2r^^ +(1:2:37^+  •  ■  •  +{T^^+^*«-' 

is  convergent,  or  divergent,  according  as  x  is<,  or>,  e"^,  p being 
positive. 

30.  Prove  that,  if  the  denominator  of  a  continued  fraction  be  a 
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prime  number,  the  error  made  by  taking  the  second  last  con- 
vergent cannot  be  an  exact  multiple  of  the  error  made  by  taking 
the  last  convergent. 

31.  Solve  the  equations, 

(a)  1+1+1=4 

11 

yz-^zx^xy=-^xyz 

2x2-\-Syz=2xy. 

32.  Prove  the  following  equalities  : — 

(i)  a-{b  +  c)"  +  h"ic+ay+c-{a-{-hy  +  2abc(aA-h  +  c) 

=  2(bc+ca-^aiy. 
(2)  a"b-c^  —  a-{s—ay  —  l'-(s—hy  —  c-{s—cy 

+  2{s-ay(s-hf(s-cy 
=  2{(s-&)(s-c)  +  (s-c)(s-a)  +  (s-aXs-i)}^ 

,  a-\-l>-\-c 

where  s= —  • 

l-2x^+x^+i 

33.  If  a;   be   a   positive  integer,  prove   that   — n  —  a;V — 

is  a  positive  integer. 

34.  Solve  the  equations,  (i)  x- -{■px+2c\/ x"  +2^x+g-  =2cq. 

(  ax"  +  bxy+nf  =  5a+2b, 
^^^\  cx"'  +  bxy+mj-  =  5c  +  2b. 

35.  Prove    that    the    relation    ^(x+2)  =  <^(x-+l)+<^(a-)    ia 
satisfied,  if  <})(x)  is  a  function  of  the  form 


Using  this  result,  prove  that,  if  a  and  b  arc  the  first  and  second 
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terms  of  a  series,  such  that  any  term  is  the  product  of  the  two 
preceding  terms,  the  n\h.  term  is  cCh^  where 

and  s  is  a  similar  quantity  with  n—\  as  exponent  instead  of 
«-2. 

36.  Solve  the  equation, 

and  the  equations, 

mi     rzi 
miX+ni3/=— +—  +  "*» 

37.  Show  that,  if  w— 1,  n+1  be  both  prime  numbers  greater 
than  5,  7i-(n- +16)  will  be  divisible  by  720,  and  that  n  will  be 
one  of  the  forms  30^  30f  ±12. 

38.  Find  the  values  of  a;,  y  and  z  which  simultaneously 
satisfy  the  following  equations  : — 

x+i/+z=a,  f' ^1xy=x"'=z" -^Izx^r'^yz. 

39.  \imx-C- ■\-ny^=a' ^mx^' -^ny.^  =.a?  and mXiX2-{-nyiy2  =  0, 

then  a:i2+X22=— ,  and  yi'+y2-=—' 

40.  If  VaJ'-+a.c— 1+  Vx^  +  Z^x— 1=  V^+  V^j 

then.;=l,or^^^_^^^,_4- 

41.  Solve  the  equations 

yz-\-zx+xy=3, 

yz{y+z)+zx{z-i-x)+xy{x+y)=B, 
yz{y"-  -^z-)-^zx{z-  +  x'')^xyi^x'  +^") =3. 

42.  Eliminate  x  and  2/  from  the  equations 

ax-\-hy^^x-\-rj-\-xij-=-x"  Ary"'  —  \'=-^i 

,1,1  1 

and  show  that  — +7t=. 


a"-h-      (a-hy 
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43.  Prove  that 

.       X  ,    ^^^      11 
Solve  the  equation  "o  wZ'^^^^Tfi' 

44.  Solve  the  equations,        x^y-\-z=.^a  "i 

45.  Solve  the  equations, 

x^  +  —  =  2a-x- 

X 

and    a:*+;y*— x"—  V— 1?/'  =  0, 

a;2_|-2/2_a;  —  f^—ly  =0. 

46.  Solve  the  equations,a;^+3/^+2'  =  3i;^2,x-a=3/—&=c—c. 

47.  Solve  the  equations 

,     481 
6{x'-^y"-+z"-)  =  lS{x+y+z)  =  -Q- ,  xy=z\ 

48.  Find  the  sum  of  the  series,  continued  to  n  terms, 

1.3=  +  2.4"-  +  3.5=+  etc. 

49.  If  nPr  denote  the  number  of  permutations  of  n  things, 
taken  r  together,  show  that  the  limit  of  the  expression 

l0g{„Pi  +  nP2+    .    •    •    +n-Pn}-log|_n_, 

when  n  is  indefinitely  increased,  is  unity. 

50.  Eliminate  ?,  m,  n  from  the  equations 

a'^P-{-'b"m^-\-c-n^  =  a'H-\-h'-m-\-c''^n, 
al=hm=^cn, 
l^-\-m^  +  n-  =  l. 

51.  If  nPr  denote  the  number  of  permutations  of  n  things, 
taken  r  together,  and  2(„/*)  denote  nPi+nPi+  ■  •  •  +n-Pni 
show  that 

2(n+xP)  =  («+l){2UP)  +  l}. 
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52.  There  are  two  numbers,  a  and  h.  It  is  required  to  find  n 
intermediate  numbers,  ai,  oto,  •  •  •  ««,  so  that  a^  —  a,  «2  — «i> 
«3  — «2,  .  •  .  dn—i  iii^y  foi'Jii  s'l  -A-.  P.  with  the  common  diifer- 
ence  d. 

Determine  aj,  a^,  .  .  .  ;  and  find  the  limits  between  which  d 
must  lie. 

53.  What  is  the  limiting  value  of  x-\ — -;-  —r-  .  ■  •  ,  when 

X  approaches  zero. 

54.  Solve  the  equations, 


>'  =73    j 


2x-  +  2xi/-\-  if 

55.  The  coefficient  of  x^'  in  the  expansion  of 

{l+o-){l  +  cx){l  +  c-'x)  .  .   ., 
the  number  of  factors  being  unlimited,  and  c  less  than  unity,  is 
equal  to 

(l-ci)(l-c=)(l-c«)  .  .  .   (1-c'-) ' 

56.  If  Ao,Ai,A2,  ...  be  the  successive  coefficients  of  a 
binomial  raised  to  an  integral  power  n,  show  that 

(^0—^+^4—  etc.)'  +  Mi-^3+^5—  etc.)' 

=^o+^i+A+   .  .  .   4-A. 

H.      _L      i 
5  7.  If  a,  b,  c  be  positive  integers,  and  a*,  J"'',  c*  be  in  G.  P., 

show  that  a*",  b"""",  c*"  are  also  in  G.  P. 

58.  A  gentleman  and  his  family  drink  year  by  year  a  quantity 
of  sherry,  which  varies,  directly  as  his  income,  directly  as  the 
square  of  the  mean  annual  temperature,  and  inversely  as  the 
price  of  the  wine.  One  year  when  his  income  was  £600  and 
the  mean  temperature  49°,  they  drank  6  octaves  at  £8  the 
octave.  Another  year,  when  the  mean  temperature  was  50°, 
they  drank  9  octaves  at  £10  the  octave.  What  was  the  gentle- 
man's income  in  the  latter  year  ? 

59.  If  pCn  denote  the  number  of  combinations  of  2?  things,  n 

u 


292  MISCELLANEOUS  EXAMPLES. 

together,  where  p  is  a  prime  number,  prove  thatp_iC„+(— 1}"~' 
is  divisible  by  j:*. 

60.  Show  that  the  number  of  ways,  in  which  mn  things  can 
be  divided  among  m  persons,  so  that  each  shall  have  n  of  them, 

I  inin 

61.  If  the  odd  convergents  to  a  continued  fraction  be 
-T^ ,  — ,  .  .  .  ""  ,  the  corresponding  quotients  being 
Pi,???3,  ^5  .  .  .  ???o„-(.i,  prove  that  the  continued  fraetion  is  equal 
to,.,  +  i^+^+.   .    .   +-^^^_+etc. 

Give  the  last  term  of  this  series. 

62.  Solve  the  equations, 

(i.)  l+4x-8.f3+2a;*  =  0; 

(ii.)   4'(x"-^a^){t-\-h"-)-\-^J{x-^  +  ¥){y^'  +  a"-)  =  {a+h)\ 
x-\-y=a-{-h. 

63.  There  are  p+g  numbers,  a,  /i,  y,  .  .  . ,  of  which  ^  are  even 
and  q  odd.  Show  that  the  sum  of  the  products,  taken  3  and  3 
together,  of  the  quantities  (-^1)",  (  — 1)^  (  — l)"^?   •  •  •  ^^c.  is 

m<i-pY-^<'f-f)+'^{<i-p)]- 

64.  liXn=x{x-\-l){x-\-'i)  .   o  .   (a;4-?2  —  l),  show  that 

«(n— 1) 
{x■\-y)n=Xn-]rnXn-^yx^ — -j-^"  a-„_2?/2+etc.  .  .  .  +^„. 

In  \n 

,n{n-l)  h  . 

+"172^   [r+2|n-r-2"''  ®  ''•' 

then 

7i(7i-l),    ,  ,,     (2n+l)(2n+2)...3n 
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66.  If  2^r=- \ — ^ — ' ,  prove  that 


67.  If  '\/x-{-a-\-b-{-  ^/x  +  c  +  d=  '/x-\-a  —  c-\-  ^x—b-\-d, 
then  b-\-c  =  0. 

li  x--\-y--{-z-=xyz-\-4:,  prove  that 

{ijz-xy-  +  {zx-7/)--\-{x7j-zY  =  {yz-x){zx-y){xy-z)+i. 

68.  Solve  the  equations, 

(i)  a^— 8a-^=2; 

(2)  10^=2; 

(3)  1"'=^'' 

69.  Find  the  value  ^i      a>'_2x^-\-2x-i —  "^^^  ^~^'  ^^^ 

also  of  — *-=-  when  a;=l. 
a;— 1 

70.  Solve  the  equations,  4x10     =25  x  2  ; 

and  2-^=32'  ) 

22/+i  =  3x-i  J  ' 

71.  Solve  the  equation 

5  5 

x"'-1x-\-10'^x-'-lSx+iO^^"'~'^^^'^'^^' 

72.  Having  given  w„=nM„_i  +  (— 1)"  and  tii  =  0,  prove  that 

I  ,  ,  n(n  —  l)  nin — 1) 

|2^=w„+nM„_i+-A__/y^__[_    .    ,    .   +   ^^^     ^2  +  1;     and 

Uyi      .  .  1 

that  ,—  is  ultimately  equal  to  — ,  when  n  increases  indefinitely. 


73.  If  a,  /3  be   the   roots    of  the    equation  ax'-\-hx-{-c=0, 
•ove  that  the  quadratic  equation,  wh 


prove  that  the  quadratic  equation,  whose  roots  are  -75  >       >  is 
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74.  Show  that  for  all  integer  values  of  /?,  the  series 
(„_2)(7i-3)     (n-3)(n-4)(n-5) 


1_(,,_1)+^ ^ 


+  ...  =  =tlorO, 


=  0. 


stopping  at  the  first  term  which  vanishes. 

75.  Prove  that  the  condition,  that  ax^-\-11:)X]j-\-cy''-  should 
contain  Lx-\-My  as  a  factor,  can  be  expressed  thus, 

a  h  L 
h  c  M 
L  31  0 

76.  Find  u,  V,  x,  y  from  the  four  equations 
u-\-v=a,     ux-\-vy=h,     vx--\-vy-=c,     ux^-\-vy^=d. 

77.  Given  that  x-\-  ^x+2=^      /J~'  ^^^  '*' 

78.  If  a+7;+c=0,  prove  that  (a'  +  b'+c-y-  =  2{a*-\-h'-{-c*). 

79.  A  person  has  £15,000  invested  at  4  per  cent.  He  spends 
£500  a  year  and  invests  the  remainder  at  the  same  rate.  Deter- 
mine in  how  many  years  his  investment  will  be  trebled. 

Iog2  =  -30103,     logl-3=-11394. 

80.  Sum  the  series, 

1.4,7+2.5.8a;+3.6.9.c"+  .  .  .  ton  terms; 
x-\-2x"-{-7x^+'20x*+Qlx^+  .  .  .  adinf. 

81.  Prove  that 


h-\-e  a  a 

~~a    '  6  +  c'  h-\-c 

b  c+a  b 

c+tf '  b     '  c-\-a 

c  c  a-\-b 

a+&'  a-\-b'  ~~c' 
3-2. 


2(q-f&+c)'' 
=  (7;+c)(c+a)(a+J)' 


82.  Expand  j^ — o  ._,    -.y.  in  ascending  powers  of  a;,  and  find 
the  coefficient  of  ic''. 
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83.  If  n  be  a  positive  integer  not  less  than  2,  show  that 

«"(&— c)  +  Z;"(c— a)+c"(a— &) 
is  divisible  by  {a—b){b—c){c—a). 

Determine  the  quotients  for  the  values  3,  4,  and  5  of  n. 
State  the  general  form  of  the  quotient. 

84.  In  the  series,  «i  +  a2+  .  .  .  +«,i+  etc.,  the  (n+l)th  term 

is  derived  from  the  preceding  by  the  formula,  a„+i  =-^     '     '. 

'In  —  an 

Prove  that  an=n --^ — ~-^ .     And  if  a»,+i  = — ~- —  , 

n  —  {n  —  l)ai  p-\-(l~^n 


then  «n=-4 — ^,  where  c=— 


-^ 


p^—cq^  o-o—p 

85.  If  n  persons  agree  each  to  name  a  number  not  greater 
than  n,  what  is  the  chance  (i)  that  no  two  persons  name  the 
sam*^  number,  and  (2)  that  they  all  name  the  same  number? 

86.  Find  all  the  numbers  of  3  digits  each,  which  satisfy  the 
condition  that  the  sum  of  the  digits  shall  be  15,  and  the  number 
formed  by  reversing  the  order  of  the  digits  shall  exceed  the 
number  by  198. 

87.  If  a,  /3,  y,  S  are  the  roots  of  the  equation, 

x'^—p)X^-\-qx'^  —  rx-{-s=0, 

express,  in  terms  of  the  coefficients,  the  determinant 

a  1    1    1 

1/311 

1    1    7  1 

Ills 

88.  If  x'^-\-px"-\-qx-\-r,  x^-\-p)'x--\-q'x-\-r'  have  a  common 
factor  of  the  form  x —  a,  show  that 

{p—iy){rq'—r'q)  —  {r—r'Y 


a^- 


'{q—a'){r—r')  —  {p—p'){rp'  —  r'2))' 
PiP'}  I1  l'i  ^5  ^'  being  subject  to  an  equation  of  condition. 

89.  The  diameter  of  a  crown  and  half-crown  are  "81,  and 
•666  inches  respectively.     Find  the  least  number  of  coins  which 
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can  be  placed  in  a  row  9  feet  long.     Find  also  the  smallest  sum 
which  such  a  row  may  be  made  to  represent. 

90.  If  n  be  a  prime  number  and  N  prime  to  n^  prove  that 
iV»'"+' -«'■—!  is  a  multiple  of  n''+i. 

91.  li  a,h,  and  n  are  positive  integers,  and  b  less  than  2a  — 1, 
show  that  the  integral  part  of  (a  +  v«"  —  S)"'  is  an  odd  number. 

92.  Is  the  series -?r(  1 7o)"^T  P" j?,]-\-etc.,  ad  infini- 
tum, divergent  or  convergent  ? 

93.  Show  that  the  radix  of  the  scale,  in  which  49  represents 
a  square  number,  must  be  of  the  form  m(m  —  S). 

94.  Ten  persons  each  write  down  one  of  the  digits  0, 1,  2,  ...  9 
at  random.     Find  the  probability  of  all  ten  digits  being  written. 

95.  If  the  number  of  years  (e),  which  a  person,  whose  age  is 
a,  may  expect  to  live,  be  approximately  represented  by  the  equa- 
tion £  =  #(80  —  a),  what  would  it  cost  a  man,  whose  age  is  32, 
to  purchase  an  annuity  of  £100  for  life,  interest  being  reckoned 
at  4  per  cent.  ? 

96.  If  Cn,  l>n  be  the  coefficients  of  x"  in  the  expansions  of 

2—x  1 

l—Ax+x"'  ^^^  l—4:x4-x"-  respectively  ;  then  will  a^''-3V  =  l- 

97.  A  and  B  have  equal  sums  of  money  (S).  A  gives  B  one 
nth  of  what  he  has,  then  B  gives  A  one  ;ith  of  what  he  has,  then 
A  gives  B  one  71th.  of  what  he  has,  and  so  on.  Show  that  after 
A  has  given  B  x  times  and  received  x  times  he  will  have 


i'-i) 


^  1--     +s~ 


\H^-^J 


98.  A  and  B  throw  for  a  certain  stake,  each  with  one  die, 
at  one  throw,  ^'s  die  is  marked  2,  3,  4,  5,  6,  7,  and  B's  die 
1,  2,  ...  6,  equal  throws  dividing  the  stake.  Show  that  A's 
expectation  is  f  f  of  the  stake. 
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99.  \i  X  be  a  prime  and  r  any  number,  then  a;''  +  4  cannot 
be  a  square  number. 

^      ,         36+6Qa;+a:^— 50a;^— 36x^-10a;''-a;'' 
(6  +  5x-— 5x-  — 5x=— a;'')-  ' 

in  ascending  powers  of  x  as  far  as  x^. 

loi.  A  number  taken  at  random,  in  the  scale  of  10,  is  squared. 
Show  that  it  is  an  even  chance  that  the  digits  in  the  unit's  place 
of  the  result  is  an  even  number,  and  that  it  is  4  to  1  that  the 
digit  in  the  ten's  place  is  an  even  number. 

102.  If  n  be  a  prime  number  greater  than  2,  prove  that  any 
number  in  the  scale,  whose  radix  is  2n,  ends  in  the  same  digit  as 
its  nth  power. 

103.  Solve  the  equations, 

x"{y-\-z)-=a^,  y^-{z-{-x)  =  h%  xyz=c\ 

104.  If  P=ao+«i«+«2"^  +   ■   •   •    +ctiia'^, 

show  that,  when  ao  =  a„,  ai  =  (7„_i,  etc.,  P :  Q=a' :  I3'\  where 
a,  /3  are  the  roots  of  the  quadratic  a;"+j?x4-l  =  0. 

105.  If  ax^-{-^lx'-\-d  and  hx^-\-iidx-\-e  have  a  common 
measure,  prove  that 

{ae—U(l)^  =  27{acP  +  b-ey. 

106.  Show   that,    if   x^'-{-2)y'''-\-qz'^    is    exactly   divisible    by 

x^-(mj+hz)x-^abyz,  then  ^+-|^^4-1  =  0. 

107.  If  n  be  a  prime  number  and  2^  ^^J  integer,  then 
(,i2p2_i^n-i_|_i  and  (??j;+l)"-i  +  (??jj— l)«-i  have  the  same 
remainder  when  divided  by  n". 

If  n  be  a  prime  and  in  not  divisible  by  ??,  prove  that 

I2n-1 


^-1. 


■1| 


(m—l)  is  a  multiple  of  n. 


108.  There  are  n  dice  in  the  shape  of  regular  tetrahedrons, 
which  have  each  one  side  marked  with  2,  two  sides  with  1,  and 
the  remaining  side  blank.     If  they  are  thrown  on  a  table,  show 
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that  the  chance  of  the  sum  of  the  numbers  on  the  uncovered 
sides  amounting  to  3«  exactly  is  ;^  -^-^ — '  '  '   ^'^  ~   ' . 

109.  Find  the  scale  in  which  the  number  16640  in  the 
common  scale  appears  as  40400. 

1 10.  From  a  box  containing  three  ,£50  notes,  three  £20  notes, 
and  three  £10  notes,  three  notes  are  taken  at  random  and  put 
into  a  bag.  A  note  is  drawn  out  twice  from  the  bag  and  replaced. 
Each  time  it  is  found  to  be  a  £50  note.  Find  the  probable  value 
of  the  contents  of  the  bag,  supposing  (i)  that  the  numbers  on 
the  notes  drawn  were  not  observed,  (2)  that  they  were  observed 
and  found  to  be  the  same,  (3)  that  they  were  observed  and 
found  to  be  different. 

111.  Show  that  the  greatest  coefficient  in  the  expansion  c^ 

(«!+«„ 4-  .  .  .   +a,«)'^  is  ^-|_=—,  where  2- is  the  quotient, 

and  r  the  remainder,  when  n  is  divided  by  m. 

112.  Show  that 

?;+n"^(i5+n)(p+2«)'*'(j.+n)(ij+2/i)Qj+3?0"^  •'■      •  *"-^- 
= ,  if  j;>l  and»+n>0. 

113.  Examine  in  what  cases  the  following  series  is  con ver"-ent 
or  divergent, 

^^^%x'^^~x^^  .  .  .  +['l±lj"V+   .  .  . 

114.  Sum  the  series 

1        ,        1,1, 

l(H^l)+2(n+2)+3(n  +  3)+  •  •  •  «^  infinitum, 
and  thence  show  that,  if  an  be  the  coefficient  of  a;"  in  the 

expansion  of  log(l  +a;)logj  l-\ —  1, 

(_l)«no,  =  l+-i+-|+  ...+^- 
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115.  In  the  equation,  x'^—1ax^-\-hx'^-\-cx-\-f-=^^  the  sum  of 
two  roots  is  a.  Find  all  the  roots,  and  determine  the  relation 
which  must  exist  between  the  coefficients  of  the  given  equation. 

116.  Find  an  expression  for  the  series 


1+77  a;+ 


(>^_l)(,,_2)^^^  ,(n-2)(n-3)(n-4) 


x'^-\-  etc. 


1.2  ^  1.2.3 

Thesumof  all  terms  of  the  series,  1.2+2.3  +  3.4  .  .  .  +(n— 1)», 
which  on  division  by  7  have  an  odd  remainder,  and  of  which 
(?2  +  3)(n^  +  6«-4) 


{n—V)n  is  the  greatest,  is 


21 


1 

sa 
2{s-a)(s-h) 


117.  If  2s=a  +  &+c,  prove  that 

0  1  1 

1  2{s-h)(s-e)  sc 
1                 sc           2(s— c)(s— a) 
1                 sh  sa 

=  -l(js{s-a){s-b){s  —  c). 

118.  A  box  contains  three  Bank  of  England  notes,  any  of 
which  may  be  a  five-pound,  ten-pound,  or  a  twenty-pound  note ; 
one  is  drawn,  found  to  be  a  five-pound  note,  and  then  replaced. 
What  is  another  draw  worth  ? 

119.  Show  that  the  sum  of  the  series,  2+6  +  14+30+  etc., 
is  2'»+"-(2n+4). 

120.  Prove  that  the  determinant 
a  b  c 
cab 
b  c  a 

is  divisible  by  a+w5+a)*c,  when  w  is  a  cube  root  of  unity. 

121.  li  Snhe  the  sum  of  the  nth  powers  of  a  number  of  terms 
of  an  A.  P.,  of  which  a  is  the  first  and  I  the  last  term,  and  8 
their  common  difierence,  and  if 


(S+8)n  =  Sn-\-nSn-^S  + 


n(n—l) 


Sn-.8"-  + 


n(n—l){n—2) 


Sn-zS^-{-  etc., 


1.2     ^''-■'^    '  [3 

the  coefficients  following  the  law  of  the  binomial  theorem,  then 
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122.  Prove  that  (l+x)«(l+x")>2"+ia;"',  n  being  positive. 

123.  Prove  that,  r*'^+2nr="-i>l  +  2nr-"+i, 

and  r  -  {r  '  ■\-ii)>nr  ^  +1,  when  r>l. 

124.  If  «!,  «o,  .   .  .  «,i  be  any  odd  numbers,  and  if /SV  be  the 
sum  of  their  products,  taken  r  together,  prove  that 

8\-\-^".-\-^z-\-  •  •  -  •\-^n-\i 
and   8,-R,^S,^  .  .  .   +(-l)-5n_, 
are  both  even  numbers. 

If  X  be  any  odd  number,  prove  that 

l_,.+^:(^)-^-("-l)(^-g)+  etc.  =0, 


ANSWERS. 


APPENDIX    TO    PART    I. 


I. 

P- 

X. 

I.  x=  —  {a-\~b  +  c), 

2.    X=\. 

7/  =  hc-\-ca-\-ab, 

y  =  % 

z=—abc. 

r=3. 

1 

11 

3.  a:=3, 


_  1  _    17  a" 

y-~ ih-n\(h-r\'     y-^^'    7-  2^= 


(b-a){b-c)'        ^       20'        '•  (a-c)(a-&)' 


(c— 5)(c— a)  40  '  mn 

II.  p.  xiii. 
74.  2.  Remainder  =5.  3.  Remainder =8. 


III. 


p.  xvu. 


I.  a^>2,  or<4-     2.-^^.     3.  Itis  >-7+4V3, 
o  o  - 

8 ±  a/247  28 

or  <— 7— 4/^3;    Between  ^-^^^^ —  •       4.  -k--      5.  All  be- 

2±  VlT 
tween   ^^ 6.  All    between    9=t4V5-     All    between 

7.  -^    and    — 2- 
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IV.  p.  xviii. 


n(n4-l)(?2+2)(n  +  3) 


3.  0,^^  .  4.  2n\n-^iy 


6. 


(n+l)(^+2)(3n+i: 
12 


2n 


2.  -j(n+l)(2n  +  l). 

n{n-\-l)(2n-\-7) 
5-  6 


PART    II. 
I.  p.  10. 

a-{-b  V— 1     x^ —if —  Ixy  sl^X 


a" +62 


a;'+^^ 


;  ?/-a:\/— 1. 


3.-?g=^-).     4.3V2.5.-i±^;1.6.1-4V=6. 


7-  V2«+2V^M^+2V^M^- 

8.    ^-1;  l_2\/"i:2.         10.   V6i-2Vl3. 


II.  p.  20. 


11 

10.  x^+?/*.  16.  .TJ  must  not  be  <f 


19.  x-\ — >4,  if  xis  positive,  and  >3  or  <1, 

<4,   .   .   .   negative,  or  between  1  and  3. 
-3±2V2. 


ANSWERS.  303 


III.  p.  24. 

2w                                \2^  ^    (2n-l)2'^ 

^'  (2n-l)(2/2+l)'             2-  22«{|^}'''  2"       |n+2 

x'»-i  1 

4-  ,i(«+l)(n+2)'                             ^'  («aJ+l)(«rK+2.i;+l)' 

6.  _(3n-4)a;'*-i.               7.  2»-l.  8.  (3?z-2)ic"-i. 

1 

9.  (-l)«-%(a+/^-l)a:»-^  10.  8(^+2)(.,+3)  * 

II    r-lV«-^2^^^. 

Ir— Ti+l  1 

^4-  (-i)'^-i^TT^2^r^^-"-  '5.  (2^+1)12^-1- 

2*1-1 
16. 


n+1 
*  IV.  p.  34. 

2.  Div.      3.  Div.      4.  Div-      5.  Div.      6.  Div.      7.  Div. 
8.  Div. 

V.  p.  40. 

3.  If  x=  or  <1,  Div.;  if  a;>l,  Conv. 

4.  If  :k=  or  >1,  Div.;  if  x<l-,  Conv. 

5.  If  a;<l,  Conv.;  \ix=,  or  >1,  Div. 

6.  If  ^=,  or  >1,  Div.;  if  a;<l,  Conv. 

7.  \ix=,  or  >1,  Div.;  if  x<l,  Conv. 

8.  If  w  is  positive,  but  not  integral,  and  x=,  or  <1,  Conv.; 
otherwise  Div. 
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VI.  p.  42. 
7.  When  x=,  or  <1. 

VII.  p.  42. 

1.  (1.)  Div.;  (2.)  Div. 

2.  Ifa<l,  Conv. ;  if  a  =  ,  or  >1,  Div. 

VIII.  p.  46. 

..  2(l+5a!+!5a^+etc.).        4.  2(l+^+^+etc.). 


'[4     [6' 


6-    2(^+6-^-2).  9.  2(l-T^  +  ^-r^+etc.). 


10.  v^— 1. 

IX.  p.  50. 

X.  p.  55. 

I.  gc—q^a—pg(b—pa)  —  e=0,  2.  4(2=  —  4(m4-l)+l'^ 

qd—pe—q-{b—pa)  =0. 

3.  (B'-CA){D--AF)={BD-EAy. 

4.  (2x+2/-3)(a;-ll^+l).  5.  (2x^+x+2)=-(V5.i-)-^ 
6.  (1.)    4cZ;fZ  =  8acZ-+c2;  (2.)  i3  +  8a-c/=4ak;  1,  i,  -1. 

XI.  p.  59. 

I.  a-\-(J)—a)x—lz^-\-ax^-\-(Ji—a)x^  —  hoi^-\-  etc. 

3.  a:=y+^+^+  etc. 
6.  -3  +  3i+3-«+  etc. 
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XII.  p.  63. 

1.  If  a:<l,  andp=-.     t)  .;  when  p  is  an  integer  it  is  the 

(^+l)th  and  the  ^th,  when  p  is  not  an  integer,  let  q  denote 
its  integral  part,  then  it  is  the  {q-\-l)i\i. 

2.  If  a:=or<3,  it  is  the  1st;  if  a;>3,  there  is  no  greatest 
term. 

,1  3a; 

3.  If  ^<-o",  as  in  1,  where  P—on  _^  A* 

4.  If  x=or<^,  it  is  the  Ist;  if  x>\y  there  is  no  greatest 

term. 

7 
<  or  >  ^. 


2  Zx 

5.  If  a:<-K-  and  p=-^ — p-  >  ^^^n  as  m  1. 

o  ^  —  oX 


O 


6.  If  x=,  or  <,  -o",  the  1st. 


XIII.  p.  G5. 


5. 


\m-\-n 
\m-\-n  —  r  \r 


6.  If  r  is  odd,  2(??)r-i.(«)r+i ;  if  r  is  even,  f  (w),|  *. 

XIV.  p.  68. 

(7^+l)(n+2) 
6.  g 
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XV.  p.  70. 

3.  2|3-+!^i^W.7  +  etc.|_l. 

4.  2|7'^+"-^7-3^5 

[4  i 

5.  2|3-+^-^3"-%2^ 

^  n(n-l)(n-2)(n-3)g^_,^,_^^,^  )  _j__ 
K  i 

6.  2!  5-+"^^5"-^-3^2+etc.  l-l. 

XVI.  p.  71. 

I.     (1),  2|  S^+'^i^V-^'  +  etc.  I  -1  ; 

(2),  2|«3'^'  +  etc.    I 
,.     (l),o|cl+«(^e-2=+e,c.}-l; 

(2),  2{  n.6-2+«^^M6"-t-'2.+  oto.  }  . 
3,     (1),  2 1  10?+!^<?^10T3-+  etc.  j.  -1  i 

(2),  2{ji.lo'^3+etc.l. 
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4.  (1),  2  I  12H^2^12"-^'3=+  etc.  |  -1 ; 

(2),  2[ji.l2^3+etc.}. 

5.  (1),  2"-^  I  3«+'^i^3"-^23+etc.  I  -1 ; 

(2),  2{?z.l8'^.4+etc.}. 

6.  (1),  2.3- 1  5^+'^^^6""^'2^  +  etc.  |  -1 ; 

(2),  2.3"{n.5'^2+etc.}. 

7.  (1),  2{32H'^^^32'^'5^+etc.|-l; 

(2),  2{w.82^5  +  etc.}. 
8.    2{  3^-^-l^--^V^^2+-<-^)(-;-^)(-^)3"i^2^+et.  }  -1. 

,.    2-{6^+"i|^6-.35 

_^n(.-2)(n-4)(.-6)3V-3^,_^^^^|_l_ 

I          10.  2|  2-3^+''^^2"".3"^\ll  +  etc.  |  -1. 

XVII.  p.  72. 
6.  l+10a;+55x''+200x^  +  625.c^  +  1552a;^+655a;''. 

9.  (l-a;)~^-l. 
12.  Ifr<m  +  1,  n— w  +  1;  if  r>m+l  and  <w4-2,  n  — r+l ; 

if  r>«+2,  0. 
\r±b 
'5-    |5  |r* 
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XVIII.  p.  78. 
I.  3.  2.   -244.  3-   -1- 

12n-!  roZ T  +  i^omZ o  +  i-oTTTI — ^To-+etc.+|  ^  j  ^_|  I  ; 


1-^  (_|2n-1^1212n-3^  |3  |2n-5|2 


|2n-j  i T-j TT  +  j o  I  o  I 1"  6tc. 

' —  I    n  — 1   ?i  +  l       w— 2    2    n 


1 


2n-4|3  '  |2« 


11 

-2|2  I 


6.  -104.  7.  99.  8.  -^.         g.  ^,+^,+i- 

'-l^-i{wir'}  ■        ■■•12^'-         -3.         ,3.28. 
14.  35.  15.  l-8x+16.r^  +  16a;*-56a;*+ etc. 


XXI.  p.  86. 

2.  (27r+2p»-9/??)==4(p=-3^)^ 

3.  (1),  ^■,  (2),  _p3  +  3p^_3.;    (3),  ?^.     4.  2,  2,  1. 

5.  (1),  3;  (2),  -3.  6.   (1),  a;«-^x=+;?r:c-r=  =  0; 

(2),  ic«  +  (p2-2g)x=  +  (^^  — 2pr>— r-  =  0; 
(3),  a;»+(32-i'"->-{18p(?r-rp2-3i5V-3'-i>'-27r==}*  =  0. 
7.  aV.r«-(6"--2ac)  (a«  +  c2)a;+(6=-2«c)-  =  0. 
11.  a;^-4mna;-(m--n=)*=0.     15.  K^i  V15^)>^=-1S0. 
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XXII.  p.  89. 

1.  5'=  9,  3rd  root  =1. 

2.  i(_3-  sf^\\  4,-1.  3.  ±  V2,  -l=bV3. 
4.   -1-  V^,  2,  4.                            5.  16a;* +  8a;» +49  =  0. 
6.  ;««-12x-65  =  0. 

XXIII.  p.  90. 

..  -1,  i±V_:z3.  4. -2,i±v^. 


2 

XXIV.  p.  95. 


I.  a=-i,  J=-4,  c  =  4^. 


2(x^+l)^2(a;-iy  ' 

'^'^^>       2^2x+3     2(2.(;+3)2' 

(4)  ^8_ 3_. 

^  ^'  5(a;+6)     5(x+l)' 

.a.         9  31 19^ 

^  ^'  2(a;+l)'^2(.i-+3)     a:+2 

(7)  _i L   .    _i^ 

^  ^'  2(.c-l)     x-2"^2(.c-3) 

(1)  _6 3  2 

^  ^'  7(2x-3)     7(x-+2)^(a;+2) 

r2)  -J— 4-  -i^4-  A    . 


» ' 
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1  '2 


(4), 

(5), 
(6), 


a;— V  a;+l^a;--ic+l ' 
1.1  1 


16  (a;- 1)^8  (a;- 1)^     16(a;+l)    4(a;+l)^ 

1 


4(x+l)''' 
1     .       3 


a;+l^(.^— 2)-' 

-8a;        .        8 


5(a;=4-7a;+5)^5(a;+2)     (a;+2)^ ' 


.         -1  0^-2  a;+2 

6.     (l),^+S|-etc.-{|-2„  +  l^(-l)"}..-etc.. 
(2),  2-ix+etc.  +  l{  (-l)«7  +  3^-|)"|-a:"+etc.; 

(3),  |  +  ^.+  ...+{-^+^_J^|.»+eto.; 

(4),  l  +  3a;+etc.  +  {2«+i-l}a;«+etc. 

If  a=Z>,  the  series  is  1  +  —  \ +etc. 

a       a* 
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in  f  i+,ja+^±i^a^4-etc., 

n{n  +  \)   .   .   .   (n  +  TO-2) ^^_, 
"*"  lm-1 


a"*-'     I 


3  2 

9- 


a;-3     x-2 


XXV.  p.  101. 


P.o      (16  ,  logl3-log3 

I.  £42;  4— percent.  2.   ^  ,  ,^  -.0 — ^^ — k  years. 
'     21  l+logl3— 3  logo  •' 

3.  £900.       4.  £16000.  5.  4p.  c.        6.  £p|l+-| 

7.  5p.  c.  8.  25/'= 3- 


9 
3 


■(1+^)- 


aOOOO    100 
9-  "^-3"  •  103 


103  -.^^B—A 

'™<l-00-  10.  100.-^  p.  c. 


07        a  A        9,-i-r 
II.  3  _i  •  — .    ~  ,  supposing  the  interest  to  be  payable 

23 

at  same  time  as  the  annuity.  12.  £97^. 

13.  n(n  +  l)  (2n+l)  ^  nMn+lH>^-ll  ..V,,W,-nt.r..t.fnr 
£1  for  1  year. 

15.  ^  J  l-Z^^r'*  I,  r  is  int.  for  £1  for  1  year. 

16.  8s.  2  — d.  per  cent,  nearly. 

17.  30  (21)3(2r|5-2T|')  :(2r|°-20"|').         18.  100^-^7^- 
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XXVI.  p.  107. 
'■      ■*'16+   5  ■  ^'2+  16+   5  ' 

0_L   1_  J__L  J_  Jl  1111 

^"  ''"*"i+ 1+ 6+ 1+  4"  4-4_^2+l+7" 

5-  188+  1+ 2+  8+   2'  '     "^34+2+14' 

7.  1  +  ,—  7^  etc.  8.  3+ J-  J^   etc. 

'       ^1+  2+  6+  6  + 

Q.  2+  - —  -; — -  etc.  10.  2+- — -  - —  - —  - —  etc. 

^  1+4+  ^1+1+1+4+ 

Ti.  4+-:- —  - —  etc.  12.  o+- —  - —  - —  -——  etc. 

8+  8+  1+  1+  1+  10  + 

.,11111       1       , 

^3-  ^+xq:  2+  2+  2T  r+  12+  ^''• 

^,11111111, 

^4-  6+i:j:i:pi:p2-+ r+ 1+ r+ 12+ ^*«- 

^5-  9+^  ^  etc.        .x6.  10  +  ^-L  J_  }^  J_  etc. 

1111111 

'7-    4+  2+  1+3+  1+  2+  8+  ^''' 

1 8. ■ etc. 

4+1+3+1+8  + 

.     J_  J_  J_  J_  _1 L  J_  i 

^^"     "'"7+  1+  3+  1+  16+  1+  1+  15" 


XXVII.  p.  109. 
I.  i^i;,  1,  d,  i,  o,  o ,  -"^i  g- '  "4  '  23 '  73 
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(2),  9,  2,  1,2;  9,^,  f,:^. 

(3),  3,1,2;  1-4'  n-  (4),  1,1,8;  1' 2,^- 

9     38     161     682    2889 
2.  (1),  2,  4,  etc. ;  2,  J,  ^,  -^2  '  305'  1292' 

11    15    101    116 

(2),  3,  1,2,1,  6,1;  3,4,-3-,  T'  -27  '  "31* 

r^   4  28  '>  8  9.  49     76    161     1364    2889 
(4),  11, 1, 1, 1, 16, 1 ;  11,  12,  11-1  ^  ^^2  ^  1^33  ^  ^^35. 
3.Th.ee,4,Jg,0. 

4-  (1)'2]00'  luO'  300'  1300'  2900' 

.^.  _71  .  26  J__     _^ 1_ 

^"^'  229'  687'  2977'  6641'  22900' 

i_    J_  1  1 

^"    5  '  180'  329x36'  329x694" 

^-  2+1+2+1+87'   2  '   3"'    8  '  11' 

1    2   1     ^     —    I^     —     11^     ?1^ 
^      '    '  2  '  25'  27'  52'  339'    730  '  1799' 

1       3        151       1362      1513 
II.    -=■ 


7  '  22'    1107  '  9985'  11092' 

XXVIII.  p.  114. 

I.  Errata.     For  107  read  106  ;   for  2763  read  2721. 
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6.  IJ.  8.  9th  and  10th;  10th  and  11th;  49th  and 

54th;  108th  and  119th.  9.  7th  and  6th;  15th  and  13th; 

187th  and  162nd ;  202nd  and  175th ;  389th  and  337th,  etc. 

1       7       8       39 
lo-    -Tj  Fusj  FTfT)  ^i-?^  J  etc.       II.  A  kilometre =1000  metres. 
4      29     33     161 

12.     -g-.  14.3.31.  15.     ^ 


XXX.  p.  125. 

T     l^q-j-9    /qqv  1     3      10     43     53     149  ^,  211 

I.  j^(9  +  2V39),  1,  -,  -^-,  3^,  3^,  j^»        13.^. 

XXXI.  p.  127. 
3-  1- 

XXXII.  p.  132. 

I.  6.  2.  5.  4.  13.  5.  If  i  be  any  positive  integer,  all  in 
the  formulae  a;=3  +  13^,  ?/=2+9^.  7.  5.  9.  28  or.,  20 
half-cr.  10.  8.  11.  a;  =  50,  43,  36,  29,  22,  15,  8,  1,  ^=0,  2, 
4,  6,  8,  10,  12, 14.  12.  119.  13.  329.  14.  1000.  15.  Men, 
4,  15,  26,  37,  48.  Women,  84,  65,  46,  27,  8.  16.  Of  the 
first,  19,  12,  5,  second,  4,  9,  14.     17.  146. 

XXXIII.  p.  135. 

I.  (l.)a;=2,  15,  ^=11,  3.  (2.)a:  =  l,  ^=13.  (3.)  a:=15, 
12,  9,  6,  C,  0,  3/=l,  6,  11,  16,  21,  26.  (4.)  ar=18,  11,  4, 
^=2,  8,  U.  (5.)  x=%  y=Z.  (6.)  a;=2,  z=\. 

2.  (l.)x=12,  y=18.     (2.)  a;  =  29,  ^=20.    (3.)  :r=37,  y=13. 
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(4.)  x=1Z,  y=^l.      3.  x=11,  130, 2/=19,  374.      4.  x=10, 

21,  32,  43,  ?/=10,  23,  36,  49.  5.  a;  =  90,  ?/=89.  6  The 
first  gives  the  second  3,  5,  or  7  crowns  aud  receives  from  him  2, 
7,  or  12  florins. 

XXXIV.  p.  136. 

1.  ^=1,  a;=3,  7,  11,  2=6,  3,  0;  3/=6,  x=l,  5,  9,  2  =  6,  3, 
0;  3/=ll,x=3,  7,2=3,  0;  y=lQ,x=b,l,  s=0,  3;  3/=21, 
a;=3,  2  =  0;  y  =  26,  a;  =  l,  2=0. 

2.  2  =  1,  a;=23+7i,  y=2-Sf,  t=0,   -1,   -2,   -3, 
z  =  2,  cc=22-7f,  y=3^        t=0,  1,  2,  3, 

2  =  3,  a;=14,  y  =  l;       x=7,  y  =  4:, 

z=4,  it;=6,  y='^- 

3.  2=1,  a;=2+2/,  ?/=10-i,  ^=-1,  0,  ...  10 ;  2=3, 
j:=1  +  2^,  ?/=8-f,  t=0,  1,  ...  8;  2=5,  x  =  0  +  2i,  7/  =  6-?, 
<=0,  1,  ...  6;  2=7,  a;=l  +  2^,  y=^-t,  t=0,  1,  2,  3  J 
z=9,  x=0,  y=l. 

4.  a:=0,  2/=36-f,  2  =  2^,  ^=0,1,  ...  36; 
a;=l,  ?/  =  34-<,  2  =  1  +  2;,  i  =  0,  1,  ...  34  ; 
x=1,  y^SS-t,  z  =  2t,        i=0,  1,        ...     33  ;  etc. 

5.  x=0,  ?/=18  +  <,  2  =  2-11^,  i=0,  -1,  .  .  .  -18; 
37=1,  y=15+t,  2=4—11?,  <=0,  —1,  .  .  .  —15;  x=2, 
y=12+t,  2=6-ll«,  t=0,  -1,  .  .  .  -12;  x=3,  y=9+t, 
z=S-llt,  ?=0,  -1,  .  .  .  -9;  x=4:,  y=<d+t,  z^lO-llt, 
t=0,  —1,  ...  —6;  x  =  5,y=Z-{-t,  2=12-11?,  t—O,  —1; 
2,  -3  ;  x=Q,  y=l,  0,  2=3,  14. 

6    24.         7.  1.         8.  10.         9.  Yes. 


XXXV.  p.  137. 

1.  x=l—St,  3^=51  +  7?,  2=63-13?,  ?=0,  -1,  -2,. ..-7. 

2.  No  positive  integral  solution. 

3.  x=4:  +  t,  y=St,  2=1  +  5?,  ?=0,  1,  2,  etc. 

4.  6.     5.  Bullocks,  0  or  7 ;  sheep,  100  or  21 ;  geese,  0  or  72. 
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XXXVI.  p.  138. 

1.  24.     2.  299,  398,  389,  497,  488,  479,  etc.. ..992,  983,  929. 
3.  36.  4.  15.  5.  1147  +  2184^  i=0,  1,  2,  etc. 
6.  211-595i,  ;=0,  -1,  -2,  etc.  7.  56,  44. 

8.  a;  =  3  +  2«,  ?/=23  +  15^  ^=0,  1,  2,  etc.  9.  4. 

10.  n=l,  a;=l,  19,  ?/=l,  19;  n  =  2,  x=l3,  3/=6;  n=6, 
a;=17,?/=2.  ir.  3.  12.  a;=:485  +  19?,  3/=582+28/, 

^=-25,  -24,  ...   -1,  0,  +1,  etc. 

I,.    1,1,1.  14.  13.         15.  30. 

•^      3  '    4  '    5  ^ 

XXXVII.  p.  144. 

,  .=24,  ,=  5;  .=(24+5V23)n+(24-5V23r^ 

^^(24+5V23)--(24-5V23)^  ^  .^  ^^^  p^^.^i^^  i^^^g,,, 

2  \/23 

_(33  +  8  V17)'^+(33-8  ^17)" 

2.  a; ^  » 

^^  (33  +  8V17):::^(33_-8Vlir^ ,,  i3  ,„y  positive  integer. 

_(4+  V15r+(4-  V15)"        (4+ V15)^-(4- V15)" 

3-    ^ 2  ^       '^~  2V15 

n  is  any  positive  integer. 
_(2+  V5)"+(2-  V5)»         (2+ V5y^-(2- V5)» 
4.    a;-  2  '^~  2V5 

?z  is  any  positive  even  integer. 
_  (1 5 +4V14)^+(15-4V14y^ 
5-    ^ 2  ' 

(15+4  V14)^- (15-4  V14)^  j^j^^  .^^ 

y-  2  V14  >       J  F 

(7  +  4V3)"+(7-4V3)^ 
o.    ir_  2  ' 

(7+4V3)»-(7-4V3)"  „i,  any  positive  integer. 
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y=^ ! — ^ — ^- — -^ ^ — -,  n  IS  anypositive  odd  integer. 

2  \jLO 


8.    7,-(8  +  3V7)'^+(8-3V7)»^ 


2 

a;=^ — ! — ^ — — — )- ^-^  ,  n  IS  any  positive  integer, 

2  a/7 

a;=3/i±7A:,  ^/=3^•rt/^,  both  upper,  or  both  lower,  signs 

being  taken. 

^^^(18  +  5  V13)^+(18-5  yiB)" 

,     (18  +  5V13)'^-(18-5V13)«       . 

«= f)    ,-.0 ,  «  IS  any  positive  even 

integer;  a;=7/i±26^,  y=l'k-^1Ji,  both  upper,  or  both  lower, 
signs  being  taken. 

10.  a;=l,  y=6.        II,  a;=0,  6,  2^=2,  8.        12.  a;=2,  _y=l. 

13.  x=o,  0,  3/=4,  8.  14.  No  solution. 

(4+Vi7)n+(4-V17)- 

(4+ V17)»^-(4- V17)"     .  ..       ,,. 

y= Q    /-[  Y ,  n  IS  any  positive  odd  integer. 


.       _(170  +  39  v'19)^+  (170-39  yiQ)^ 

ID.     a; —  ^^1  , 


(170+39  V19)"-(170-39V19)«       . 
y= .)    ;-iQ ,  n  IS  any  positive 

integer,     a;^— 19^-  =  — 1  has  no  solution. 

XXXVIII.  p.  151. 

I.     (1).  l_2x+a:-  (2)-(i:Z^;  (3).  (n+l)a^; 

1  — (?z  +  l)a:"+?za;^+i 


3i8 
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XXXVIII.  p.  \bl,— continued. 
2.     (1).  (1+^Os        (2)-  (-^^;       (3).  (-l)"(2n+l>"; 


3.     (1).  l-10:c+21x^ 

(3).  (2.7"-^  — 3"-i)a;'^-i; 


l+x 


^^^-  (l-3a;Xl-7a;)' 


l-|-a;4-(3n_2.7y4-21(2.7»-i-3"-0x^'+^ 


4-    (IM-T+CT 


(3)-    (  2i^'~P"*^       *  ' 


2(30  +  170-) 
'^"^'    6-5X-+.C-  ' 

(4).  ^1-l^+f 

5-     0).  ^<«-2«„_^  +  3l^„_,;    (3).  ^^(1- V32)«-i 

54- V^ 


3_3-V-2. 
W-   2  4 

6.     (1).  1+77— 9  5 


'(1-  V=2)n— ±^(1+  V^^         ^ 


(2).      ^~^^    . 


(3).    I  2(-l)'-- J^  |:.-i ;         (4).  ^1  +  |-^) 


7.       (1).    Un-\ 3 3— > 

(4).  -4-(-i)"+2:^ 


(3).  2(-l)«-3^; 


\ 
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8.      (1).    [l-xY-  (2).  ^^3'  (3)-   n^xn-^- 

(4).  Sn{l—xY  =  \  {-x—{n-\-iy-x'^+{2n-  +  %i—l)x<^+^  —  n"x^+^ 

9.     (1).  1  +  3X-.-3.3,  (2).   ,^^^3^3; 

(3).  {  -- |+|(-l?--4(-3)--  }  ^--; 

ro.     (1).  l-2x-a;2  +  2a;«:  (2).  .     o""^".    "0  ,  i 

(3).   |i.2-^-i(-l)n-  +  2|^-x. 
(4).  >Sf„(l-2^-a;=+2a;^)  =  3-x-6:B'' 

-  I  -|-2'^--|-( -!)'»+ 2  U'^-  I  (-l)'^-2  l^«+i 

+  I  42'»+-|(-l)^+4  U«+^ 

11.  (1).  (1+^:)^     (2).  ^±|,;.(3).  (-l)'-(3-«)^"-- 
(4).  Sn[l+xY  =  1+Zx-{-\)n[1-n)x^ 

+  (  — l)«-i(3-n)a;«+». 

12.  (1).  «„-10m„_i  +  21m„-2  =  0;  (3).  2.7«-i-3"->  ; 

1     3^*     7^ 

w-  6-2+3 • 


320  ANSWERS. 


XXXVIII.  p.  151, — continued. 

f  2»+2      3  tLzl ) 

T3.  If  n  be  odd,   <  —f "^(""l)  ^    ^a;'*~^;    if  w  be  even, 

l.|2«+=-(-l)-^'|.,n-i. 

2— 7a: 
14.     {I).    ^4      +d      ;a;       ,  l-7x-\-12x"' 

(2).  (4--  +  (_3)'-}x--       iZ^E^- 

ifi     7#   10,,      ,_J-39j/        — 0-    93r-4   I   02r— 3. 1.- 

4  5 

17.  m„-3m„_i+4w„_3  =  0;    3-^(-l)»--2''+n.2"-i. 

o  o 

18.  a=-2,  ^=1,  iS'„(l-a;)=  =  l+a;-(2n+l>'^ 

+  (2n-l)^+^ 
"("-1) 

19.  a;    2    +1- 


XXXIX.  p.  155. 

n(2n+l)(TC+l)  ,,     .  ^  ,       ^, 

I.  g  2.  Ifwiseven,  -2H(n+2); 

odd,  2w(n+2)+3.  3.  if-{2n°--l) 

4.  If  n  is  even,  —Sn^-\-12n-  —  bn;  odd,  24n"  — 47?z+24. 

,.  If  «  is  even,  -«±+^  ;  odd,  («+'^f+^) . 

g   «(ii+l)(«+4)(ii+5) 
4 


ANSWERS.  321 


9.  na^-^-^n{n-\)^-^n{n-V){%i-V)-\ —^  b' 


lo-   ^Y^V  +  3n  +  2). 


,        3?i(7z  +  l)  ,     ^n(2n^'-\-Sn-l)  ,  ^,(n(n=-l)(?i  +  2) 

12.  —  ?i(n+l)(3n2  +  ll?z  +  4). 

n*  ,  3n*  ,  5n*     jz^'      re 
^3-   5+T-+X+4-30- 

2  1 

14.  -g  »(«+!)  («+2)(3n+7).  15.   -rn(n +!)(«+ 2). 

7         1 

16.  (1).  'Iri'^^n-  ■\-^n.  (2).  If  w  is  even, 

3  3      6'  '''^'^'  "3        3"+T~6" 

7z4_2?z3  +  7n^_6?i  +  8     ^  ,  5n^  ,  23» 
''  4  '  2U+12+  15  ' 

XL.  p.  159. 

1        

^-  45(«+»i-l&) («+«&) (a+w+15)(a+n+26) 

4  1 

2.   g-n(n  +  l)(;i+2).  3.  ■j«(«-fl)(?i+2)(»+3). 

4.  -5n(n+l)(«  +  2)(n+8)(re+4). 
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XL.  p.  159 — continued. 

1  15 

5-  -g(4n=-l)(2«+3)(2n  +  5)+-g-- 

1  20 

6.  j^(3n-l)(3«  +  2)(3n+5)(3?i  +  8)+-~. 

8.  ^(n+l)(n  +  2)(n+3)(2«  +  3). 

9.-g<n+l)(2«+7). 

1  1 

10.  ^??(n+l)(n+2)(/2  +  3)+-g?i(?i+l)(2n+T). 

11.  j2("+4)(w+5)(3n^+23?i+6)-10. 

12.  A(3^_2)(3n+l)(3n+4)(3n+7)+y- 

13.  -5-n(n  +  l)(n  +  2)(n  +  3)(n  +  9). 


XLI.  p.  163. 

1_     1 J^ 

^'   4     2(?7+l)(w+2)'   4  ■ 

J_ 1_       J_  J_ 1 

^-  aft     b{a+nhy  ah'  ^'  32     16(ri+l)(n+2) 

11  1                    1 

4-   TTT— ^/     ,  Q\-  5-   TH  —  i 


12     4(n+3)  ^    24     6(3n4-l)(3«-}-4) 

r     1  1  ,     1  1 


40     8(4M  +  l)(4n+5)         ''  18     3(n+l)(n+2)(n+3) 
11  1  1 

9'    nn-. 


2     4«  +  2  "^    90     6(2n+l)(2n+3)(2tt+5) 

1  3  2n+3  3 

lo.   1 r-v-  II-  -r  — . 


12. 


«  +  l  4     2(«+l)(«+2)'   4 

n 2n'+i0n+ii  n 

96    4(«+l)(n+2)(n+3)(n+4)'  96* 
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5  3ra+5 


36     6(n+l)(n+2)(n+3)'  36 

5  4n  +  5  5  1  2n  +  B 


'•   4     2(?i+l)(n+2)'   4  ^'4      2(n+2)(n+3) 

1              4n+3  17 

8     8(2«+l) (2/1  +  3)*  ^''  96' 

18.  <^+^) .             19        '"+^  o^              1 


4(n  +  2)  ^    (m-l)[m_  {n-2)\n-l 

1^ 1  n(n  +  l) 

^'•8     2(.n+l)(n+4)'  ^^'"^2"' 


XLII.  p.  166. 

^   2«"h— 1       a"  — 1         2a  a       .„     ^  1 

^'  {1^^  (1— ic)«  ' 

l+aj^ 
7.J r^  ,  if  a;<l. 

1— g"         (n  +  3)x^+i  — 2(w  +  2):g'^+-  +  (?z  +  l)a;"+8 

7t r--,  if  a;<l. 

1      r**— 1  w  r 

4-  ;:^i  ^,^_iy.-^n(y_i)5   (y_i)2,  it  r>l. 

qx  2       e(-"-=)^— 1  2n— 1 


•    g2a;_]_   '  g(2»i-3)a;     ^e-:-«_lj2  e(2^-')^(e-^— 1)  ' 

le'^x—W  >  ^f  ^  ^s  positive. 


3"-l        n        3 

4.3«-i     2.3^'   4  * 

256     512  4«-'-l     25G  2n-l 

14- g. 
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+  (-l)"-i 


XLII.  p.  166 — continued. 
Q    144.r  +  162.-eg  +  627;3    ^^l-(-x)«-3  I 


(l  +  s;p 


144  +  162:r^  +  62:c^        6^* 


(l+a;)3 


(1+^-; 


-,  ifx=<l. 


9-    4 =|^f!-;  4.  lo.   _-(-l)H_^_. 

II.  5-(-l)"(4«=  +  20rt=  +  2G«  +  5). 

9+       9  ^       ''       3 

28  ,  /      1  \«-^9«-  +  30n4-14 
^3-    27  +  1-2-)      27—- 

l+4z+8x=  +  5a;^    ,  ^  ,  1— a;"-* 
14.    — ^ — -^ ^-! +6a;*  — ^ 


[l-x] 


15- 


1  +  a;        ll^x 


-+2n 


16.  4- 


r 


1    HI— 1 

-(-41 


2    ,    1    /lV'-3     2n-l  /I  \'*-» 

g    2-2.r"     w  (n+3)a;"     n  («  +  l)  3;"+^ 
^   ■  a-xY        [l-xY    +      (1-A-y^ 


19.   1  + 


l_^n-i      xV(l  — r»-')      .x-r  (1  — g^-y^-Q 


l-x'      \-r    '^{l-xY{l-r)       {\-xY{l-xr) 


(1— x)  (1  — xr) 
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2. 


SLIII.  p.  171. 

n 


(a+26+3c)  («  +  la+n+26+?2+3c) 


3-  j^Qn(n+l)(;.+2)(S«=  +  lln  +  l). 

4.  i-n(-«  +  l)  («  +  2)  -l-(n-r)  («-r  +  l)  (n-r+2). 

5.  185.         6.  25707.  7.  2870.  8.    V^-l- 
5            371+5                                        ^      /2\| 


6      («  +  2)(«+3)  V3 

f— +— I  lo&(l+«) ^4-. ^yvi 1 

ya;      x-y     ^^^         '      X  (w  — 2)|to— 1 


yj2^_3,j_o^n      2».y"+i      2a;»— 2a; 


XLIV.  p.  174. 
I.  3-.5^     2.  3.11.31.     3.  17^     4-  315.7.13.       5.  2^3^7. 
6.  3M3.19\     7.  2\3=.73.     8.  11.23.29.37.      9.  2^5.7^3. 
10.  2^3^7^      n.  3"-.5.37.     12.  2.3^5.7.  13.  7^89. 

14.  2^5Ml^    15.  2«.3^5.    16.  2^5^9^        17.  3^5^7^ 

XLV.  p.  178. 
I.  15.  2.  18.  3.  2205.  4.  147. 

XLVL  p.  180. 

I.  (1),   1,   3,  3-;    5,  5.3,   5.3^;    5",  513,  5^3^        (2),  9. 
(3),  403.     (4),  5.     (5),  2. 
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XL VI.  p.  180 — continued. 

2.  (1),  1,3,3';  13,13.8,13.3^;  19, 19.3, 19.3^ ;  19%  19^3, 
19=.3^ ;  19.13,  19.13.3,  19.13.3^ ;  19M3,  19M3.3,  19M3.3^ 
(2),  18.    (3),  74676.     (4),  9.     (5),  4. 

3.  (1),  1,  2,  2= ;  3,  3.2,  3.2^ ;  3%  etc. ;  7,  etc. ;  7.3,  etc. ; 
7.3"-,  etc. ;  V,  etc. ;  etc.     (2),  27.    (3),  1596.     (4),  14.    (5),  4. 

4.  1,  2,  2%  2\  2*;  11,  11.2,  11.2-,  11.2%  11.2*;  11%  etc.; 
5,  etc. ;  etc.     (2),  45.     (3),  127813.     (4),  23.    (5),  4. 

XLVII.  p.  182. 
18.  7ri+4.  21.  (7n±2)% 

XL VIII.  p.  186. 
I.  96.  2.  600.  3.  504.  4.  400. 


LIL  p.  193. 

5.  5';  253. 

6.  3";  6«. 
LIIL  p.  200. 

1      1 

2. 

h-     4-  T  to  11.     5.|.     6.|.     ,.%. 

8.  6  white. 

4  black,  2  red.              9-  -|-;  4-             ^°-  A- 
5       0                     12 

II.  5  to  1 ;  For. 

LIV.  p.  203. 

25^.  _80  .    60                            ^              A  r  Jl 

^"  121'  121'  121"     2.1:2.     3.    g  .        4-5^.  5-g- 

6    A  •  A        7    11  .  25  .  ^  .  _5^       8  A  •   1_  A 

•  11'  11'      '*  216'  72'  27'  72'       '  36  '  12  '  ^'250' 


AA'SIV£J^S. 

3: 

1 

-4- 

1 

2  ' 

XX.  ^^.           X3.£L2. 

Tfi    2  .    5  .  15 

11'  33'  22* 

2 
^^■-5- 

-1 

27 


LV.  p.  205. 

9  2 

I.  ^;  6  to  1  against.  ^^  TT*  3*  "^^  *°  -^  against. 

'^^  15'    5'  ^'    |J7_|_52  '  3T85'     [£  *   |^ " 

1  1  f  |12|39  )*  1 

^•35"  ^"10'  ^-    )— [9J-  ;    •  1_3^|^^1' 

1       J    1    r  TO   i^ 

^-  T^5  1  Ijii  '  1001* 

13.  If  each  is  put  back  after  being  drawn,  -^  •    If  tbey  are 

.      .V.    1     |4|48 
not  put  back,  1 ' . 

^  |52 

\m\n\2y-^q\m+n—p—g  Tf 

14.    —  — -'  x5'   ■•■  —  -^7^1  ■ 

\p\q\  rn—p  [  ?^— g  |  m  +  n  0| 

5        15* 

16.  When  each  is  put  back,  _—;--—;  ,:p— -.        When   they 
^  144     144     3.12* 

,      ,.     1     3       2      15 

are  not  put  back,  -.    •        • 

^  11'  55'  77 

13.19.37       ,      (13)^  .     fj_5|9_5|»        1 

'^*  17:25:49  '  ^'17.25.49*  t     |_2     i   •|_3|_2|93' 

13a_  5|_9^1|i 

'^'  17:25.49*  ■        4 1 20 
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LVI.  p.  213. 

I. 

Z        i  .  i.               2.  23g._,8 

3-  (1), 

3 

8  ' 

(2),  r 

4- 

96    •     5-   9  •    6.  (1),  -2^5-,  (2) 

46625 
46656 ' 

(3) 

406 
46656 

7- 

25:2.       8.  671:625.       g.  |^- 

10.  (1), 

1 

8  ' 

(2)    - 

II. 

(1),  ^;(2),  |;(3),  g.     X.. 

51 

506" 

14. 

1      1 

')     2" 

15- 

29  :3  against.           i6.  3.          17. 
LVII.  p.  217. 

5-.2i^ 

18 

3375 
16384 

I. 

(1)   ^^  •  (2)   ^  •  (3)  1*^'^  •  a)   1^  . 

V^;,  100  ^  ^  ^'    5  '  ^  ''  8300  '  ^  ^'  415 

6889      3969         3969     1260 
^-  ^  ^'  10000  '  ^^^'   10000  *    ^'  ^  ^'   6889  '  '^  -*'  6889 

4-  (1),  52  5  (2),  52  ;  (3).  2704 '  ^^^'   1352 " 

^"  36^  18'         ^"  ^■^^'  144^  *^^^'  24'  ^^^'  432 


LVIII.  p.  223. 

^-  T5'   ^*  2'«-l*   "^^  52'   5"  ^  '''  6  '  6^'  6^'  6« 
.   5*  5^  5;;  5^  /q\  216  180  150  125 
{^h   ()5 '  6^ '  6-  '  6« '  ^^'  671 '  671 '  671 '  671  * 

fi  1  n\  A  ro^   25       _1_     o  16  ^ 

0.  3  ;  (1),  g^;  C-j,  31  •    7-  1716-    §•  21  ^  42 

1  46656  ^1256^  36481^        11 

9-  6'     '°'  124393'  124393'  124393'     "'  28 


ANSWERS.  329 


LIX.  p.  228. 
8  (m4-l)(ri'+m'4-l) 


*   11  '   (m+l)(w'  +  ??i'  +  l)-l-(m'  +  l)(«  +  m  +  l)' 

3.  (1),|;  (2),  |;  (3),  ^.       4.  |.     5-  a)>^;(2),^ 

,    4  .,,  27     ,^     .    6561     ,^   /.,   48 

6.9-  7.  (1)'41'^^'"^'  999-1'  (2'^)'73- 


LX.  p.  231. 

377  11  17  7      .^.    4 

^-  550"         4-Y5-  5-  25*  ^-  W,  g-;  (-),  gg 

7.  n"+?i— 2  :  2  against. 


LXI.  p.  233. 

I.  15s.  3d.  2.  17-^s.  3.  £6.  2s.  4.  32^s. 

5  "^  10 

5.|f-,|?;|f-       7.^1040.       8.  144;  £1.  2s. 
:o.  j/l-lV.  fl-iT-  12.  £1666.  13s. 


2'/'  \        2'* 

13.  (1),  A,  13s.  4d. ;  i?,  6s.  8d.  (2),  A,  13s. ;  i/,  7s. 

14.  £19g. 

LXII.  p.  238. 

2475  15      ,    ,-,.  35     .„,     7      ,„.     1     ,,.  1 

'•  2477        ^'  43'    ^*  ^  ^'36'  ^  ^'  12'  ^"^'^  36'  ^  ^'4* 

45  10 

4-  49-  5-  11* 
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...1290.p" 


LXIII.  p.  244. 


2. 


(l+r)':+i  — r 
tion  of  life,  r  the  interest  for  £1  for  1  year. 


,  where  e  is  his  expecta- 


LXIV.  p.  250. 

I.  (1),-1;  (2)  -2;  (3),-6;  (4)3;  (5),  4;  (6),  39. 

8.  _60;-28.       lo.  (1),  48;  (2),  44;  (3),-166;  (4),  24. 

LXVI.  p.  262. 

I.  42;  138;  15;  62.       2.  0.       3.   -84.       4.  l\u''-vw) 

+ fn-iy'-  —  wu)-\-  n"-  (lu'^  —  tiv)  -f-  2m?i[uu'  —  v'w')  -\-  etc. 
5.  2a'b'c\       10.  0.       II.  0. 


LXVII.  p.  265. 


(1), 
(2), 


aa-\-hfi,  ay+iS  I 
ca-\-d/3,   cy-\-d8  | ' 


aa'-\-bb'-}-  cc',  aa-\-h(3-\-cy,  ax-\-hi/-{-cz 
aa'+f3h'-\-yc',  a^+yG'+y",  a.r+/3^+yz 
xa'-{-7/h'-{-zc,    xa  +  T/fS+zy,    x^+^/'+z^ 

^•1''+  ?/i'+  ^i"',  XiX„_  +  y,yn+ZiZ.„  XiX:,-\-y,i/s+ZiZa 
XoXi+ynyi+z^z^,     x^"'+yo"   -\-Zof,    x^x^-^-y.y^^z^z^ 

i^S^^l +2/32/1 +23^1,      a^3-'^2+^3?/2+«a22,        Xi-\-y%''     +-S* 

a;^,  ay.-\-hz„,  ay.-\-Pz^ 
2-3,  03/3 +5z3,  a-y^-\-jSzi 
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LXVIII.  p.  267. 
^1  1  ^3 


2  '     -^^  4  '  "4  "■  •"-(a-J)(a-c) 

3.    :r=18A,     2/=-10i,     r=-10,    «.  =  2l  • 

37  73  -4  41 

4-    ^=-47,     y=47,      ^=47,     "=47- 

5.    l\e^  —  hc)-{-  etc.  +2»m(ae-//i)+  etc.  =0. 


LXIX.  p.  270. 

7.3»-(-l)n 
3-  -^ -^-       4.  (3+2n)8«2;«.       5.  2.3'»-»(3-w)a;» 


+1(1-5  V^iX-V-i)-. 


9.^^ 


LXX.  p.  272. 


2    (V5+l)^-(l-V5)^    ' 
•  V5(V5+1)"+(1- V5)"' 

4_;h^x_4  5-+M:5(-iyH2. 

/Q^    10    (5+  V5)n-(5-  v5V^ 
^  ^'       (5+ V5)"+^-(5- V5)^+>' 
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LXXI.  p.  276. 


,  when  n  is  odd  ; 


V 3  (  V3  +  in2+  V3f "  -(  V3-l)^(2-  V3)~' 

^    (V3  +  1)(2+V3r'-(V3-1)(2- V3)^'' 

when  n  is  even. 

3.4"~'  +  2(-l)^'         ,,     .3.2»-i  +  |(-lp 
4  2  +(-1)  2  2'^-i  +  3(-l)2 

n+l  ^ 

6 '^"+4                      6-^-1 
3-  -f^ )  '^  odd;     4  — ^ ,  n  even. 

6^-1  4.6^+1 

15n-6  ,,     3(12-5«) 

3  —  n  TT       — n 

5.  3^,nodd;^-p^,neven. 

6   ^=^^ 


(5  +  x/4ft^  +  9)(2a^-3  +  V4a^  +  9)   ^    +(V4g2  +  9-5)  (2rt^~3-v/4ftH9)  " 


(2a2-3  +  V4a-  +  9)  ^  +  (2^2  -  3  -  Via^  +  9)  » 
when  n  is  odd ; 

2a''(2a'-^-3+  sjAa?  +  %) 

«-l  ^-1 

(2a^  -  3  +  sjia?  +  9)  ^       -  {^a"-  -  3  -  N''4r<2  ^9^2 


( -  3  +  VS?T9)  (2a-^  -  3  +  V4a«  +  9) "       -  ( -  3  -  V4a"  +  9)  (2a2  -  3  -  ^4^^  +  9) ^ 
when  n  is  even. 


0-1 
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l-21og2 

'•       iog2 

«+& 
12.  -2-- 


LXXII.  p.  281. 

^'    2  V~  1.3.5  .  .  .  (271+1)1 


MISCELLANEOUS    EXAMPLES. 

4.  (1),-I±v3;  

V2rfcV2V23-2         -V2dbV-2V2-2 
v^y*)    2  '         ~~  2 

1  2 

(3),  y=0,  x=0,  or  — ^  ;  2/=4,  ;r=9,  or  6  -  . 

/>2      7)^       ^2 

«■     (!''  4V8(4..+  l)(4„+5)'  (2)'  i+(^"-|)^"-- 
17.     (a),  1,1-2;    (/3),  -3.  25.  (1),  Div.;    (2),  Blv. 

1       TT  ,■■■.  1+  V"  — 3  Vl  +  1    ; 

(=c),  bx—ay=  /^m  —  1  (c-\-ab). 
28.   1  ;  I 

_  ;  -  . 

31.  (a),  x  =  Z,  2/=2,  2=1  ;  C^),  a:=2,  y=S,  or  a;=8,  ^=2. 
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34.  (1),  0,  -p,  or  -|±  y4c^+4c^+^. 

(2),  a;2-3/=  =  5,  bxy+(a+c)y"-  =  2b. 

.    .    _53+20V6. 
^  ■     '      19+8  V6' 


2a;(miW2  — nin?„)  =  (Hm2— TC??i)±\/4(TOi?i2  — 32i7iio)-  +  (m72„— nni)" 


38.  ^  =  d=-^,j,=(±l±V2)    "     z=«-{±2±V2)^3- 
45.  £C=±a; 


X 


2a— i— c         25— a— c         2c— 5— o 

46.  a;= g ,  y= g ,  2= ^ 

2  1 

47.  a;  and  y=2-^,  or  1-^,  z=2. 

_    «(n  +  l)(3n^+19n  +  32) 
4b. j^ 

,       1.1,1      /«'*  .  &"  .  c'n  /  1    ,    1    ,    1  \ 

52.  a^  =  a  +  r  — —  __  (n  — r+1)  ;  J>0  and  <2  . 

?z  +  l      2  11  (n  +  1) 

53.  1.  54.  a;=8  or  -3,  2/= -5;  ;c=-8,  or  3,  y=h. 
58.  £1080.  9s. 


ANSWERS.  335 


6.  (1),  .=^-Wi°±«-^  .he.  o=±  V2  ;  (2),  m  I: 

68.(l),;g;(2),log,.2;(3),.=(£)^,,=(|)". 

4  1  log  3 

7°-  ^'  ''  ^+bP+(bP?'  ^=log3-log2' 

l02  2 


log  3 -log  2' 
71.  5^1^11,7  or  3. 
76.  a;  and  ?/  are  the  roots  of  tlie  quadratic 

(b^  —  ac)z^  —  (bc—ad)  z+c'  —  ld=0, 
Sindu(y—x)  =  ay—h,   v{x—y)  =  ax—b. 
>j'j^  4^  1^   _2.  79.  In  the  66th  year. 

o         28-4a;  ,  „x--X" 

('/i3 + 12?i.2 + 39?i + 22)x''  -  (2w3 + 21re^ + 51  w + 10)a^+^ + (wH  9wH  I8n)x^+^  , 


l-2x-3;c'' 

82.  |-+etc.  +(r+l)(|l-^y+etc. 

83.  —a—h—c,     —a-  —  b-  —  c'^—bc—ca—ab, 

—  a^  —  i^  —  c^  —  a-b— a-c—b^c—b-a  —  c-a—c'^b  —  ahc, 
_(cw-2^ac'^-s4.a=c«-*+  etc.  +a«-^) 

—  &(c«-3  4-ac"-*+  etc.  +a"-^') 

—  &^(c"-*  +  ac«-^+  etc.  +aH-4)—  etc.  — 6™-2. 

1  i« 

86.  294,  375,  456,  537,  618.  87.  s-q+2p-S 

567 
89.  136;  £21.  5s.  92.  Divergent.  94-  i5J]2500 
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95.  £2500  X      '— ,3,   '     .        1 00.  1  +0;^ +x^  +.^»  +  etc. 

109.  ±8.  no.  £125.  10s.;  £125.  10s.;  £133iV 

113.   Convergent  if  a;<e~^,  otherwise  divergent. 

11    {  A  n  ) 


115.  The  roots  of  the  equations 

2 

1+  V4^1V'+=     /I-  V4x^l\'i+= 


2/"  —  cnj  ^ ^^-, '- ^  ;  a'  -  o5 — c  =  0. 


116. 

118.  £8.  3s.  4d 


J. /  /1+  V4a;-1\»+-     /I-  V4^^1\^+^  ) 


TEE  END. 
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By  J.  HAMBLIN  SMITH,  M.A. 

of  Gonville  and  Cains  Collei^e,  and  late  Lecturer  at  St.  Peter's 
College,  Cambridge. 

Algebra.     Part  1.     y.      Withoid  Ansiuers,  2S.  6d. 
Key  to  Algebra.    Fart  I.    qj-. 
Exercises  on  Algebra.     2s.  dd. 

(Copies  may  be  had  without  Answers.) 

Arithmetic.     3^-.  dd.     Key.     <)s. 

(Copies  may  be  had  wiihout  the  Answers.) 

Elements  of  Geometry.     Containing  BooJzs  i  to  6, 

and  portions  of  Books  ii  and  12  of  Euclid,  with  Exercises  and 
Azotes,  arranged  zaith  the  Abbreviations  a  hnitted  in  the  Cam- 
bridge Examinations,     y.  6d. 

PART  I.     Separately,  containitig  Books  i  and  2  of  Euclid,  is.  6d. 

( T/ze  Methods  of  Proof  used  in  this  Work  are  admitted  in  the  Cambridge 
Local  and  Schools  Examinations.     See  REGULATiONsy^/'  1877. ) 

Key  to  Geometry.     S^.  dd. 

Trigonometry,     a^.  6d.    Key.    7^.  6d. 

Elementary  Statics,     y. 

Elementary  Hydrostatics.     3^. 

Key  to  Statics  and  Hydrostatics.     6^-. 

Book    of    Enunciations.       For    Hamblin    Smit/i's 

Geometry,  Algebra,  Trigonometry,  Statics,  and  Hydrostatics,    is. 

The  Study  of  Heat,     z^- 

By  E.  J.  GROSS,  M.A. 

Fellow  of  Gonville  and  Caius  College,  Cambridge,  and  Secretary  to 

the  Oxford  and  Cambridge  Schools  Examination  Board. 

Algebra.    FART  II.     Zs.  6d. 
Kinematics  and  Kinetics.     5^^.  6d. 

By  G.  RICHARDSON,  M.A. 

Waster  at  Winchester  College,  and  ti 
St.  yohn's  College,  Cambridge. 

Geometrical  Conic  Sections.    4^-.  6 ;; 


Assistant  Af aster  at  Winchester  College,  and  late  Fellow  of 
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Arnold's  First  Greek  Book.  By  Francis  David  Morice, 
M.A.,  Assistant-Master  at  Riighy  School,  and  Fellow  of  Queen's 
College,  Oxford.     A  Nrw  and  Revised  Edition.     Crown  Svo. 

[iVearly  ready. 
In  this  revised  edition  the  Exercises  have  been  entirely  re-written,  and  made  more 
uniform  in  length  than  those  of  the  original.  The  .Appendices  on  Syntax,  &c.,  have  been 
dispensed  with,  as  it  has  seemed  desirable  to  fix  the  beginner's  attention  mainly  on  points 
of  Accidence,  and  only  so  far  as  is  absolutely  necessary  on  the  structure  of  sentences  and 
peculiarities  of  Greek  Idiom.  The  need  for  an  appendix  of  paradigms  has  also  been 
avoided  by  introducing  full  inflections  of  Nouns.  Tenses,  &c.,  in  the  body  of  the  work, 
with  a  system  of  references  in  the  Vocabulary,  which  will  guide  the  learner  to  any  re- 
quired paradigm  at  once,  Kn  attempt  has  been  made  to  introduce  facts  of  Accidence 
somewhat  in  the  order  of  their  practical  importance,  the  more  rarely  employed  inflections 
being  omitted  or  postponed.  Thus  the  Dual  inflections  are  omitted  at  first,  and  afterwards 
treated  collectively:  a  method  which,  it  is  hoped,  will  result  in  the  saving  of  some  need- 
less trouble.  Another  change,  which  has  been  adopted  after  full  consideration,  is  the 
substitution  of  the  Periphrastic  form  of  conjugation,  which  alone  is  employed  by  ordinary 
Attic  writers,  for  such  rare  and  dubious  forms  as  \eXi//cw,  \e\vK0i/j.i,  &c.,  given  in  most 
grammars.  Besides  the  separate  paradigms  of  each  Tense  in  the  body  of  the  work, 
a  full  conspectus  of  the  inflections  of  an  ordinary  Verb  in  -w  is  given  at  the  end  of  the 
Exercises. 

A  Geography,  Physical,  Political,  and  Descriptive, 

for  Beginners.  By  L.  B.  Lanc.  Edited  by  the  Rev.  M. 
Creighton,  M.A.,  late  Fellow  and  Tutor  of  Merton  College, 
Oxford.      With  Maps.     Small  %vo. 

Vol.  II.— the  CONTINENT  OF  EUROPE.  \Now  ready. 

Vol.  III.— ASIA,  AFRICA,  AND  AMERICA.  \_In  preparation. 

Stories  from  English  History.     By  Louise  Crek.hton, 

author  of  "A  First  History  of  England,"  "Life  of  the  Black  Prince," 
&c.     Royal  \6mo.     Illustrated.  [A\mi  ready. 

The  Rise  of  Constitutional  Government  in  England. 

By  Cyril  Ranso.me,  M.A.,  Professor  of  Modern  Literature  and 
History,  Yorkshire  College,  Leeds.     Crown  %vo.  \_ln  the  Press. 
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New  Books  in  Preparation  and  in  the  Vxesa— continued. 

Highways  of  History.  By  varmts  Writers.  £(^h'd  dy  "LoviSE 
Creighton,  Aut/ior  of  -'A  First  History  of  England,"  "  Life  of  the 
Black,  Prince,"  '' Sir  W.  Ralegh,"  &c.  A  Series  of  Volumes  of 
about  1 20  pages  each.     S?}iall  ^vo.  {In  preparation. 

THE  GOVERNMENT  OF  ENGLAND. 

THE    CONNECTION     BETWEEN     ENGLAND     AND 

SCOTLAND. 
THE  HISTORY  OF  RELIGION  IN  ENGLAND. 
THE  RELATIONS    OF   ENGLAND  WITH  FOREIGN 

POWERS. 
THE  ENGLISH  IN  IRELAND. 
THE  SOCIAL  HISTORY  OF  ENGLAND. 
THB   GROWTH    OF    THE    COLONIES    OF    GREAT 

BRITAIN. 

The  aim  of  this  seri-es  is  to  give  consecutive  treatment  to  certain  important  subjects  in 
English  History.  A  strictly  chronological  arrangement  of  history  distracts  the  reader's 
attention  from  one  subject  to  another.  Though  England's  progress  has  to  be  studied  by 
reading  her  history  as  a  whole,  yet  clearness  is  gained  on  many  points  by  a  separate 
survey  of  some  important  line  of  advance.  The  treatment  of  the  subjects  in  this  series 
will  be  adapted  for  the  use  of  students  who  have  already  mastered  the  general  outline  of 
English  History,  but  wish  for  more  connected  infcrniation  with  regard  to  some  special 
point.  Each  part  will  be  complete  in  itself,  and  will  treat  of  its  own  subject  without 
reference,  except  where  necessary,  to  the  general  course  of  events. 

A  Collection  of  Arithmetical   Exercises,  progressively 

arranged.  By  A.  E.  DoNKiN,  M.A.,  and  C.  H.  Hodges,  M.A., 
Assistant-Masttrs  at  Rugby  School.  [In  preparation. 

A   Collection   of  Easy   Graduated   Latin    Passages 

for  Translation  into  English,  for  use  in  Schools  as  Unseen  Pieces. 
With  Notes  at  the  end.  Adapted  for  the  use  of  Candidates  for  the 
Junior  O.xford  and  Cambridge  Local  Examinations.  By  G.  L. 
Bennett,  M.A.,  Head-Master  of  the  High  School,  Flymoiith. 
Small  ?>vo.  [In  preparation. 

Introduction  to  Greek  Verse  Composition.  i9y  Arthur 

SiDGWiCK,  M.A.,  Tutor  of  Corpus  Christi  College,  Oxford:  late 
Assistant- Master  at  Rugby  School,  and  Felloiv  of  Trinity  College, 
Cambridge;  andY.  D.  Morice,  M.A.,  Assistant- Master  at  Rugby 
School,  and  Fellozv  of  Queen's  College,  Oxford.  [In  preparation. 

A  Syntax  of  Attic  Greek  for  the  use  of  Students 

and  Schools.  Part  I.  The  Simple  Sentence.  Part  II.  The 
Compound  Sentence.  Part  III.  Prepositions,  Particles,  and 
Figures.  By  F.  E.  Thompson,  M.A.,  Assistant-Master  at  Ma?!- 
borough  College.     Crown  Svo.  [In  the  press. 
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A  Companion  to  Algebra.  By  Leonard  Marshall,  M.A., 
Assistant- Master  at  Charterhouse  School.    Cro7un  8z'f .     [lit  the  press. 

A  Latin-English  Dictionary  for  Junior  Forms  of 

Schools.     By  C.  G.  Gepp,  M.A.      iQmo.  [In  the  press. 

A  Short  History  of  England  for  Schools.  By  F.  York- 
Powell,  M.A.,  Lecturer  at  Christ  Church,  Oxford.  With  Maps 
and  Illustrations.     Small  Zvo.  [I/i  the  press. 

A  Handbook  in  Outline  of  English  Politics  for  the 

Last  Half  Century.  Extracted  from  "A  Handbook  of  English 
Political  History."  With  Appendices  on  the  Reform  Bills,  Dis- 
franchised and  Enfranchised  Boroughs,  &c.  By  A.  H.  D.  Acland, 
M.A.,  Steward  of  Christ  Church,  Oxford,  and  Cyril  Ransome, 
M.A.,  Professor  of  Alodcrn  Literature  and  History,  Yorkshire  College, 
Leeds.      Cro-ton  ^vo.     Paper  cover,  is.  [A'mo  Heady. 

The  Jugurtha  of  SalluSt.  By  E.  P.  Brooke,  M.A.,  Assistant- 
Master  at  Rugby  School.  [In  preparation. 

Essays  on  Aristotle.  By  Various  Writers.  Edited  by  Evelyn 
Abbott,  M.A.,  LL.D.,  Felloiu  and  Tutor  of  Balliol  College,  Oxford. 

[In  preparation. 

History  of  the  Romans  to  the   Establishment  of 

Imperialism.     By}.  S.  Reid,  LL.M.  [In preparation. 

Selections  from  ThUCydideS.  An  Easy  Greek  Reading  Book. 
By  E.  H.  Moore,  M.A.,  Assistant- Master  at  the  High  School, 
Plymouth.  [In  preparation. 

A  Key  to  A  Second  Latin  Reader.    By  G.  l.  Bennett, 

M.A.     For  the  use  of  Teachers  only.     5^.  [Now  ready. 

A  Key  to  Excerpta  Facilia.    ByYi.  R.  Heatley,  u.A.,xind 

H.  N.  KiNGDON,  B.A.     For  the  use  of  Teachers  only.     ^s. 

[Now  ready. 

A  Key  to  Gradatim.     By  H.  R.  Heatley,  m.a.,  and  h.  n. 

KiNGDON,  B.A.      For  the  use  of  Teachers  only,     5,9.      [Just  ready. 

A  Key  to   Morice's  Revised    Edition   of  Arnold's 

First  Greek  Book.  By  F.  D.  Morice,  M.A.  For  the  use  of 
Teachers  only.     5j-.  [Nearly  ready. 
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KEYS 

KEYS  marked  A  are  published  to  the  following  Educational  Works y&r 
tJie  use  of  Tutors  only.  They  can  only  be  obtained  by  direct  application  to 
the  Publishers,  who  will  send  a  printeil  Form,  to  be  filled  up  by  the  Tutor 
requiring  the  Key.     They  cannot  be  supplied  through  Booksellers. 

ANett  Price  of  the  Key. 
s.  d. 
Abbott's  Arnold's  Greek  Prose  Composition 
Ainger's  Clivus.  Parts  I.  and  II.  . 
Arnold's      Henry's  First  Latin  Book 

Supplementary  Exercises 

.      Second  Latin  Book  .         . 

First  Verse  Book 

Latin  Verse  Composition 

Longer  Latin  Exercises.     Part  11. 

Latin  Prose  Composition.     Part  I. 

First  Greek  Book      , 

j.^ Greek  Prose  Composition.     Part  I. 

Bennett's    First  Latin  Writer     . 

Second  Latin  Writer 

Easy  Latin  Stories  for  Beginners 

Second  Latin  Reader 

Bradley's    Arnold's  Latin  Prose  Composition 
Gepp's  Arnold's  Henry's  First  Latin  Book 

Exercises  in  Latin  Elegiac  Verse 

Heatley  and  Kingdon's  Gradatim    . 

. Excerpta  Facilia 

Morice's       Arnold's  First  Greek  Book 

Ritchie  and  Moore's  Greek  Method 

Sargent   and  Dallin's   Materials  and  Models  for  Latin  Prose 

Composition.     Latin  Version.     Ii6  Selected  Pieces 

Greek  Prose  Composition.     Greek  Version 

Sidgwick's  First  Greek  Writer    ..... 
Greek  Prose  Composition 

B 

Keys  to  the  foil o^tnng  arc  sold  to  the  Public  'without  rest^-iction . 
Arnold's       First  German  Book 

Second  German  Be  ok 

__^ First  French  Book 

. First  Italian  Book 

First  Hebrew  Book 

Smith's  (J.  IIamblin)  Elementary  Algebra 

Arithmetic        .... 

Exercises  in  Geometry 

.     Statics  and  Hydrostatics 

Trigonometry 

. Latin  Prose  Composition 
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ENGLISH 

Select  Plays  of  Shakspere.  rugby  edition. 

With  Introduction  and  Notes  to  each  Flay.     Small  Svo. 

As  You  Like  It.    2s.  King  Lear.    2s.  6d. 

Hamlet.    2s.  ed.  Macbetli.    2s. 

Romeo  and  Juliet.    2s.       King  Henry  the  Fifth.    2s. 
A  Midsummer  Night's  Dream.    2s. 

Edited  by  the  Rev.   C.   E.  Moberly,   M.A.,  formerly  Scholar  of  Balliol 
College,  Oxford. 

CoriolanuS.     2s.  6d.     Edited  by  Robert  Whitelaw,  M.A.,  Assis- 
tant-Master at  Rugby  School. 

The  Tempest.      2s.      Edited  by  J.    SURTEES  Phillpotts,    M.A., 
Head-Master  of  Bedford  Grammar  School. 


Second  Edition.     Small  %vo.     2s.  6d. 

The  Rudiments  of  English  Grammar  and  Com- 
position,    By].  Hamblin  Smith,  M.A.,  of  Gonville  and  Caius 
College,  and  late  Lecturer  at  St.  Peter's  College,  Cambndge. 
"This  book  is  intended  to  give,  first,  a  simple  account  of  the  elementary  facts  of 
English  grammar,  so  far  as  they  relate  to  the  construction  of  sentences  ;  and,  secondly, 
a  short  sketch  of  the  fundamental  principles  of  English  composition.    In  fixing  the  limits 
of  the  work,  I  have  been  guided  chiefly  by  the  requirements  of  the  University  of  Cam- 
bridge in  the  local  examinations." — Extract  from  the  Preface. 

S))iall  Zvo.      \s.  6d. 

The  Beginner's  Drill-booli  of  English  Grammar. 

Adapted  for  Middle  Class  and  Elementary  Schools.  By  James 
Burton,  B.A.,  First  English  Master  in  the  High  School  of  the 
Liverpool  Institute. 

Small  Zvo.     2s.  6d. 

Short  Readings  in  English  Poetry.  Arranged,  with  oc- 

casional  Notes,  for  the  use  of  Schools  and  Classes.  Edited  by  H.  A, 
Hertz, 

Small  Svo.    2s.  6d. 

A  Practical  English  Grammar.  For  schools  and  col- 
leges, and  for  Students  preparing  for  examinations.  By  the 
Rev.  W.  TiDMARSH,  B.A.,  Head-Master  of  Putney  School. 
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JVM  Introductions,  and  Notes  at  the  end  of  each  Book. 
Edited  by  FRANCIS  STORR,  B.A., 

CHIEF    MASTER    OF     MODERN    SUBJECTS    AT     MERCHANT    TAYLORS'    SCHOOt. 

Small  %vo. 

Thomson's  Seasons  :  Winter,  with  Introdtution  to  the  Series, 
by  the  Rev.  J.  Franck  Bright,  M.A.,  Master  of  University 
College,   Oxford.     \s. 

Cowper's  Task.    By  Fkancis  Storr,  b.a.    2s. 

Books  I.  and  II.,  <jd. ;  Books  III.  and  IV.,  qd.  ;   Books  V.  and  VI.,  gd. 

Cowper's  Simple  Poems,  with  Life  of  the  Author. 

By  Francis  Storr,  B.A.     is. 
Scott's  Lay  of  the  Last  Minstrel.    By].  Surtees  Phill- 

POTTS,  M.A.,  Head- Master  of  Bedford  School.     2s.  6d. 
Canto  I.,  gd.  ;  Cantos  II.  and  III.  gd.  ;  Cantos  IV.  and  V.,  gd.  ;  Canto  VI.,  gd. 

Scott's  Lady  of  the  Lake.     By  R.  W.  Taylor,  M.A.,  Head- 
Master  of  Kelly  College,  Tavistock.     2s. 
Cantos  I.  and  II.,  gd.  ;  Cantos  III.  and  IV.,  gd.  ;  Cantos  V.  and  VI.,  gd. 

Notes  to  Scott's  Waverley.  By  H.  W.  Eve,  M.A.,  I/ead- 
Master  of  University  College  School,  London,     is.;  or  -with  the  Text, 

2s.    6d. 

Twenty  of  Bacon's  Essays.    By  Francis  Storr,  B.A.     is. 

Simple  Poems.  £dited  by  W.  E.  Mullins,  M.A.,  Assistant- 
Master  at  Alarlborough  College.     8d. 

Selections  from  Wordsworth's    Poems.     By  H.  H. 

Turner,  B.A.,  late  Scholar  of  Trinity  College,  Cambridge,     is. 
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Wordsworth's  Excursion  :  The  Wanderer.  By  H.  H. 

Turner,  B.A,     \s. 

Milton's  Paradise  Lost.     By  Francis  Storr,  B.A.     Book  I. 
<jd.     Book  II.,  (jd. 

Milton's  L'Allegro,  II  Penseroso,  and  Lycidas.    By 

Edward  vStorr,  M.A.,  late  Scholar  of  New  College^  Oxford,     is. 

Selections  from  the  Spectator.    By  Osmond  Airy,  m.a., 

Assistasit- Master  at  Wellington  College,     is. 

Browne's  ReligiO  Medici.  By  W.  P.  Smith,  m.a.,  Assistant- 
Master  at  Winchester  College,     \s. 

Goldsmith's  Traveller  and  Deserted  Village.    By  c. 

Sankey,  M.A.,   Head- Master  of  Bury  St.  Edmund's  Grammar 
School.     IS. 

Extracts  from  Goldsmith's  Vicar  of  Wakefield.    By 

C.  Sankey,  M.A.     is. 

Poems  selected  from  the  Works  of  Robert  Burns. 

By  A.  M.  Bell,  M.A.,  Balliol  College,  Oxford.     2s. 

Macaulay's  Essays. 

MOORE'S  LIFE  OF  BYRON.    i)'y  Francis  Storr,  B.A.    y. 

BOSWELL'S    life    of  JOHNSON.     By  Francis   Storr, 
B.  A.     <jd. 

HALLAM'S    constitutional    HISTORY.     By    H.    F. 
Boyd,  late  Scholar  of  Brasenose  College,  Oxford,     is. 

Southey's   Life  of    Nelson.     By  w.  E.  Mullins,  m.a. 

2,3.  6d. 

Gray's  Poems.     Selection  from  Letters,  with  Life 

by  Johnson.     By  Francis  Storr,  B.A.     is. 

*,*  The  General  Introduction  to  tlie  Series  will  be  found  in  Thomson's  Winter. 
WATERLOO  PLACE,  LONDON. 
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HISTORY 

With  numerous  Maps  and  Plans,     Nnu  Edition,  Revised.     Crown  Svo. 

A  History  of  England.  By  the  Rev.  j.  franck  bright,  m.  a., 

Master  of  University  College,  and  Historical  Lecture}-  at  Balliol,  Nrou, 
and  University  Colleges,  Oxford ;  late  Master  of  the  Modern  School 
at  Marlborough  College. 
Period   I. —MEDIEVAL    MONARCHY:     The  departure   of 

the  Romans,  to  Richard  III.     From  A. D.  449  to  A.D.  1485. 

4^.  6a'. 
Period    II.— PERSONAL    MQNARCHY  :      Hemy    VII.    to 

James  II.     From  a.d.  1485  to  A.D.  1688.     ^s. 
Period  III.— CONSTITUTIONAL   MONARCHY:     William 

and  Mary,  to  the  present  time.     From  a.d.  1689  to  A.D.  1837, 

']s.  6d. 

Extract  from  the  Regulations  for  the  Army  Examinations. 

"At  the  competitions  for  the  Military  College,  Sandhurst,  the  Academy,  Woolwich, 
&c.,  the  examinations  in  English  History  will  be  limited  to  the  periods  a.d.  1760-1790, 
and  1790-1820. 

"  •«•  The  candidate  reading  on  the  period  selected  should  include  the  study  of  that 
part  of  Bright's  History  which  treats  of  the  period  he  selects." 

With  Maps  and  Illustrations.     Small  8vo. 

A  Short  History  of  England  for  Schools.     By 

F.  YoRK-PuWELL,  M.A.,  Lecturer  at  Christ  Church,  Oxford. 

\^In  the  press. 

Second  Edilioii.      With  Forty  Illustrations.      l6mo.     2s.  6d. 

A  First  History  of  England.     By  louise  creighton, 

Author  of  ^^ Life  of  the  Black  Piince,"  "Sir  Walter  Ralegh,"  &^c. 

"Tills  is  a  neat,  well-written  little  volume  of  about  four  hundred  pages,  in  which  the 
whole  story  of  English  history  is  told  in  a  succinct  but  interesting  way." — Afhciiauin. 

"  This  is  one  of  the  most  satisfactory  of  the  many  histories  of  England  lately  published 
for  schools.  Mrs.  Creighton  has  spared  no  pains  to  make  their  earliest  lessons  in  English 
history  in  every  way  attractive  to  liltle  clMhren.''  —  Academy . 

"This  is  really  a  charming  little  volume." — Joiirtuil  of  Education. 

"The  book  gives  a  pleasing  summary  of  the  more  striking  events,  and  is  written  in 
simple  and  familiar  language.  Forty  illustrations  (which  we  are  told  are  from  '  authentic 
sources')  brighten  up  the  narrative  and  attract  by  their  occasional  quaintness.  The  book 
contains  ^83  well-printed  pages,  and  there  is  a  carefully  prepared  index." — Sclwolinastcr. 

"The  style  is  so  simple,  that  the  book  cannot  fail  to  be  understood  by  any  child  who 
can  read  ;  and  at  the  same  time,  the  crucial  and  decisive  events  of  our  history  are  treated 
with  an  adequate  appreciation  of  their  importance,  and  their  causes  and  consequences 
clearly  set  forth.  'J'he  interest  of  the  book  is  increased  by  numerous  illustrations,  many 
of  which  are  reproductions  of  old  designs." — Scotsman. 

"  It  is  well  and  carefully  written,  and  the  illustrations  are  numerous  and  authentic." 

School  Gttardian. 
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Historical  Handboolis.  Edued  by  oscar  browning, 

M.A.,  Fellow  of  King's  College,  Cambridge. 
Crown  2>vo. 

English  History  in  tlie  XlVtli  Century.    By  Charles 

H.  Pearson,  M.A.,  late  Fellow  of  Oriel  College,  Oxford,     y.  6d. 

Tlie  Reign  of  Lewis  XI.    By  v.  f.  Willert,  m.a.,  Fellow  of 

Exeter  College,  Oxford.     With  Map.     3^.  dd. 

The  Roman  Empire,    a.d.  395-800.   By  K.  M.  Curteis, 

M.A.     With  Maps.     3^.  bd. 

History  of  the   English   Institutions.     By  Philip  V. 

Smith,    M.A.,   Fello^v  of  King's  College,    Cattibridge.     y.  dd. 

History  of  Modern  English  Law.  By  Sir  Roland  Knyvet 

Wilson,   Bart.,   M.A.,  late  Fello'w  of  King's  College,    Catnbridge. 
y.  dd. 

History  of  French  Literature.    Adapted  from  the  French  of 
M.  Demogeot,  by  C.  Bridge.     3^.  dd. 

(Recommended  by  the  Intermediate  Education  Board  for  Ireland.) 


History  of  the  Romans  to  the  Establishment  of 

Imperialism.  By  J.  S.  Reid,  LL.M.,  Fello^o  and  Assistant- 
Tutor  of  Gonville  arid  Cains  College,  Cambridge;  Classical  Examiner 
in  the  University  of  London. 

[In  preparation. 

Tills  work  is  Intended  to  be  used  by  the  higher-  Forms  in  Public  Schools,  and  bj'  Junior 
Students  in  the  Universities.  It  aims  at  exhibiting  in  outline  the  growth  of  the  Roman 
national  life  in  all  departments.  Military  history  will  not  be  neglected,  but  attention  will 
be  particularly  directed  towards  the  political  and  social  changes,  and  the  development  of 
law,  literature,  religion,  art,  science,  and  social  life.  Care  will  be  taken  to  bring  the 
whole  narrative  into  accord  with  the  present  state  of  knowledge,  and  also  to  present  the 
facts  of  Roman  History  in  a  form  likely  to  interest  the  Students  for  whom  the  work  is 
intended. 
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Historical  Biographies.    Edited  by  the  Rev.  m. 

Creighton,  M.A.,  late  Felloiv  and  Tutor  of  Merton  College,  Oxford. 
With  Maps  and  Plans.     Small  ^vo. 
Simon  de  Montfort.     By  M.  Creighton,  M.A.    2s.  6d. 
The  Black  Prince.     By  Louise  Creighton,     2s.  6d. 
Sir  Walter   Ralegh.  By  Louise  Creighton.    With  Portrait.  35. 
Oliver  Cromwell.     By  F.  W.  Cornish,  M.A.     y.  ed. 

The  Duke  of  Marlborough.     By  Louise  Creighton.     With 
Portrait,     y.  6d. 

The    Duke    of    Wellington.     By   Rosamond   Waite.     With 
Portrait,     y.  6d. 


Second  Edition.     Crown  8vo.     6s. 

A  Handbook  in  Outline  of  the  Political  History  of 

England  to  1881.  chronologically  arranged.  By  Arthur 
H.  D.  Aci.AND,  M.A.,  Christ  Chtirch,  Oxford,  and  Cyril  Ran- 
som e,  M.A. ,  Professor  of  Modern  Literature  and  History,  Yorkshire 
College,  Leeds. 

Cro-on  ?iV0.      \s.  6d. 

A  Skeleton  Outline  of  the  History  of  England, 

being  an  abridgment  of  a  Handbook  in  Outline  of  the  Political 
History  of  England.  By  Arthur  H.  Dyke  Acland,  M.A.,  and 
Cyril  Ransome,  M.A. 

Second  Edition,  Revised.     Cro7vn  2>vo.     js.  6d. 

History  of  the  Church  under  the  Roman  Empire, 

a.d.  30-476.  By  the  Rev.  A.  D.  Crake,  Y>.K.,  Rector  of  Haven 
Street,  Ryde. 

New  Edition.     iSmo.     is.  6d. 

A  History  of  England  for  Children.  ^jGeorgedavys, 

D-D.,  formerly  Bishop  of  Peterborough. 


WATERLOO  PLACE,  LONDON. 
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SCIENCE 

Third  and  Enlarged  Edition,       With  Illustrations.     %vo.     2\s. 

Physical   Geology  for  Students   and   General 

Readers.  By  a.  H.  Green,  M.A.,  F.G.S.,  Professor  o/  Geology 
in  tlie  Yorkshire  College  of  Science,  Leeds. 

Crown  ?>i>o.     2s.  6d. 

Elementary  Course  of  Practical  Physics.    By  a.  m. 

WoRTHiNGTON,  M.A.,  F.R.A.  S.  Assistant- Master  at  Clifton 
College. 

New  Edition,  Revised.      With  Illustrations.     Crown  Svo.     2s.  6d. 

An  Easy  Introduction  to  Chemistry.     Edited  by  the 

Rev.  Arthur  Rigg,  M.A.,  and  Walter  T.  Goolden,  M.A., 
Lecturer  in  Natural  Science  at  Tonbridge  School. 

Second  Edition.      With  Illustrations.     Craivn  ?>vo.     ^s. 

A     Year's    Botany.        Adapted   to  Home  and  School   Use.     By 
Frances  Anne  Kitchener.     Illustrated  by  the  Author. 

Medium  ?)V0. 

Notes  on  Building  Construction. 

Arranged  to  meet  the  requirements  of  the  syllabus  of  the  Science 
and  Art  Department  of  the  Committee  of  Council  on  Education, 
South  Kensington  Museum. 

Part  I.— FIRST  STAGE,  or  ELEMENTARY  COURSE.    With 

325  woodcuts,  los.  6d. 
Part    II.  — COMMENCEMENT    OF    SECOND    STAGE,     or 

ADVANCED  COURSE.      With  277  woodcuts,  los.  bd. 

Part  III.— ADVANCED   COURSE.     With  188  woodcuts,  zis. 

Report  on  the  Examination  in  Building  Construction,  held  by  the  Science 
AND  Art  Department,  South  Kensington,  in  May,  1875. — "  The  want  of  a  text- 
book in  this  siiltject,  arranged  in  accordance  with  the  Jniblislied  syllabus,  and  therefore 
limiting  tlie  students  and  teachers  to  the  prescribed  course,  has  lately  been  well  met  by 
a  work  publislied  by  Messrs.  Rivingtons,  entitled  '  Notes  on  Building  Construction,' 
arranged  to  tneet  the  regnirements  of  the  Syllabus  of  the  Science  and  Art  Department 
0/  tlie  Committee  of  Council  on  Education,  South  Kensington.     (Sigtted) 

H.  C.  Seddon,  Major,  R.E. 

Ju7ie  18,  1875.  [Instructor  in  Construction  and  Estimating  at  tlie 

School  of  Military  Engineering,  Chatham.'^ 
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MATHEMATICS 

Riuington's  Mathematical  Series 

Small  8r'^.     3J-.      Without  Ansivers,  2s.  6d. 

Elementary   Algebra.      By  j..  Hamblin   Smith,  m.a.,  of 

Gonville  and  Caius  College,  and  late  Lecturer  in  Classics  at  St.  Peter's 
College,  Cambridge, 

A  Key  to  Elementary  Algebra,    gj. 
Small  Zvo.     2s.  6d. 

Exercises  on  Algebra.     Byj.  Hamblin  Smith,  m.a. 

(Copies  may  be  had  without  the  Answers.) 

Crown  2>vo.     %s.  6d. 
Algebra,      part   II.      By  E.  j.  gross,  m.a.,  Fellow  of  Gonville 
and  Caius   College,    Cambridge,  and  Secretary  to  the  Oxford  and 
Cavibridge  Schools  Examination  Board. 

Small  Svo.     y.  6d. 

A  Treatise  on  Arithmetic.     By  J.  Hamblin  Smith,  M.A. 
(Copies  may  be  had  without  the  Answers.) 

A  Key  to  Arithmetic,     gs. 
Small  Sc'c.     4J-.  6d. 

Elementary  Trigonometry.    By  j.  Hamblin  Smith,  m.a. 
A  Key  to  Elementary  Trigonometry.     7^-.  6d. 

Crown  %vo.     ^s.  6d. 

Kinematics  and  Kinetics.     By  e.  j.  Gross,  m.a. 

Cro7vn  Sz'o.     ^s.  6d. 

Geometrical  Conic  Sections.     By  g.  Richardson,  m.a., 

Assistant-Master  at  Winchester  College,  and  late  Fellow  of  St.  John's 
College,  Cambridge. 

Small  Svo.     3^. 
Elementary  Statics.     By  J.  Hamblin  Smith,  M.A. 

Small  Svo.     3J. 

Elementary  Hydrostatics.     By  j.  Hamblin  Smith,  m.a. 

Crown  Svo.     6s. 

A  Key  to   Elementary  Statics  and   Hydrostatics. 
By  J.  Hamblin  Smith,  M.A. 
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Small  Svo.     ^s.  6d. 

Elements  of  Geometry.    By  j.  Hamblin  Smith,  m.a. 

Containing  Books  i  to  6,  and  portions  of  Books  11  and   12,   of 
Euclid,  with  Exercises  and  Notes,  arranged  with  the  Abbreviations 
admitted  in  the  Cambridge  University  and  Local  Examinations. 
Books  I  and  2,  limp  cloth,  is.  6J.,  may  be  had  separately. 

Prescribed  by  the  Council  of  Public  Instrnction  for  the  use  of  the  schools  of  Nova 
Scotia;  authorized  for  7tse  in  the  schools  o/  Manitoba;  recommended  by  the  University 
of  Halifax,  Nova  Scotia,  by  the  Council  of  Public  Instruction,  Quebec;  and  authorized 
by  the  Education  Department,  Ontario. 

Crown  %vo.     %s.  6d. 

A   Key  to   Elements  of   Geometry.     By  j.  Hamblin 

Smith,  M.A. 

Small  %vo.      \s. 

Book  of  Enunciations  for  Hamblin  Smith's  Geo- 
metry, Algebra,  Trigonometry,  Statics,  and  Hydro- 
statics. 

Small  Svo.     y. 

An  Introduction  to  the  Study  of  Heat.    Byj.  Hamblin 

Smith,  M.A. 

Contents. — General  Effects  of  Heat — Thermometry — Expansion  of  Gases — Expansion 
of  Solids  —  Expansion  of  Liquids  —  Calorimetry  —  Latent  Heat  —  Measure  of  Heat  — 
Diffusion  of  Heat :  Radiation — Convection — Conduction — Formation  of  Vapour,  Dew, 
&c. ;  Trade  Winds,  Ebullition,  Papin's  Digester,  Spheroidal  Condition — Congelation — 
Measurement  of  Work  —  Mechanical  Equivalent  of  Heat  —  Miscellaneous  Exercises  — 
Appendix — Index. 

Crown  Svo.     6s. 

The  Principles  of  Dynamics.  An  Elementary  Text-book 
for  Science  Students.  By  R.  Wormell,  D.Sc,  M.A.,  Head- 
Master  of  the  City  of  London  Middle-  Class  School. 

Small  %vo.     y.  6d. 

Army   and  Ciuil  Service  Examination  Papers 

in  Arithmetic,  including  Mensuration  and  Logarithms,  set  in  recent 
Examinations  for  the  Army,  Woolwich,  Cooper's  Hill,  Home  Civil 
Service,  &c.  With  Arithmetical  Rules,  Tables,  Formula?  and 
Answers,  for  the  use  of  Students  preparing  for  Examination.  By 
A.  Dawson  Clarke,  B.A.,  St.' John's  College,  Catnhridge. 

Nrw  Edition,  Revised.     Croivn  %vo.     6s.  6d. 

Arithmetic,  Theoretical  and  Practical.    By  w.  h. 

GiRDLESTONE,  M.  A.,  of  Christ's  College,  Cambridge. 
Also  a  School  Edition.     S7nall  %vo.     3^.  6d. 
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LATIN 

I\Feiv  Edition,  revised.     Crown  2>vo.     3^.  ()d. 

First  Latin    Writer,     comprising  Accidence,  the  Easier  Rules  of 
Syntax  illustrated  by  copious  Examples,  and  progressive  Exercises 
in    Elementary    Latin    Prose,    with    Vocabularies.       By    G.     L. 
Bennett,  M.  A.,  Head-Master  of  the  High  School,  Plymouth. 
A  Key  for  the  use  of  Tutors  only.     55. 

Cro7i)n  2>vo.      2s.  6d. 
First     Latin     Exercises.       Being    the    Exercises,    with    Syntax 
Rules  and  Vocabularies,  from  a  "First  Latin  Writer."     By  G.  L. 
Bennett,  M.A. 

Crown  2>vo.     is.  6d. 
Latin    Accidence.      From   a   "First   Latin    Writer."      By   G.    L. 
Bennett,  M.A. 

Second  Edition.  Crown  %vo.  3^.  61/. 
Second  Latin  Writer.  SyC.  L.  Bennett,  M.A.,  Head-Master 
of  the  High  School,  Plymouth. 
This  work,  in  continuation  of  the  First  Latin  Writer,  gives  hints  on  writing  Latin  Prose 
for  Boys  about  to  commence  the  rendering  of  continuous  passages  from  Enghsh  Authors 
into  Latin.  There  is  a  large  Collection  of  Exercises,  graduated  according  to  their  diffi- 
culty, with  Notes. 

A  Key  for  the  use  of  Tutors  only.     %s. 

New  Edition,  revised.     Crown  %vo.     2s.  6d. 

Easy  Latin  Stories  for  Beginners.  By  g.  l.  bennett, 

M.A.,  Head-Master  of  the  High  School,  Plymouth.  With  Notes 
and  Vocabularies.  Forming  a  First  Latin  Reading  Book  for  Junior 
Forms  in  Schools. 

A  Key  for  the  use  of  Tutors  only.     55. 

Cro^ivn  Zvo.     2s.  6d. 
A  Second  Latin  Reader.    Forming  a  continuation  of  Easy  Latin 
Stories.     By   G.   L.   Bennett-,  M.A.,  Head-Master  of  the  High 
School,  Plymouth. 

A  Key  for  the  use  of  Tutors  only.      ^s. 

Small  Sz'o.     2s. 

Selections  from  Caesar.     Tiie  Gallic  War.  Edited, 

with  Preface,  Life  of  Caesar,  Text,  Notes,  Geographical  and  Bio- 
graphical Index,  and  Map  of  Gaul,  dy  G.  L.  Bennett,  M.A., 
Head-Master  of  the  High  School,  Plymouth. 
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Crmvn  Zvo.     \s.  6d, 

First  Steps  In  Latin.  By  F.  Ritchie,  M.A.,  Assistant-Master 
at  the  High  School,  Flymouth. 

Small  Sz'o.     is.  6d. 

GrCldCltim.  An  Easy  Translation  Book  for  Beginners.  By  H.  R. 
Heatley,  M.A.,  and  H.  N.  Kingdon,  B.A.,  Assistattt- Masters  at 
Hillbroiv  School,  Rugby. 

The  aim  of  this  book  is  to  provide  translation  for  boys  immediately  on  beginning  Latin. 
With  this  view  care  is  taken  that  the  beginner  encounters  no  difficulty  of  Grammar  or 
Syntax  without  due  warning. 

A  Key  for  the  use  of  Tutors  only.     5^. 

Small  2,vo.     2s.  6d. 

ExCerptO.  FaciliO..  a  second  Latin  Translation  Book,  containing 
a  Collection  of  Stories  from  various  Latin  Authors,  with  Notes  at 
end,  and  a  Vocabulary.  By  H,  R.  Heatley,  M.A.,  attd  H.  N. 
Kingdon,  B.A.,  Assistant- Masters  at  Hillbrcw  School,  Rugby. 

The  book  is  provided  with  excellent  notes  of  an  elementary  kind,  and  with  a  complete 
vocabulary.  The  book  is  well  adapted  for  a  School  Reading  Book,  and  also  for  practice 
at  "unseen  translation." — Schoolinastci-. 

Copies  may  also  be  had  without  the  Vocabulary. 

A  Key  for  the  use  of  Tutors  only,     5^, 

C7-02vn  ?>vo.     is.  6d. 

The  Beginner's  Latin  Exercise  Boo/i.  Affording  Practice, 

oral  and  written,  on  Latin  Accidence.  With  Vocabulary.  By  C. 
J.  Shervvill  Dawe,  B.A.,  Lecturer  and  Assistant  Chaplain  at  St, 
Mark's  College,  Chelsea. 

New  Edition.     Crowii  Zvo.     2s.  6d. 

Latin  Prose  Exercises.  For  Beginners,  and  junior  Forms  of 
Schools.  By  R.  Prowde  Smith,  B.A.,  Assistant-Master  at 
Cheltenham  College. 

Cro7vn  Svo.     On  a  card,  ()d. 

Elementary  Rules  of  Latin  Pronunciation.    By 

Arthur  Holmes,  M.A.,  late  Senior  Fellotu  and  Dean  of  Clare 
College,  Cambridge. 
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i%mo. 
LCttin   I  6XtS.      For  use  in  schools,  &c.    In  stitched  wrapper. 

THE  AENEID   OF  VERGIL.     Books  I.  II.  III.  IV.  V.  VII. 
VIII.  IX.  2d.  each.     Books  VI.  X.  XI.  XII.  id.  each. 

THE  GEORGICS  OF  VERGIL.     Books  I.-IV.  2d.  each. 

THE  BUCOLICS  OF  VERGIL.     2d. 

l/ergil.     The  BucoHcs,  Georgics,  and  ^neid  in  One  VoUime.     C/otA 
2s.  6d. 

CAESAR  DE  BELLO  GALLICO.   Books  I.  V.  VII.  VIII.  ^d.  each. 
Books  II.  HI.  IV.  VI.  2d.  each. 

Caesar  De  Bello  Gallico.    in  One  Vohime.    cioth,  u.  dd. 

Fifth  Edition,  Revised.     Crnvn  8vo.     y.  6d. 

Progressive   Exercises  in  Latin   Elegiac   Verse. 

By  C,  G.   Gepp,   M.A.,   late  Head-Master  of  King  Ed-ward  VI. 
School,  Stratford-upon-Avon. 

A  Key  for  the  use  of  Tutors  only.     5^. 

Ttvelfth  Edition.     i2mo.     2s. 

n  rirSl  verse  DOOH.  Being  an  Easy  Introduction  to  the  Mechan- 
ism of  the  Latin  Hexameter  and  Pentameter.  By  Thomas  Ker- 
CHEVER  Arnold,  M.A. 

A  Key  for  the  use  of  Tutors  only.     is. 

Croion  8'w. 

LIIUUS.  Elementary  Exercises  in  Latin  Elegiac  Verse.  By  A.  C. 
Aingek,  M.A.,  Assistant-Master  at  Eton  College. 

Part  I.  2s.  6d.        Part  II.  2s.  6d. 

A  Key  for  the  use  of  Tutors  only.     3^-.  6d. 

Crown  Zvo.      '},s.  6d. 

An  Elementary  Latin  Grammar.  By],  hamblin  smith, 

M.A.,  of  Gonville  and  Cains  College,  and  late  Lectuj-er  in  Classics  at 
St.  Peter's  College,  Catnbridge. 

Twenty-fifth  Edition.     \2mo.     y. 

Henry's  First  Latin  Book,  ^^thomas  kerchever  Arnold, 

A  Key  for  the  use  of  Tutors  only.     i.f. 
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TiL'etitieth  Edition.     Svo.     6s.  6d. 

A  Practical  Introduction  to  Latin  Prose  Com- 
position.   By  Thomas  Kerchever  Arnold,  M.A. 
A  Key  for  the  use  of  Tutors  only.      is.  dd. 

A  Neiu  and  Revised  Edition.     Cro7vn  ^vo.     i^s. 

Arnold's  Practical  Introduction  to  Latin  Prose 

Composition.  By  G.  Gkanvh.i.e  Bradley,  D.D.,  Dcmt  <>/ 
Wcstniiustcr,  late  Master  of  University  College,  Oxford,  and  formerly 
Master  of  Marlborough  College. 

A  Key  for  the  use  of  Tutors  only.     5^-. 
A  N'emt  and  Rez'iscd  Edition.      121/10.     y. 

Arnold's  Henry's  First  Latin  Book.  Byc.  g.  gevp,  m.a., 

late  Head-Master  of  King  Edward  VI.  School,  Stratford-upon- 
Avon ;  Author  of  ^'' Progressive  Exercises  in  Latin  Elegiac  Verse." 

A  Key  for  the  use  of  Tutors  only.     ^s. 

Croivn  %vo. 

The  Aeneid  of  Vergil.  Edited,  with  mtes  at  the  end,  by  Francis 
Storr,  B.A.,  Chief  Master  of  Modern  Subjects  at  Merchant  Taylors' 
School. 

Books  I.  and  II.    2s.  dd.        Books  XI.  and  XII.    2s.  6d. 

Small  2>vo.     is.  6d. 

Virgil,  GeOrgiCS.  book  IV.  Edited,  wUh  n/e.  Notes,  Voca. 
bulary,  and  Index,  by  C.  G.  Gepp,  M.  A.,  late  Head-Master  of  King 
Edzvard  VI.  School,  Stratford-upon-Avon,  atid  Editor  of  "Arnold's 
Henry's  First  Latin  Book,"  reznsed  edition. 

Small  2)i'o.     is.  6d. 

Selections  from  the  Aeneid  of  Vergil,     with  Notes. 

By  G.  L.  Bennett,  M.A.,  Head-Master  of  the  High  School, 
Blymottth. 

Fifth  Edition.      i2mo.     4^. 

Cornelius  NepOS.  with  critical  Questions  and  Answers,  and  an 
Imitative  Exercise  on  each  Chapter.     By  T.  K.  Arnold,  M.A. 
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N£W  Edition,  Revised.     Crown  Svo.     y.  6d. 

Stories  from  Quid  In  Elegiac  Verse,   with  Notes  for 

School  Use  and  Marginal  References  to  the  Public  School  Latin 
Primer.  By  R.  W.  Taylor,  M.A.,  Head- Master  o_f  Kelly  College, 
Tavistock,  and  late  Fellow  of  St.  John's  College,  Cambridge. 

New  Edition,  Revised.      Crown  Zvo.     2s.  6d. 

Stories  from  Quid  in  Hexameter  Verse.  Meta- 
morphoses. With  Notes  and  Marginal  References  to  the  Public 
School  Latin  Primer.     By  R.  W.  Taylor,  M.A. 

New  Edition,  Rrjised.     i2mo.     2s.  6d. 

EclogCe  OuidianCe.  From  the  Eleglac  Poems.  With  English 
Notes.     By  Thomas  Kerchever  Arnold,  M.A. 

Small  S7'o.     2s. 

Cicero  de  AmiCltia.     Edited,  wUh  Notes  and  an  Introduction,  by 

Arthur    Sidgwick,    M.A.,     Tutor  of  Corpus    Christi   College, 

Oxford;  late  Assistant- Master  at  Rugby  School,  and  Fellow  of  Trinity 

College,    Cambridge, 

Contents. — Introduction :    Time  and   Circumstances— Dedication — Scheme  of   the 

Dialogue — Characters  of  the  Dialogues  :  The  Scipionic  Circle — Pedigree  of  the  Scipios — 

Conspectus  of  the  Dialogue — Analysis.     Laelius  De  Amicitia — Notes— Scheme   of  the 

Subjunctive— Notes  on  the  Readings — Indices. 

Small  ?iVO.     y.  6d. 

Ccesar.    De  Bello  Ga/lico.    books  l-iil   Edited,  with 

Preface,  Introductions,  Maps,  Plans,  Grammatical,  HistoHcal,  and 
Geographical  Notes,  Indices,  Gramrnatical  Appendices,  dx'c.,  by].  H. 
Merryweather,  M.A.,  and  C.  C.  Tancock,  M.A.,  Assistant- 
Masters  at  Charterhouse. 

Book  I.  separately.    2s. 

Cro-cvn  8t'(7.     3.f.  6d. 

Exercises  on  the  Elementary  Principles  of  Latin 

Prose  Composition,     with    Examination  Papers  on  the  Ele- 
mentary Facts  of  Latin  Accidence  and  Syntax.     By  J.   Hamblin 
Smith,  M.A.,  of  Gonville  and  Caius  College,  and  late  Lecturer  in 
Classics  at  St.  Peter's  College,  Cambridge. 
A  Key.     5^. 

Small  %vo.     \s.  ^d. 

Easy  Exercises  in  Latin  Prose.  By  charles  bigg,  d.d., 

formerly  Principal  of  Brighton  College. 
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A  Latin-English  Dictionary  for  Junior  Forms  of 

Schools.      By  C.  G.  Gepp,  M.A.  [/«  the  press. 

This  work  aims  at  supplying  in  a  concise  form  and  at  a  low  cost  all  the  information 
required  by  boys  in  Middle  Class  Schools,  or  in  the  Junior  Forms  of  Public  Schools. 
Archaisms  (with  the  exception  of  such  as  occur  in  the  most  commonly  read  authors), 
words  peculiar  to  Plautus,  and  words  found  only  in  Late  or  Ecclesiastical  Latin,  have 
been  excluded  accordingly.  On  the  other  hand,  Proper  Names  have  been  briefly  yet 
adequately  treated  in  alphabetical  order  in  the  body  of  the  work.  No  effort  has  been 
spared  to  ensure  completeness  and  accuracy,  all  references  having  been  verified  from  the 
latest  and  most  approved  editions  of  modern  scholars.  While  every  legitimate  aid  has 
been  given  to  schoolboys,  with  whom  the  looking  out  a  meaning  is  often  a  very  haphazard 
process,  it  is  hoped  that  the  volume  may  be  found  a  useful  and  handy  companion  to 
many  who  seek  to  renew  their  acquaintance  with  the  favourites  of  bygone  days. 

?>vo.     On  a  card,  \s. 

Outlines  of  Latin  Sentence  Construction.   By  e.  d. 

Mansfield,  M.A.,  Assistant-Master  at  Clifton  College. 
Second  Edition.     Crotvn  ?iVO.     "Js.  6d. 

Classical  Examination  Papers.   Edited,  with  Notes  and 

References,  by  P.  J.  F.  Gantillon,  M.A.,  Classical  Master  at 
Cheltenham  College. 

Or,  interleaved  with  writing-paper,  half-bound,  los.  6d. 

New  Edition,  re-arranged,  with  fresh  Pieces  and  additional  References, 
Crown  %vo.     ds.  6d. 

Materials  and  Models  for  Latin  Prose  Composition. 

Selected  and  arranged  by  ].  Y.  Sargent,  M.A.,  Fello-w  and  Tutor 
of  Hertford  College,  Oxford,  and  T.  F.  Dallin,  M.A.,  late  Tutor 
and  Fello7ii  of  Queen^s  College,  Oxford. 

Ne7v  Edition,  revised,  with  additional  pieces.      Craivn  ?>vo.     ^s. 

Latin  Version  (116)  of  Selected  Pieces  from  /Materials 

and  Models.     By  ].  Y.  Sargent,  M.A. 


May  be  had  by  Tutors  only,  on  direct  -application  to  the  Publishers. 


Liuy. 


Small  Sz'o.     y.  6d. 

BOOK  II.  Edited,  chiefly  from  the  text  of  Madvig,  with 
Notes,  Translations,  and  Appendices.  By  PIenry  Belcher,  M.  A., 
Master  of  the  Matriculation  Class,  King's  College  School,  London. 
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Small  Svo.     2s. 

Selections  from  Boohs  VIII.  and  IX.  of  Liuy.    with 

Notes  and  Map.  By  E.  Calvert,  LL.D,,  St.  John's  College, 
Cambridge;  and  R.  S award,  M.A.,  Felloav  of  St,  John's  College, 
Cambridge;  Assistant- Master  at  Shreivsbury  School, 

Cro7un  Svo, 

Terenti  Comcedice.    Edited  by  a,  l.  papillon,  m.a.,  Peiiow 

of  A^e7u  College,  Oxford, 
ANDRIA  ET  EUNUCHUS.   With  Introduction  on  Prosody.   4^.6^. 
Or   separately,    ANDRIA.      With  Introduction   on   Prosody.      3^.    dd, 
EUNUCHUS.     3J. 

Cro%mi  %vo,     5^. 

Juuenalis  Satirce.    thirteen  satires,    sdned  by  g. 

A.  SiMCOX,  M.A.,  Fello'M  of  Queen's  College,  Oxford. 

Crown  Zvo.     y.  6d. 

Persii    Satirce.        Edited  by  a.  Pretor,  m.a.,  of  Trinity  College, 
Cambridge. 

Croivn  8r'o.     7^.  (>d. 

Horatl    Opera.       By  J.  M.   Marshall,   M.A.,    Under-Master  at 
Didivich  College. 

Vol.  I.— the  ODES,  CARMEN  SECULARE,  and  EPODES. 
Also  separately,  THE  ODES.     Books  I.  to  IV.     is.  6d,  each. 

Crown  2>vo, 

Taciti   HlStoriCB.        Edited  by  W.  H.  Simcox,  M.A.,  Fello7v  of 
Queen's  College,  Oxford. 

Books  I,  and  II.,  6s.        Books  III.,  IV.,  and  V.,  6s. 
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Second  Edition,  Revised.     Crown  8vo.     3j.  6d. 

A  Primer  of  Greek  Grammar,   wuh  a  Preface /^^  John 

Percival,    M.A.,   LL.D.,  President  of  Trinity  College,   Oxford; 
late  Head-Master  of  Clifton  College. 
This  book   is   in  use   at   Eton,    Rugby,    Clifton,    Edinburgh,    Rossall,    Uppingham, 
Felstead,  &c. 

Or  separately^  crown  Svo.     2s.  6d. 
Accidence.     By  Evelyn  Abbott,  M.A.,  LL.D.,  Fellozu  and  Tutor 
of  Balliol    College,     Oxford;    and    E.    D.    Mansfield,    M.A., 
Assistant-Master  at  Clifton  College. 

Crown  Svo.     is.  6d. 
Syntax.     By  E.  D.  Mansfield,  M.A.,  Assistant- Mastv  at  Clifton 
College. 

This  outline  of  the  chief  Rules  of  Greek  Syntax,  which  is  intended  as  a  sequel  to  the 
"Primer  of  Greek  Accidence,"  lays  no  claim  to  originality  of  treatment.  The  Editor 
has  freely  consulted  the  usual  authorities,  especially  the  well-known  "  Greek  Moods  and 
Tenses,"  and  the  later  "Elementary  Greek  Grammar,"  of  Professor  W.  W.  Goodwin, 
and  has  only  aimed  at  stating  Rules  simply  and  concisely,  and  so  grouping  them  as  to 
indicate  general  principles  and  prepare  the  beginner  for  the  use  of  a  fuller  treatise.^  He 
is  largely  indebted  in  the  first  part  of  the  Syntax  to  material  kindly  placed  at  his  dis- 
posal by  Mr.  Evelyn  Abbott,  which,  however,  has  for  teaching  purposes  been  thrown 
into  a  shape  for  which  the  Editor  alone  is  responsible. — Extract  from  the  Preface. 

Contents. — Part.  I. — Agreement.  The  Cases.  Accusative.  Genitive.  Dative. 
Prepositions.  Article.  Pronouns.  Tenses.  Notes  on  the  Tenses.  Moods.  Infinitive. 
Participle.  Verbal  Adjective.  Negatives  Ol)  and  /t"}.  Conjunctions  and  Particles. 
Conjunctions.  Participles.  Part  II.  —  The  Simple  Sentence.  Direct  Statement. 
Direct  Command.  Expression  of  a  Wish.  Direct  Question.  The  Compound  Sentence. 
Substantival  Clauses  :  Indirect  Statement — Indirect  Command — Indirect  Question.  Ad- 
jective Clauses.  Adverbial  Clauses:  Final  —  Consecutive — Temporal — Conditional^ 
Concessive — Casual.  Adjectival  Clauses  with  Adverbial  force.  Further  Rules  for 
Indirect  Speech.     Dependent  Clauses  in  Indirect  Speech. 

Crown  %vo.     ^s.  6d. 

A  Practical  Greeli  il/lethod  for  Beginners.   Being  a 

Graduated  application  of  Grammar  to  Translation  and  Composition. 
By  F.  Ritchie,  M.A.,  and  E.  H.  Moore,  M.  A.,  Assistant-Masters 
at  the  High  School,  Plymouth, 

Containing  the  Substantives,  Adjectives,  Pronouns,  and  Regular  Pure  Verbs,  with 
exercises  (English-Greek  and  Greek-English),  introducing  the  main  rules  of  Syntax  of 
the  Simple  Sentence. 

The  aim  of  this  book,  which  is  at  once  a  Grammar  and  Exercise  Book,  is  to  secure  an 
uniform  method  of  teaching  Grammar,  and  to  afiTord  abundant  practice  in  inflexion,  &c., 
at  the  time  that  the  Grammar  is  being  learnt. 


WATERLOO  PLACE,  LONDON. 
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Croivn  %vo.     2s.  6d. 

A  Manual  of  Greek  Verbs,  with  Rules  for  the  Formation  of 
Tenses,  and  Tables  of  Verbs  for  Practise.  By  F.  Ritchie,  M.A., 
and  E.  H.  Moore,  M.A.,  Assistant-Masters  in  the  High  Hckool, 
Plymouth. 

New  Edition,  Revised.     Crown  2>vo,     35.  6d. 

A  First  Greek  Writer.     By  Arthur  Sidgwick,  M.A.,  Tutor 
oj  Corpus  Christi  College,   Oxford,  late  Assistant-Master  at  Rugbv 
School,  and  Fellow  of  Trinity  College,  Cambridge. 
A  Key  for  the  use  of  Tutors  only.     5^. 

Third  Edition,  Revised.     Crown  Svo.     ^s. 

An  Introduction  to  Greek  Prose  Composition,  with 

Exercises.     ^;/ Arthur  Sidgwick,  M.A. 

A  Key  for  the  use  of  Tutors  only.     55. 

Sixth  Edition.     i2tno.     5^. 

The  First  Greek    Book.      On  the  plan  of  //emys  First  Latin 
Book.     By  Thomas  Kerchever  Arnold,  M.A. 
A  Key  for  the  use  of  Tutors  only.     is.  6d. 

New  Edition,  Revised.     Crown  Svo. 

Arnold's  First  Greek  Book.    By  francis  david  morice, 

M.A.,  Assistant-Master  at  Rugby  School,   and  Fellow  of  Queen's 
College,  Oxford. 

A  Key  for  the  use  of  Tutors  only.     5^. 

Third  Edition.     Imperial  i6mo.     Ss.  6d. 

Maduig's  Syntax  of  the  Greek  Language,  espe- 
cially of  the  Attic  Dialect.  For  the  use  of  Schools. 
Edited  by  THOMAS  Kerchever  Arnold,  M.A. 

Ninth  Edition.     Svo.     55.  6d. 

A   Practical  Introduction   to  Greek   Accidence. 

By  Thomas  Kerchever  Arnold,  M.A. 

Thirteenth  Edition.     Svo.     5^.  6d. 

A  Practical  Introduction  to  Greek  Prose  Com- 
position,    .fiy  Thomas  Kerchever  Arnold,  M.A. 
A  Key  for  the  use  of  Tutors  only.     is.  6d. 
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New  Edition,  Revised.     Crown  Svo.     y.  6d. 

Arnold's  Practical  Introduction  to  Greek  Prose 

Composition.     By  Evelyn  Abbott,  M.A.,  LL.D.,  Fellow  and 
Tutor  of  Balliol  College.,  Oxford. 

A  Key  for  the  use  of  Tutors  only.     3^-.  6d. 

"  I  have  endeavoured  to  keep  everything  that  seemed  of  value,  and  often  I  have 
adhered  to  the  words  of  the  explanations  because  I  wished  to  preserve,  as  far  so  possible, 
the  continuity  of  the  book.  But  I  have  added  illustrations,  altered  the  order  of  the 
sections,  and  indeed  rearranged  the  matter  of  the  sections  themselves,  wherever  I  thought 
that,  by  doing  so,  I  could  gain  in  clearness  or  simplicity  ;  I  have  also  rewritten,  almost 
entirely,  the  sentences  in  the  e.xercises.  The  lists  of  accents,  irregular  verbs,  &c.,  which 
Mr.  Arnold  prefixed  to  his  book,  I  have  omitted,  because  all  that  is  required  an  these 
matters  can  be  obtained  from  the  Greek  Accidence  ;  and  I  have  also  omitted  the  refer- 
ences to  grammars  now  no  longer  in  general  use  among  scholars,  the  list  of  particles,  and 
the  questions  on  syntax  at  the  end  of  the  exercises.  The  table  of  idioms  is  retained,  with 
alterations,  and  references  to  it  are  given  in  the  s.vercises — though  I  would  strongly  re- 
cpmrnend  the  student  to  learn  this  table  by  heart,  and  so  render  reference  unnecessary. 
The  vocabulary  is,  I  believe,  nearly  complete,  and  the  index  of  matters  will  serve  as  an 
independent  table  of  references,  whenever  those  given  in  the  text  are  insufficient." 

Extract  from  the  Preface. 
CrcTMH  Zvo.     ifS.  6d. 

Elements  of  Greek  Accidence.     By  evelyn  abbott, 

M.A.,  LL.D.,  Fellow  and  Tutor  of  Balliol  College,  Oxford. 
Crown  2>vo.     ^s.  6d. 

An  Elementary  Greek  Grammar     By  j.  hamblin 

Smith,  M.A.,  of  Gonville  and  Cains  College,  and  late  Lecturer  in 
Classics  at  St.  Peter's  College,  Cambridge. 

Cloth  limp,  8zw,      \s. 

A   Table  of  Irregular  Greek   Verbs,    classified 
according  to  the  arrangement  of  Curtius's  Oreeli 

Grammar.  By  Francis  Stork,  M.A.,  Chief- Master  of  Modern 
Subjects  at  Merchant  Taylors'  School,  and  late  Assistant- Master  at 
Marlborough  College. 

Cloth  limp,  "ivo,     6d. 

Elementary  Card  on  Greek  Prepositions.    By  Rev. 

E.  Priestland,  M.A.,  Spondon  House  School,  Dei'byshire. 
Crown  %vo,     <)d. 

A  Short  Greek  Syntax.     Extracted  from  ••xenophon's 

Anabasis,  with  Notes."    By  R.  W.  Taylor,  M.A.,  Head-Master 
of  Kelly  College,  Tavistock. 
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Crown  ^vo.     "Js.  bd, 

EtymdipKaeCCl.  An  Etymological  Lexicon  of  Classical  Greek. 
/>'r  E.  K.  Wharjon,  M.A.,  Lecinrer  and  late  Fellow  of  Jesus 
College,  Oxford. 

Seeo>id  Edition.     Croi.vn  %vo.     Is.  6d. 

Classical  Examination  Papers.    Edited,  with  Notes  and 

References,   by  P.  J.   P".    Gantillon,    M.A.,    Classical  Master  at 
Cheltenham  College. 

Or  interleaved  with  writing-paper,  half-bound,  \os.  6d. 

Second  Edition,  containing  Fresh  Pieces  and  additional  References. 
Crown  ^vo.     ^s. 

Materials  and  Models  for  Greek  Prose  Com- 
position. Selected  and  arransred  by  ].  Y.  Sargent,  M.A.,  Felloiv 
and  Tutor  of  Hertford  College,  Oxford ;  andT.  F.  Dallin,  M.A., 
Tutor,  late  Fellow,  of  Queen's  College,  Oxford. 

Crown  %vo.     Is.  dd. 

Greek  Version  of  Selected  Pieces  from  Materials  and 

Models.     E^  J.  Y.  Sargent,  M.A. 

May  be  had  by  Tutors  only,  on  direct  application  to  the  PubUshers. 

Crown  %vo.     2s. 

lophon :  An  Introduction  to  the  Art  of  Writing 
Greek  Iambic  Verses.    By  the  writer  of  "Nuces"  and 

"  LucretUis." 

Fifth  Edition.     Crown  Svo.     is,  6d. 

Stories  from  Herodotus.  The  Tales  of  Rhampsimtus  and  Poly- 
crates,  and  the  Battle  of  Marathon  and  the  Alcmaeonidae.  /«  Attic 
Greek.  Edited  by  J.  Surtees  Phillpotts,  M.A.,  Head- Master  of 
Bedford  Gratnmar  School. 

Nnv  Edition.     Small  %vo,     3^.  dd. 

Selections  from  Lucian.  with  English  Notes,  z^evelyn 

Abbott,  M.A.,  LL.D,,  Fellow  and  Tutor  of  Balliol  College,  Oxford. 
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Small  %vo.     \s.  6d.  each. 

Scenes  from  Greek  Plays,    rugby  edition. 

Abridged  and  adapted  for  the  use  of  Schools,  by  Arthur  Sidgwick, 
M.A. ,  Tutor  of  Corpus  Christi  College,  Oxford,  late  Assistant- 
Master  at  Rugby  School,  and  Fellozu  of  Trinity  College,  Cambridge. 

Aristophanes. 

THE  CLOUDS.  THE  FROGS.  THE  KNIGHTS.  PLUTUS. 

Euripides. 

IPHIGENIA  IN  TAURIS.       THE  CYCLOPS.       ION 
ELECTRA.       ALCESTIS.       BACCH^.       HECUBA 


Third  Edition.      Crozun  Svo.     35'.  6d. 

Stories  in  Attic  Greeli.  Forming  a  Greek  Reading  Book  for 
the  use  of  Junior  Forms  in  Schools.  With  Notes  and  Vocabulary. 
By  Rev.  Francis  David  Morice,  M.A.,  Assistant-Master  at 
Rugby  School,  and  Fello"M  of  Queeti's  College,  Oxford. 

Crown  8i'i7. 

The  Anabasis  of  XenOphon.  Edited,  with  Preface,  intro- 
duction. Historical  Sketch,  Itinerary,  Syntax  Rules,  Notes,  Indices, 
Vocabularies,  and  Maps,  by  R.  W.  Taylor,  M.A.,  Head-Master  of 
Kelly  College,  Tavistock,  and  late  Fellow  of  St.  John's  College,  Cam- 
bridge. 

Books  I.  and  II.     3^-.  6d.         Books  HI.  and  IV.     y.  6d. 
Also  separately,  Book  I.,  2s.  6d,  ;  Book  II.,  2s. 

Crown  8vo.     2s.  6d. 
XenOphon  'S    AgeSilaUS.     Edited,  with  syntax  RuUs,  and  Refer- 
ences, Notes  and  Indices,  by  R.  W.  Taylor,  M.A. 

Srnall  Zvo.     2s. 

Xenophon's  Memorabilia,    book  l,  with  a  few  omissions. 

Edited,  with  an  Introduction  and  Notes,  by  tlu  Rev.  C.  E.  MoBERLY, 
'M.  \. ,  formerly  Scholar  ol  Balliol  College,  Oxford. 

Small  "ivo.     2s. 

Alexander  the  Great  in  the  Punjaub.   Adapted  from 

Arrian,  Book  V.  An  Easy  Greek  Reading  Book.  Edited,  with 
Notes  and  a  Map,  by  the  Rev.  C.  E.  Moberly,  "M.  A.,  formerly 
Scholar  of  Balliol  College,   Oxford. 
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Small  Svo. 

HOITier'S  Iliad.  Edited,  ivUk  mtes  at  the  end  for  the  Use  of  Junior 
Students,  by  Arthur  Sidgwick,  M.A.,  Tutor  of  Corpus  Christi 
College,  Oxford;  late  Assistant- Master  at  Rugby  School,  and  Fello7u 
of  Trinity  College,  Cambridge. 

Books  I.  and  II.     2s.  6d. 

Contents. — Preface — Introduction — The  Language  of  Homer — The  Dialect — Forms 
— Syntax — General  Text,  Books  I.  and  II. — Notes — Indices. 

Book  XXI.     i^^.  6d.  Book  XXII.     is.  bd. 

Small  Svo.     2s. 

Homer  without  a  Lexicon,  for  Beginners,   iliad, 

Book  VI.  Edited,  with  Notes  giving  the  meanings  of  all  the  less 
co7nmon  words,  by}.  SuRTEES  Phillpotts,  M.A.,  Head- Master  of 
Bedford  Gratnmar  School. 

Fifth  Edition.     i2mo.     y.  6d. 

Homer  for  Beginners,  iliad,  books  i.-m.  with  English 

Notes.     By  Thomas  Kerchever  Arnold,  M.A. 

Eifth  Edition.      i2mo.      I2s. 

The  Iliad  of  Homer.  with  English  Notes  and  Grammatical 
References.     By  Thomas  Kerchever  Arnold,  M.A. 

Crown  %vo.     6s. 

The  Iliad  of  Homer  books  L-XII.  From  the  Text  of  Din- 
dorf.  With  Preface  and  Notes.  By  S.  H.  REYNOLDS,  M.A.,  late 
Fello7v  a7id  Ttitor  of  Brasenose  College,  Oxford. 

N'rtV  Edition.     \2mo.     gj-. 

A    Complete    Greek  and   English    Lexicon  for 

the   Poems  of  Homer  and   the   Homeridce.     By  g. 

Ch.  Crusius.  Translated  /rom  the  German.  Edited  by  T.  K. 
Arnold,  M.A. 

Cro7un  Svo.     l^s.  6d. 

Isocratis  Oratlones.  ad  demonicum  etpanegyricus. 

Edited  by  John  Edwin  Sandys,  M.A.,  Fello^u  and  Tutor  of  St. 
fohn^s  College,  Cambridge,  and  Public  Orator  of  the  University. 
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?,vo.     i6j. 

Hellenica.  A  Collection  of  Essays  on  Greek  Poetry, 
Philosophy,  History,  and  Religion.    EdUcd  by  Evelyn 

Abbott,  M.A.,  LL.D.,  Fellow  and  Tutor  of  Balliol  College,  Oxford. 
Contents. — Aeschylus.  E.  Myers,  m.a. — The  Theology  and  Ethics  of  Sophocles. 
E.  Abbott,  IM.A.,  LL.D. — System  of  Education  in  Plato's  Republic.  R.  L.  Nettleship, 
M.A. — Anstotle's  Conception  of  the  State.  A.  C.  Bradley,  m.a. — Epicurus,  W.  L. 
Courtney,  M.  A. — The  Speeches  of  Thucydides.  R.  C.  Jebb,  M.  a.,ll.d. — Xenophon.  H.  G. 
Dakyns,  M..^. — Polybius.  J.  L.  S.  Davidson,  i\la. — Greek  Oracles.   F.  W.  H.  Myers,  m.a. 

%vo.     I  Si-. 

Mifths  of  the  Odyssey  in  Art  and  Literature. 

Illustrated  with  Outline  Drawings.     By  J.  E.  Harrison. 

?>vo.     I  8j. 

T lie  Antiquities  of  Greece,  the  state.  Translated  from 
the  German  of  G.  F.  Schoemann.  By  E.  G.  Hardy,  M.A., 
Head-Master  of  the  Grammar  School,  Grantham;  and],  S.  Mann, 
M.  A. ,  Fellow  of  Trinity  College,  Oxford. 

Cro^an  Svo. 
Herodoti    HistOria.     Edited  by  H.  G.  woods,  m.a.,  Fello-u  and 
Tutor  of  Trinity  College,  Oxford. 

Book  I.     6^-.        Book  II.     5s. 

12  mo. 

Demosthenes.       Edited,    ivHh    English    Notes    and   Grammatical 
References,  by  Thomas  Kerchever  Arnold,  M.A. 
OLYNTHIAC  orations.     Third  Edition.     t,s. 
ORATION  ON  THE  CROWN.     Second  Edition.     4^.  6^. 

Crown  %vo.     ^s. 

Demosthenis    Orationes    Priuatce.     de  corona. 

Edited  by  Arthur  Holmes,  M.A.,  late  Senior  Fellow  and  Dean 
of  Clare  College,  Cambridge. 

Crati'n  2)Vo. 

Demosthenis   Orationes   Pub/icce.    Edited  by  g.  h. 

Heslop,  M.A.,  late  Fellotu  and  Assistant- Tutor  of  Queen's  College, 
Oxford;  Head-Master  of  St.  Bees. 

OLYNTHIACS,  2.f.  6^.  I        •    r.      ,.  , 
PHILIPPICS    V  \  °'^'  ^^  olume,  45.  6d. 

DE  FALSA  LEGATIONE,  6j. 
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Second  Edition,  Revised  and  Enlarged.     Croum  ^vo.     los.  6d, 

An  Introduction  to  Aristotle's  Ethics,    books  i.-iv. 

(Book  X.,  c.  vi.-ix.  in  an  Appendix).  With  a  Continuous  Analysis 
and  Notes.  Intended  for  the  use  of  Beginners  and  Junior  Students. 
BytheKev.  Edward  MooRE,  B.D.,  Principal  of  St.  Edmund  Hall, 
and  late  Fellow  and  Tutor  of  Queen's  College,  Oxford. 

Small  St'o.     4^.  6d. 

Aristotelis   Ethica   Nicomachea.      Edidit,  emendavit, 

crebrisque  locis  parallelis  e  libro  ipso,  aliisque  ejusdem  Auctoris 
scriptis,  illustravit  Jacobus  E.  T.  Rogers,  M.A. 

Interleaved  with  writing-paper,  half-bound.     6s. 

Second  Edition.     Craivn  Svo.     y.  6d. 

Selections  from  Aristotle's  Org  anon.   Edited  by  ]on^ 

R.  Magrath,  D.D.,  ProTc'ost  of  Queen's  College,  Oxford. 

127110. 

Sophocles.      Edited  by  T.  K.  Arnold,  M.A.,  Archdeacon  Paul, 
and  Henry  Brown,  M.A. 
AJAX.     y.  PHILOCTETES.     3^-. 

OEDIPUS  TYRANNUS.     4^. 

CroT.i.'n  %vo. 

Sophoclis  Tragoec/ice.    Edited  by  r.  c.  jebb,  m.a.,  ll.d., 

Professor  of  Greek  at  the  University  of  Glasgow,  late  Fellow  and 
Tutor  of  Trinity  College,  Cambridge.  -  ■ 

ELECTRA.     3^.  6d.  AJAX.     3^-.  6d. 

Cnnvn  ?>vo. 

Aristophanis  Comcedice.     Edited  by  w.  c.  green,  m.a., 

late  Fellaii)  of  King's   College,    Cambridge ;    Assistant  -  Master  at 

Rugby  School. 
THE  ACHARNIANS  and  THE  KNIGHTS.     45. 
THE  CLOUDS.     31.  (>d.  THE  WASPS,  y.  6d. 

Cro7vn  8zv.     6^. 

Thucydidis  Historia,    books  i.  and  ii.  Edited  by  charles 

Bigg,  D.D.,  late  Senior  Student  and  Tutor  of  Christ  Church, 
Oxford ;  formerly  Principal  of  Bris;h1on  College. 

Cro7vn  Svo.     6s. 

Thucydidis  Historia.    books  hi.  and  iv.  Edited  by  g.  a. 

SiMCOX,  M.A.,  Fellcncj  of  Queen's  College,  Oxford. 
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Sixth  Edition.     %vo.     2\s. 

A  Copious  Phraseological  English-Greel<  Lexicon. 

Founded  on  a  work  prepared  by  J.  W.  Fradeksdorkf,  Ph.D.,  /«/^ 
Professor  of  Modern  Languages,  Queen's  College,  Belfast.  Revised, 
Enlarged,  and  hnproved  by  THOMAS  Kerchever  Arnold,  M.A., 
and  Henry  Browne,  M.A. 

Third  Edition.      Cro'on  2>vo.     2s.  (yd. 

Short  Notes  on  the  Gree/i  Text  of  the  Gospel  of 

St  Mark.  By  J.  Hamblin  Smith,  M.A.,  of  Gonville  and 
Caius  College,  Cambridge . 

Cro%un  %vo.     A,s.  6d. 

Notes  on   the  Greek  Text  of  the  Acts  of  the 

Apostles.  By  J.  Hamblin  Smith,  M.  A.,  of  Gonville  and  Caius 
College,  Cambridge. 

Crozvn  2>vo.     ds. 

Notes   on    the   Gospel   According    to   S.    Luke. 

By  the  Rev.  Arthur  Carr,  M.A.,  Assistant-Master  at  Wellington 
College,  late  Felloiv  of  Oriel  College,  Oxford. 

Nrw  Edition.     4  vols.     8zv.      102s. 

The  Greek  Testament.  with  a  ditically  Revised  Text ;  a 
Digest  of  Various  Readings  ;  Marginal  References  to  Verbal  and 
Idiomatic  Usage ;  Prolegomena ;  and  a  Critical  and  Exegetical 
Commentary.  For  the  use  of  Theological  Students  and  Ministers. 
By  Henry  Alford,  D.D.,  late  Dean  of  Canterbury. 
The  Volumes  are  sold  separately,  as  follows  :— 

Vol.       I.— THE  FOUR  GOSPELS.     285. 

Vol.     II.— ACTS  TO  2  CORINTHIANS.     2\s. 

Vol.  III.— GALATIANS  to  PHILEMON.     i8j. 

Vol.   IV.— HEBREWS  to  REVELATION.     32^-. 

New  Edition.     2  vols.     Imperial  8vo.     60s.  '• 

The    Greek     Testament.         with    Notes,    introductions,    and 
Index.     By  Chr.  Wordsworth,  D.D.,  Bishop  of  Lincoln. 

The  Parts  may  be  had  separately,  as  follows  : — 
THE  GOSPELS.     16^. 
THE  ACTS.     8j. 
St.  PAUL'S  EPISTLES.     23^. 
GENERAL  EPISTLES,  REVELATION,  and  INDEX,     ids. 
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CATENA    CLASSICORUM 

Crozi'n  Svo. 

Aristophanis  Comcedise.  ByW.  C,  Green,  M.A. 
THE  ACHARNIANS  AND  THE  KNIGHTS.  4^. 
THE  WASPS.     3s.  6d.         THE  CLOUDS.     35.  6d. 

Demosthenis  Orationes  Publicse.  By  G.  H.  Heslop,  m.a, 

THE  OLYNTHIACS.     2s.  6d.  \        ■    r>      -ir  1  .     cj 

THE  PHILIPPICS.     3..  1  °^'  "'  °"^  ^''^''™^'  ^'  ^'^■ 

DE  FALSA  LEGATIONE.     6s. 

Demosthenis   Orationes  Privatae.     de  corona.    By 

Arthur  Holmes,  M.A.     5^-. 

Herodoti  Historia.    By  H.  G.  Woods,  m.a. 
Book  L,  65.        Book  II.,  5^. 

Homeri  Ilias.     By  S.  H.  Reynolds,  M.A. 
Books  I. -XII.     6j. 

Horati  Opera.     By  J.  M.  Marshall,  M.a. 

the  ODES,  CARMEN  SECULARE,  and  EPODES.    7^^.  dd. 
THE  ODES.     Books  I.  to  IV.  separately,  is.  6d.  each. 

Isocratis  Orationes.  addemonicumetpanegyricus. 

Z?^  John  Edwin  Sandys,  M.A.     4-?.  6d. 

Juvenalis  Satirse.    By  G.  A.  Smcox,  m.a.    5^. 
Persii  Satirse.    By  A.  Pretor,  m.a.    3^-.  6d. 
Sophoclis  TragCBdiae.    By  R.  C  Jebb,  m.a. 

THE  ELECTRA.     y.  6d.  THE  AJAX.     3^.  6d. 

Taciti  Historise.    By  w.  H.  Simcox,  M.A. 

Books  I.  and  II.,  6s.        Books  III.  IV.  and  V.,  6s. 

Terenti   Comoediae.     andria  and  eunuchus.    with 

Introduction  on  Prosody.     By  T.  L.  Papillon,  M.A.     4^-.  6d. 

Or  separately. 
ANDRIA.     With  Introduction  on  Prosody.     3^-.  6d. 
EUNUCHUS.     y- 

Thucydidis  Historia.     books  I.  and  11.     By  Charles  Bigg, 
D.D.     6s. 
Books  III.  and  IV.     By  G,  A.  Simcox,  M.A.     6s. 


WATERLOO  PLACE,  LONDON. 


DIVINITY.]         EDUCATIONAL  LIST.  31 

DIVI  N  ITY 

Small  %vo.     y.  6d.  each.     Or  each  Book  in  Five  Parts,  \s.  each  Part. 

Manuals  of  Religious  Instruction.  Edited  by 

John  Pilkington  Norris,  D.D.,  Archdeacon  of  Bristol,  Canon 
Residentiary  of  Bristol  Cathedral,  and  Examining  Chaplain  to  tJie 
Bishop  of  Manchester. 

The  Old  Testament.      ]      The  New  Testament. 
The  Prayer  Book. 

Cheap  Edition,  Stnall  2>vo,  is.  6d.  each. 

Keys  to  Christian  Knowledge.  sytheK^v.^.n. 

Blunt,  D.  D.,  Editor  of  the  ^'■Annotated  Book  of  Common  Prayer." 

The  Holy  Bible.  1  The  Church  Catechism. 

The   Book   of  Common  I  Church  History, Ancient. 

Prayer.  1  ChurchHistory,  Modern. 

^j  John  Pilkington  Norris,  D.D.,  Archdeacon  of  Bristol. 

The  Four  Gospels.  |    The  Acts  of  the  Apostles. 


\%mo.      \s.  6d. 

Easy  Lessons  Addressed  to  Candidates  for  Con- 
firmation,   ^j  John  Pilkington  Norris,  D.D. 

JVeza  Edition.     Small  Sr.v.      is.  6d. 

A  Manual  of  Confirmation,  with  a  Pastoral  Letter  instruct- 
ing  Catechumens  how  to  prepare  themselves  for  their  First  Com» 
munion.      By  Edward   Meyrick   Goulburn,    D.D.,    Dean   of 

Nof~ii<ich. 

i6mo,  IS.  6d. ;  Paper  Covers,  Is.;  or  in  Three  Parts,  6d.  each. 

The  Young  Cfiurchman  's  Companion  to  the  Prayer 

Boob.     By  the  Rev.  J.  W.  Gedge,  M.A.,  Diocesan  Inspector  of 
Schools  for  the  Archdeaconry  of  Surrey. 

Part  I.— MORNING  and  EVENING  PRAYER,  and  LITANY. 
Part  II.— BAPTISMAL  and  CONFIRMATION  SERVICES. 
Part  III.— THE  HOLY  COMMUNION. 

Croivn  Sz'c.      7^.  dd. 

Some  Helps  for  School  Life,  sermons  preached  at  Clifton 
College,  1862-1879.  By  J.  Percival,  M.A.,  LL.D.,  President 
of  Trinity  College,  Oxford,  and  late  Head- Master  of  Clifton  College. 
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New  Edition.     S/nall  2>vo.     y.  6d. 

Household  Theology,  a  Handbook  of  Religious  Information 
respecting  the  Holy  Bible,  the  Prayer  Book,  the  Church,  the 
Ministry,  Divine  Worship,  .the  Creeds,  &c.  &c.  B_}'  fkeRev.  John 
Henry  Blunt,  D.D.,  F.S.A.,  Editor  of '' The  Annotated  Book  of 
Cof?imon  Prayer"  <Sr^r.  (5r=r. 

Second  Edition,  Revised.      Crown  Svo.     "Js.  6d, 

Rudiments  of  Theology,  a  First  Book  for  students.  By 
John  Pilkington  N orris,  D.D.,  Archdeacon  of  Biistol,  Canon 
Residentiary  of  Bristol  Cathedral,  and  Exainining  Chaplain  to  the 
Bishop  of  iManchester, 

Civ'i'.'n  8z'<?.     7J-.  6d. 

Ecclesia  AngliCana.      a   History  of    the  church   of  Chrlst  in 

England    from    the    earliest    to    the  present  times.     By  Arthur 

Charles  Jennings,  M.A.,  Jesus  College,  Cambridge;  Vicar  of 
Whittlesford. 

Second  Editian.     iSmo.     is.  6d. 

The  Way  of  Life.  a  Book  of  Prayers  and  Instruction  for  the 
Young  at  School.  With  a  Preparation  for  Holy  Communion. 
Compiled  by  a  Priest.     Edited  by  the  Rev.   T.  T.  Carter,  M.A. 

Croivn  i6»to.      Cloth  limp.      is.  6d. 

A  Manual  of  Devotion,  chiefly  for  the  Use  of 

Schoolboys.  By  William  Baker,  D.D.,  Head-Master  of  Mer- 
chant Taylors'  School.  With-  Preface  by].  R.  Woodford,  D.D., 
Lord  Bishop  of  Ely. 

Small  Svo.      IS. 

Church  Principles  on  the  Basis  of  the  Church 

CctlBChlSW.  For  the  use  of  Teachers  and  the  more  Advanced 
Classes  in  Sunday  and  other  Schools.  ^jJoHN  Macbeth,  LL.D., 
Rector  of  Killegney,  one  of  the  Examiners  under  the  Board  of 
Religious  Education  of  the  General  Syttod  of  the  Chtirch  of  Ireland. 

Croiun  %vo.     is.     Cloth  limp,  is.  6d. 

Study  of  the  Church  Catechism.   Adapted  for  use  as  a 

Class  Book.  By  C.  J.  Sherwill  Dawe,  M.A.,  Lecturer  and 
Assistant-Chaplain  at  St.  Mark's  College,  Chelsea. 
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GERMAN 

Ndv  Edition,  Revised.     i,to.     35.  dd. 

A  German  Accidence  for  the  Use  of  Schools.    By 

J.  W.  J.  Vecqueray,  Assistant-Master  at  Ru^by  School, 
Cro7un  Svo.     2s. 

First  German  Exercises.  Adapted  to  Vecqueray's  "German 
Accidence  for  the  Use  of  Schools."  By  E.  F.  Grenfell,  M.A., 
iate  Assistant-Master  at  Rugby  School. 

Crotvn  %vo.     2s.  6d. 

German  Exercises.  Part  II.   with  Hints  for  the  Translation 

of  English  Prepositions  into  German.  Adapted  to  Vecqueray's 
"German  Accidence  for  the  Use  of  Schools."  By  E.  F.  Grenfell, 
M.A.,  late  Assistant-Master  at  Ritgby  School, 

Croivn  %vo.     4^.  dd. 

Selections  from    Hauff's   Stories,    a  Fitst  German 

Reading  Book.  Edited  by  W.  E.  Mullins,  M.  A.,  Assistant- Master 
at  Marlborough  College,  andF.  Storr,  B.  A.,  Chief-Master  0/ Modern 
Subjects  in  Merchant  Taylors'  School. 

Also,  separately,  crown  %vo.     2s. 

Kalif  Stork  and  The  Phantom  Grew. 

Eighth  Edition,     i2mo,     ^s.  dd. 

The  First  German  Book.    By  t.  k.  Arnold,  m.a.,  and 

J.  W.  Fradersdorff,  Ph.D.        Key,  2s.  6d. 

Second  Edition.     Crown  %vo.     2s.  6d. 

LeSSing'S  Fables.  Arranged  in  order  of  difficulty.  A  First 
German  Reading  Book.  By  F.  Storr,  B.A.,  Chief  -  Master  of 
Modern  Subjects  in  Merchant  Taylors^  School,  and  late  Assistant- 
Master  in  Marlborough  College. 

Croion  'iyvo.     ']s.  6d. 

Goethe 'S  Faust,  part  I.  Text,  with  English  Notes,  Essays,  and 
Verse  Translations.  By  E.  J.  Turner,  M.A.,  and  E.  D.  A. 
MoRSHEAD,  M.A,,  Assistant-Masters  at  Winchester  College, 
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FRENCH 

Neiv  Edition.     Stnall  Zvo.     2s. 

A  Graduated  French  Reader,    wuh  an  introduction  on 

the  Pronunciation  of  Consonants  and  the  Connection  of  Final 
Letters,  a  Vocabulary,  and  Notes,  and  a  Table  of  Irregular  Verbs 
with  the  Latin  Infinitives.  By  Paul  Barbier,  one  of  the  Modern 
Language  Masters  at  the  Manchester  Grammar  School,  and 
Examiner  to  the  Intermediate  Education  Board  of  Ireland,  etc. 

Crown  Svo. 

The  Campaigns  of  Napoleon.    The  Text  an  French)  from 

M.  Thiers'  '^ Histoire  de  la  Revolution  Franfaise,"  and  '■'' Ilistoire 
du  Consulat  et  de  V Empire."  Edited,  with  English  Notes  and 
Maps,  for  the  use  of  Schools,  by  Edward  E.  Bowen,  M.A., 
Master  of  the  Moderti  Side,  Harrow  School. 

ARCOLA.     4J.  6d.  MARENGO.     45.  6d. 

JENA.     y.  6d.  WATERLOO.     6^. 

iV«f  Editions.     Cro2un  Sfo.     y.  6d.  each. 

Selections  from  Modern  French  Authors.    Edited, 

with  English  Notes  and  Introductory  Notice,  by  Henri  Van  Laun, 
Translator  of  Taine's  History  of  English  Literature. 

HONORE  DE  BALZAC.  H.  A.  TAINE. 

Stnall  Svo.     2s, 
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